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VRAAG 1
1.1 1.1.1 Z:f(x,}r):2x3_4x2y2+y3
éz—zf_(x,y)szz—Sxyz v
ax RS
a_E:fn_(x,y):nx_gy?\/\/
ox '
1.1.2 o'z
— =fu(2,-2)=12(2)-8(-2)=40vV
ax " X
y=—3
12 V :7[}'2}1\/
Gegee: or=02cm en Oh=-0.1 cm
Indien r=5cm en h=10cm
W = 2nrhv LA
ar oh
=27(5)(10) =7z(5)
=100z cm” =257 cm’
sza—V5r+a—V5h/
r oh

= (1007)(0.2) +(257)(=0.1) v

=17.57cm’ v

= 54,978 cm?
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(6)
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VRAAG 2
2.1 [ sin?(2x — 1)dx = %f sinudu Laat o =2x—1
sin( 2 du = 2dx
212 4 Eduzdx
_ sin{ 2(2x—1
2%{2):2 1 sin( (4)( ))}C‘/
(2)
e fx3 cos 3x dx
f(x) =x3 en g'(x) = cos3x
sin 3x
f'(x) =3x% en g(x) = =
x3sin3x
.:fx3c053xdx=T—fxzsin3xdx vV
f(x) =x% en g'(x) = sin3x
cos 3x
fl(x) =2x en g(x) = 2
x3sin3x [x?%cos3x cos 3x
.'.fx3cos3xdx= - —| 3 —f x X dx\//l

x3

sin 3x lxz cos3x 2

Z v
3 3 +3fxcos3xdx I

f(x)=xen g'(x) =cos3x

sin 3x
fl(x)=1en g(x) = 3
J‘ % cosyd _x3sin3x+x2cos3x Z[xsin3x lf /‘/]
| 2P cos3xdx = — = : 5 7 | sin3xdx

v
3 * 3 9 +9 ¢

3 x3sin3x x%cos3x 2xsin3x 2 [cos 3x]
B B =5

x3sin3x x%cos3x 2xsin3x 2cos3x

3 * 3 9 27
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Alternatief
D 1
X -+ cos3x
3 — \sin33x‘/
6.x K \—0053,\:‘/
9
6 = *“1—311‘13,\:/
27
0 cos?;x/
81
3 2 i
Jx“cos3xdx:x sm3x+3x cos3x_6xsm3x_6cos3x+c‘/‘/‘/‘/
9 27 81 (8)
23 [V3x* + 20— 1dx 2
4ac — b*? b
ax2+bx+c=4—+a(x+2_) v
3x2+2x—1 a a
4(3)(-1) - (2)? 2 3t
2 1 3x24+2x—1= 3( ) Ve
=3[x? +32-3| v e TR ST
[ 2 2 4_ 1 2
=3 x2+2x+[1] —[1] . vV = —§+3(x+§) v
3 3 3 3
1\ 4
[ 12 4 =3|(x+§) —51//
=3[ x+=—| ——|vVV
3 9
[ 2= 42 ) e |
5 9
x+l 1IN 4 2 1 12 4
:\/§ 23 (x+§) —a—all‘l (x+§)+ (x+§) —a +CvvY

(8)
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2.4 Itans xdx = Itan3 xtan® xdx v

= J-‘[arl3 )c(s;ec2 x—l)dx v

Laat u=tanx
= J-tan"’ xsec? xdx—_[tan"' xdx v du = sec? xdx

= J-tan3 xsec’ xaix—ftan xtan® xdx v
= jtan" xsec’ )m’,!r—_rtan,ac(scc2 x—l)dx v
= Itan’ xsec’ xdx—_[tan xsec’ ,xdx+jtan xdx v

- ju3du = j'udu g j tan xdx v [For u-substitution]

4 2
i

:——u—+1n(secx)+C Vv
4 2

4 2
_ (talzlx) B (tal;x) +1n(sec x)+C v'[Regmerkie is vir u =tan x |

Alternatief

Itans xdx = j(tanz x)2 tan xdx v’

= I(secz x— .l)2 tan xdx v’

=I(sec4x~256c2x+l)tanxdx~/ =

= Iscc4 xtan Jadx—Zj.sec2 xtan xdx+_[tan xdx v’ du = sec x tan xdx

= ju3du - 2j udu + J tan xdx v v'[Vir korrekte u-vervanging]

4

=£4——u2 +In(secx)+Cvvv

4
sec” x
i 3 —seczx+ln(secx)+C~/
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Alternatief

i
sin® x

ftansxdx =f —dx Vv
cos> x

= f(sinz x)? sin x(cos x) " Sdx v’
= f(l — cos? x)? sinx(cos x) " dx v
= f(l — 2cos?x + cos* x) sinx(cos x) " Sdx v’
= f(cos x)~% sin xdx — 2 f(cos x) ™3 sin xdx + ftan xdx VvV
1 ) 2 .
= —gf(cos x)™° (—3sinx)dx + §f(cos x)~3 (—3sinx)dx + f tan xdx v
_ (cosx)™* (cosx)~?

