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HOW TO USE THIS STuDY
GVIDE

PLEASE REMEMBER: This study guide does not replace your textbook or the instruction
of your teacher. Its purpose is to make learning and revision EASY!

1. The Cheat Sheet is laid out in the * Keep this Cheat Sheet next
to you when working

same way that your final exam will be ;. oh oast papers for

laid out. guided examples and
explanations.

e Use these pro-tips for exam
success!

e These tips are often the reason

PRO-T,PS why my students get 80%+ in their

exams and finals.

e They also point out common
mistakes you should be careful of
when answering questions.

QUEST'ON TqPES Each section is broken up into

the QUESTION TYPES that
most frequently show up in

Each question is also labelled with its difficulty
the final examinations.

level (Look out for either K, R, C or P next to
each question!) so that you can prepare properly

for the different levels of questions. REMEMBER: ALWAYS USE
YOUR EXAM GUIDELINE
See page 5 for a detailed explanation of the WHEN PREPARING FOR AN
type of questions that each difficulty level could  EXAM OR TEST!
entail. |Miss Angler Downloaded from eduresour
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PAPER 2:
TOPICS & WEIGHTINGS

You will be writing a 3-hour paper
out of 150 marks.
The 150 marks will be made up

as follows:
Statistics and Regression 20 marks
Analytical Geometry 40 marks
Trigonometry 50 marks
Euclidean Geometry 40 marks

EXAM KEY

It's a good idea to plan your
revision time per section
according to these
weightings.

The questions in your final
Paper 2 exam are also set up
in this same order.

25 marks = 25 min practice Qs
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EXPLAINING THE
DIFFICULTY LEVELS OF
QUESTIONS

Your exam will include questions covering
four difficulty levels. Each level of question will require a different level of
understanding and way of answering the question. It is helpful to know which
questions fall in each of the following levels:

Knowledge (20 marks) - K
Recalling information, identifying correct formulae from the formula sheet, using
mathematical facts and terminology, and rounding correctly.

Routine questions (52-53 marks) - R

Proving theorems and deriving formulae, performing familiar procedures and simple
calculations that could involve a few steps, identifying and using the correct formulae
from the formula sheet, answering questions that are similar to those taught in class.

Complex questions (45 marks) - C

Complex calculations that require higher-order thinking to solve. Being able to make
connections between different representations of information and integrating different
topics.

Problem-solving (22-23 marks) - P
Problems that are unfamiliar but not necessarily difficult. Questions that are asked
differently from how they were in class, but can be solved using existing knowledge on

IMPORTANT:
WORKED EXAMPLE KEY

This study guide will highlight which questions are classified under
each difficulty level.
Look out for either K, R, C or P next to each question!

|'*“*'-55*‘*“9'Ier Downloaded from eduresourt



STATISTICS AND
REGRESSION
\

® In order to achieve maximum marks for this section, you need to
be able to:

« calculate the mean, median, mode, range and standard
deviation of a list of values.

 calculate the approximate mean, modal class and quartiles of
these values (including the median) of grouped data.

« draw and interpret an ogive (cumulative frequency curve).

« calculate the correlation coefficient and the equation of the least
squares regression line of bivariate data.

 estimate a value for bivariate data using the calculator or the equation
of the least squares regression line (this is called interpolation or
extrapolation).

« draw and interpret a scatter plot and line of best fit.

« comment on the relationship between variables and the
reliability of a prediction.

There are three types of data
groupings:

1.Ungrouped data - individual -
data values

2.Grouped data - data values that Grouped and bivariate
are arranged into equal intervals data is most commonly

3.Bivariate data - data values that tested.
compare two variables
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Question Type 1:
Ungrouped Data

Ungrouped data is data that consists of individual values.
These values can be given in a list in which the values are either ordered or not
ordered, or in a frequency table.

You need to be able to calculate the following measures of central
tendency and spread:

1.Range - the difference between the maximum and minimum values.

2.Mean - the average of all of the data values.

3.Mode - the data value that occurs the most or the value with the highest frequency.

4.Median - the data value that is in the middle of all of the values, when the values
are placed in order.

5.Lower quartile - the value that divides the values into the bottom 25% and the
upper 75%, when the values are placed in order.

6.Upper quartile - the value that divides the values into the bottom 75% and the
upper 25%, when the values are placed in order.

7 .Interquartile range - the difference between the upper and lower quartile.

8.Standard deviation - the measure of how spread out the data values are in
relation to the mean.

9.How many values are within/outside of one standard deviation from the mean.

You can use your CASIO scientific calculator to
calculate the MEAN and the STANDARD DEVIATION:

e Press [MODE] and then select the [STAT] option.

e Select [1: T- VAR].