1
— = vV
7 3 + 3ln(se(:x) Gt )

4
B aliea —lsec2 x+lln(secx)+C
12 3 3

(10)

2.5 sin? 3x cos® 3x dx

—

sin* 3x (cos? 3x)? cos 3xdx v

sin* 3x (1 — sin? 3x)? cos 3xdx v

sin* 3x (1 — 2sin? 3x + sin* 3x) cos 3xdx v’

= f sin? 3x cos 3xdx — 2 f sin® 3x cos 3xdx + f sin® 3x cos 3xdx v

1 2 1
= §f sin? 3x.3 cos 3xdx — —3-f sin® 3x.3 cos 3xdx + §J’ sin® 3x.3 cos 3xdx v’

Alternatief vir die laaste 4 regmerkies

3

"3

1 Isin5 3xl 2 Isin? 3xl 1 Isin9 3x

3| 5 7 9

P
3 |+

u
laat u = sin3x = cos3xdx = 3
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VRAAG 3

3.1 b

J(x—l)()c2 +x+1)

3 A Bx+
Let * = +xC‘/

(Jc—l)(x2 +x+1) Tx—1 X 4x+l

i =A(x2+x+1)+(x—1)(8x+C)~/
x=1 1=3A::>A=%\/

x2=Ax*+Ax+A+Bx*+Cx—Bx—-C ¥V

0 ]=A+B:>B=%/

Konstante: {)=A—C:>C=%~/

,[ X J E]JJ §x+% Laat
- dx = + dx v’ u=x"+x+1
2 e 2
(x_])(x +x+1) x—1 x +x+1 du=(2x+l)

_1j dx +1 2x+1
x—1 3

5 dxv
3 X +x+1

=11n(x—1)+11n(x2+x+1)+c vV
3 3 (10)
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32 J .

x —16x
v
1
X —lﬁxp
X’ —16x
16x v

J‘ — 14 316JL‘ ”
x —16x x —16x

x3—16x=x(x?—-16) =x(x —4)(x +4) ¥

Let 16 =-é+i+ C v
x(x—4)(x+4) x x-4 x+4

l6x=A(x—4)(x+4)+Bx(x+4)+C'x(x—4)\/
x=0 : 0=—16A=A=0V
x=4 :64=32B=B=2VY

x=—4 : —-64=32C=C=-

=x+21n(x—4)-—2]n(x+4)+C vV
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Alternatief

x
jAf—l(fur

v
1

x = lﬁxp

x —16x
16x v

3
szI(H L0 J./
x —=16x x —16x

x3—16x =x(x*—-16) v

16x _A+Bx+C
x(x2 —16) x x2-—16

v
=16x =A(x?—-16)+x(Bx+C) v
x=0: 0==16A=4=0 Vv
16x = Ax?> —16A+Bx%2 +Cx v
x2: 0=A+B =B=0 Vv

x: 16=C v

f x3 d—f(1+ 16 )d o
e 2 —16/ "

16
- () ¢

16 4+ x
=y — vV
o, [4—x] i
=x—-2In(4+x)+2In(4—x)+C (14)

[24]
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VRAAG 4

e ﬂ—3y=3xze"

]er-}‘l.dx = e—?:..c v
ye 3% = f 3x%eX x e ¥dx vV

L e — 3I xe > dx v

f=x g0 =™

fix)=2x v g(x)= —%e_“

xze—Zx
& JErIti= 3 [— = + f xe'zxdxl 44

fx)=x g =e™

-2x

f'ix)=1 v g(.x)z——;e

xze—Zx xe—Zx 1
+ (— + —f e‘zxdx)l v

- -3x — 3|—
ye "2 2 2

xze—Zx xe—Zx -2x

— by == - v

1 ( —-E )] )

3 D —2x

_=BeT B ée_z,\- L C
2 2 (12)
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42 d’y