* Now type the data values in the "X" column. Press [=] after each value.
e Press [SHIFT] then [ 1].

» Select [4: Var].

e To calculate the mean, select [ 2].

* To calculate the standard deviation, select [ 3 ].
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Let's calculate each of these for a list of data values:

List:1: 2; 2:3:5;7:7:7:;9;11: 11: 12; 13; 15

15 -1
4

) Range

sum of all values
number of values

85
4

= 6,07

Mean (&)

Mode = 7

Median, lower and upper quartile :
1;232:@%5;7;7/7; 9: n;@, 12;13;15
Ql Gﬂ. Ql
Lower quartile (@) =3

Median (@) = 7
Upper quartile (@3) = II

Interquartile range (IQR)
-3
8

Standard deviation (o) = &,34

How many values are within one standard
deviation from the mean:
X -0 = 6,07~ k34
1,73
%+ 0 =607+ 4,34
= 10,4l
' 8 values (2;2;3;5;7;7;7;9)

How many values are outside of one
Standard deviation from the mean:

% -0 = 6,07~ i34
= 1,73

%+ =607+ 4,34
= 10, 4!

.. 6 values Ci;11;1;512513515)

|Miss Angler
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Ranao = maximum - minimum

You can use this formula to calculate
the mean or you can use the STAT
function on the calculator.

There are three 7¢ in the list.

Make sure that the values are listed in
order.

First find the median: there are Iy values,
$0 the median cuts the list into two
equal halves of T values each.

The lower quartile cuts the lower half of
the list in half, and the upper quartile
cuts the upper half of the list in half.

IGR = Q3 - &

Use the STAT function on the calculator.

Add and subtract the standard deviation
to/ from the mean.

Then identify the values that lie between
those boundaries.

Add and subtract the standard deviation
to/ from the mean.

Then identify the values that lie below
or above those boundaries,
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A bakery kept a record of the number of loaves of bread a tuckshop ordered daily over the last 18
days. The information is shown in the table below:

Now let's look at a typical exam-type question!

~ Worked example (K+R + C)

10 11 13 14 14 15 16 18 18
19 19 20 21 35 35 37 40 a1
Worked example (K)

1. Calculate the:

Ty
n

396
18

22 loaves of bread

deviation above the mean
X + 0 =22+ 10,17
= 3N
.. 5 days

“,
“
<
-

1.1. Mean number of loaves of bread ordered daily

Sum of all values
number of values

use the STAT function of the calculator.

X =
or

1.2. Standard deviation of the data

0 =10,17 loaves  Use the STAT function of the calculator.

Worked example (R)

1.3. Number of days on which the number of loaves of bread ordered was more than one standard

One standard deviation above the mean

=e+0

Count the number of days on which more than
32,17 loaves of bread were ordered.

Worked example (C)

2. The tuckshop owner was not able to sell all the loaves of bread delivered daily. He calculated

the mean number of loaves sold over the 18 days to be 20. Calculate the number of loaves of
bread which were NOT sold over the 18 days.

X of loaves sold = 20

J. Number of loaves sold
= 20X18

= 360

¢« Number of loaves not ¢old

= 396 - 360

= 36

To calculate the number of loaves sold,
use the formula: X X number of days

Now Subtract the number of loaves

sold from the number of loaves
ordered.

|Miss Angler
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3. One of the two box-and-whisker diagrams drawn below represents the data given in the table

above:

Graph A:
— | —

g 10 12 I 16 & 20 22 24 26 28 30 32 34 36 38 O 42

Graph B:
— | —

1t 20 21 2t 2¢ 28 30 32 34 36 38 4O 42

g 10 12 Ik 16

3.1. Which ONE of the two box-and-whisker diagrams, drawn above, correctly represents the
data? Write down a reason for your answer.

Graph 8. Compare the values in the table with

The median of the data is 18,5 loaves, the values ghown in the box and whisker

which is the same as indicated on Graph B.  diagrams. Both diagrams have the same
minimum and maximum values, but the

medians are different.

‘.
<
N

I/’::x 3.2. Describe the skewness of the data.

Skewed to the right The data values are more spread out on the right of the
or po.sitively skewed median.

Question source: NSC Grade 12 November 2021 Paper 1
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Question Type 2:
Grouped Data

Grouped data consists of data values that are organised into equal intervals.
These values can be given in a frequency table or in a cumulative frequency

graph (ogive).

You need to be able to calculate the ESTIMATED values of the
following measures of central tendency and dispersion:

1.Mean - the average of all of the data values, but since we don't have the
actual values, we use the midpoint of each interval as an estimate of the
values in that interval.

2.Median - using an ogive.

3.Lower quartile - using an ogive.