2

Jr‘.‘SQJrGJy:x2
dx

P +6r+9=0v

n=-3enr,=-3 ¥

y. =Ae ™ +Bxe™ OF y, =e*(A+Bx) v
y,=Cx’+Dx+EY

y‘P=2Cx+D\/

y' =2C v

2C+12Cx+6D+9Cx* +9Dx+9E=x"v

ot WC=1=>C==V

1

9
-4

X 12C+9D =0 o D:E v

Konstante: 2C+6D+9E=0 — E=— v
27

1, 42
Y =9¥* T37% 727
y=y.+y,
1 4 2
Y= e A+ BY) F-x? ——xt— ¥
y=e *(A+ x)+9x 27x+27
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(12)
[24]
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VRAAGS
5.1 5.1.1
57 Vertikale strookv’
Verskadude gebiedv’
Grafiek van of v
y=3x—x
/0 (0;0) en (0;3) vV
(4)
Sl 2 h b
V; =T[f y2dx OF V, =ﬂ.‘f (yZ —y3dx v
a3 a
=7rf (B3x —x2)?%dx vV
0
3
= ﬂ,‘f (9x2 —6x3 + xH)dx v
0
i 3 x51°
_ 3_2.4.2 1 v
m|3x 2x + 5]
L 0
' 3 (3)° 3 OF
=|3(3)* — = (3)* —r[300)3 =2 (0)* + —| v
JEOREON 5] nl() (0 4=
81
= En(eenhede)z’ v
25,447 (eenhede)? (6)
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5.13 ;)
Vo= IrdV v
3
= T[f x(9x% — 6x3 + x*)dx VvV
0
3
= T[f (9x3 —6x* + x%)dx v
0
9 6 . x°
Y (™ LT R |
v 4x Sx + 3
L 0
— 9 (3)4 6 (3 54 (3)6 9 (0 4 6 (0)5 + (0)6 v
~"a s+ |~z ® 3 6
= %n(eenhede)‘*
= 38,170(eenhede)* v
38170
“Y = 25447
= 1,500 eenhede v
= Eeenhede (10)
5.2 5.2.1 Y —x—6=0
x=-2F of Fx=3 Vertikale strook v/
y=4 y=9 Verskadude gebied v/

(—2:4)ven (3,9)Y
5/\

(A
ar

Grafiekvan y = x%2 v

Grafiekvan y=x+6 v
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522 b
Ay = f (y1 —y2)dx OF dA, = (y; —y,)dx v
i

=I;(x+6—x2)dx vV

1 i
= [Exz + 6x —§x3]0 v

- em-1or]- for a0 -tor] -
=13.5 (eenhede) ‘v’

27 hedeY?
—T(een ede) (6)

523 b
I f r?dA  OF dl, = r2dA Y
a

1 =J.:x2 (x+6—x2)a’x vV
:j:(x3+6x2—x4)dx~/

3
= 1Jc"+2x3 —lx5 v
-+ 5

0
= [i (3)*+23)° . (3 - 0] v
4 5
= 25.65 (eenhede) 'V

513
= F1Y3
=<0 (eenheid) (8)

524 I 05650
- A

2565

= AV
13.5
=194V

_ 19A
- 10 Fa bt
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23 5.3.1

32
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T
T{J‘ sinxdx vv
1]

T m
—j (1—cos2x)dx
2 0

sin 2x] 5

s
_x_
2 2

0

ﬁ_stﬂ_O] 7
2 0

&
2

=4.935 (eenhede) 'V’

Vertikale strook v

(0;0)en (0;m) v

Verskadude gebied v/

Grafiek van y = sinx v/

(4

Alternatief
b

V= ﬂf (i —y3)dx v
a

T
=rrf sinxdx vV
0

=71mTl——

: i
x sin Zx] P
2 4 1

=TT l|l——

T sin 27[] v
2 4

= 4,935(eenhede)® v

(6)
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333

=v'££rsin4 xdxv'v
2

0

- 16 -

T s
=%f (sin®x)%dx v
0

T (™1 1 2

='o7 ! (E—ECOSZX) dx v
T (™1 1 1

:’O7 ! (Z—Ec032x+zc0522x)dx~/
pr [l sin 2x l(x sinélbx)]TT

| ~(x Cvv
2 [43{ 4 +4 2+ 8 0+
pr [l sin 2m l(rr sin41r)]
2 [4” z 13t 3

= 1,851p(eenhede)® v

Alternatief

b b T
I, = f rédm = pf rZdv =Ef ytdx v
a a 2 0

b b T
T
Ix=f rzdm=pf rzd\e’:p—f ytdx v
a a 2 0

foia

0

=TJESiI‘I4 xdx ¥ ¥

T s
=%J‘ (sin®x)%dx v
0

T T
=%L (I—COS2X)2dX v

_prx
8

pm (7 1
=—f (1—2c052x+
8 0

(3
=

Kopiereg voorbehou

2

I:(l —2c0s2x+ cos’ 2x)dx

1
—+ —cos4x

2

——2cos 2x+icos4x dx
2 2

v

)dx/
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~PE Ex—sin2x+lsin4x v
|2 8

1]

I %ﬁ—sin2ﬂ'+é—sin4fc—0} v

= 1,851p(eenhede)® v (10)

m
534 L =1851x 7 ¥

1851
4935 "
= 0.375mv

617
~ 1645 )

5.4 5.4.1 5. Bl

Y= 3'\:’ g /
3 J(%.2)

e

JA
A oaalke
4
j.r

Eod s

s
/ (4)

°l@:o it

9 22 (6)
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Eerste moment = jrdA v

[y yiay v
= —_ 2
0 Y \/Ey Y

5), (i)
= —_— 2 —y2
NAD ye—yslay

N @

327 _ @

3 5

=0 &

V2

2 2

= 7,2(eenhede)® v

36
= (eenhede)?

14,057
Tt

<2

= 1,952 eenhede

v

(8)

2)
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Alternatief
5.4 54.1 S 4. |
I __
walet leve)
- o 7 2C
I‘f-’-J 5
A A -1} 2 e
L‘%r‘)\ L Y 2 (L
»w
(4
= /-3
y=ax?-3
1=a(3) =3 teen (3i-1) ma=5 v
—-1=a 7) = een 2,—):,>a—§
y=2x2-3 OF x=— T
RpEgE ¥=p T3 (©6)
342 Eerste moment = j rdA v
=| »=+3)dy
-3 V2
3 .2 2
= Efo (u — Nuzdu v
laat y+3 =u =y
3 (2, 3 1 =u—3
=— (u§—3u§)du\/
V2 Jo =
en dy=du
[ 5 372
3 |uz 3uz v y=—1=u=2 en
V2|5 3
[ 2 2 1, y==-3=u=0
3 3 2
_ 3@z 3(2)2 _a @
VvZ| 5 3
) 2
= —7,2(eenhede)® v
. 1L O
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543 _ 14,057
LT
= —1,952¢eenhede v (2)
[80]
VRAAG 6
6.1 t
x=¢e —t y=4e?
ﬁ:g’—]\/ @-465xl=285~/
dt dt 2
[ﬁ] +[£f-}—}} =de' +e* —2e' +1v
dt dt
=¥ +2¢' +1v
= (e’ + 1)2 v
S:Iui (“(ix_ K dy] du\/
ul dt dt
3
= I_ (e’ +l)2d1‘ v
3
=I (e’ + l)dt v
-8
3
=¢' H[ vv
-8
=e' +3-e" +8V
=31.085v (12)
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6.2 x =Jaz —y2?
dx 1 SN
—=—la " —-y°)? x=2 vy
dy 2( ’ ) Y
e X
B @ —
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6.2 Alternatief 1

>x2=a’>—y?v

=S 2x—=-2yVv
4 _ T
dy b'd
(8 -5
dy) ~ x2
ax\2 _ L PP _@,
=>1+(dy) =l+5="——==

X X X
b= [ o 14 (Z) ayv
= X —_ y

y s dy
2 2
a

=f227rx —dyvv
0 X

&

2
=2naf dy v

0

= 2ralyliv
= 2ma E - 0] v

= a’m(eenhede)? v
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6.2 Alternatief 2
x = Ja? —y?
1
S>y=+vVaz—x2=(a?—-x%)z v

:d—yzl(az—xz)_%x—Zx v Vi
dx 2 y:E: x:a—B/

:(zz)zzi v

dx az-x2

=>1+(2—D2=1+x—2= .

a2—x2  g2—x2

b dy 2
A =f 2mx 1+(——) dx Vv
7k ,I dx

a aZ
= v
J‘ELEZ?TX az—xzdx
2

2

a 1
= 2 _ o2\"3 o
ZnaLﬁx(a x“) 2dx
Z

a 1
. " 2 _ .2\5
= naLﬁ 2x(a* — x°) 2dx v

2

a

1
(a* —x*)2

= —171Q v

1
/2 av3

= —-2ma [0 —%] v

= a’m(eenhede)? v (12)
[24]
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