4.Upper quartile - using an ogive.

5. Interquartile range - the difference between the upper and lower
quartile, using the values above.

6.Modal class/interval - the interval with the highest frequency.

\[//
N\,

W,
)
oy,

N\

I\

)

N

There are two types of data:\%’/’
Discrete data is data that consists of items that can be counted, eg. number of
people.

Continuous data is data that consists of values that can be measured, eg. litres of
petrol.

When finding the midpoint of an interval of discrete data, we do not include both
endpoints of the interval.

When finding the midpoint of an interval of continuous data, we include both
endpoints of the interval.

Eg. if the interval is 10<% ¢ 20 AND if the interval is 10<% £ 20
and the interval represents and the interval represents
discrete data: continuous data.

san s o 11420 idpoint = 10+20
Midpoint — Midpoi s
= 15,5 =15
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Calculating the estimated mean:

1.Find the midpoint of each interval. This is the value that we use
to represent all of the data values in that interval.

2.Now multiply the midpoint of each interval with the
frequency of that interval. This product is the value that we use
to represent the total of all of the individual data values in that
interval.

3.Calculate the sum of each of these products. This sum is the
value that we use to represent the sum of all of the individual data
values.

4.Divide the sum of the products by the sum of the
frequencies (the sum of the data values). This is the estimated
mean.

~

~ Worked example (R)

Calculate the estimated mean of the following discrete data represented in the table below.

Values Frequency (f) Midpoint (X) fxX
0<x<10 -+ 5.5 22
10<x <20 6 15,5 93
20<x<30 10 25,5 255
30<x <40 22 35.5 78I
40 < x <50 12 45,5 546
50<x<60 8 nn
Total 62 * 2 1y
- 2 1wl
Estimated % = g2
= 34,53
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Drawing an ogive/cumulative frequency curve:

An ogive is a S-shaped curve drawn by connecting the following points:
1. (lower value of first interval ; 0).
2. (endpoint of interval ; cumulative frequency)

The cumulative frequency of each interval is determined by adding the frequency to the
cumulative frequency of the previous interval.

~ Worked example (R)

Draw an ogive of the data represented in the frequency table below.

Values Frequency (f) Cumulative frequency
0<x<10 1 4
10<x <20 6 10
20<x <30 10 20
30<x <40 22 42
40<x <50 12 54
50<x <60 8 2

Ogive Showing given values

A

30 //,L
E',50 ///‘
Q
. //
Fry
= 20 /
s
= B //

o — T >%

10 20 30 40 50 60
Values

|”‘5]53A"9'°' Downloaded from eduresourt



~ Worked example (K +R + C)

A survey was conducted among 100 people about the amount that they paid on a monthly basis
for their cellphone contracts. The person carrying out the survey calculated the estimated mean to
be R309 per month. Unfortunately, he lost some of the data thereafter. The partial results of the

survey are shown in the frequency table below:

AMOUNT PAID (IN RANDS) | FREQUENCY
0<x=<100 7
100 <x < 200 12
200<x <300 a
300 <x<400 35
400 < x <500 b
500 <x <600 6

Worked example (R)

< 1. How many people paid R200 or less on their monthly cellphone contracts?

T+12 =19 people T people paid between RO and RI00, and 12 people paid
between R100 and R200.

Worked example (C)

< 2. Use the information above to show thata = 24 and b = 16.
7+12+a+35+b+6 =100 100 people were questioned .. the total of all of
a+b = yo the frequency values i¢ 100
a=uyo-b... 0]

The estimated mean is 309 .. write an equation using the variobles a
and b and the method for calculating the estimated mean of grouped
data. Then solve the resulting equation and the equation above simultaneously.

(1x50) + (12x150) + (ax250) + (35x350) + (bxuso) + (6x850) _ 404
100

17 700 + 250a + 450b = 30 900
250a + 450b = 13 200
Sa+ 9b =264 ..@
2. 5(40-b) +9b = 264
200 - 5b + 9b =204
ub = 6y
b=16

.. @ = U0-16
=24
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3. Write down the modal class for the data.

Modal class = 300< % £ 400

This interval has the highest frequency of 36.

’:::< 4. Draw an ogive (cumulative frequency graph) to represent the data.

The cumulative frequency of an interval is
interval and the cumulative frequency of

the sum of the frequency of that
the previous interval.

Amount paid Frequenc Cumulative
(in_Rands) J frequency
0<% £ 100 1 1 Cumulative ¥ of first interval = frequency
100< % £ 200 12 19 1247 =19
200< % € 300 24 %] 24 +19 =43
300¢< % £ 100 35 I8 35+ 4u3 =78
400< % £ 500 16 P lIe+18 =94
| 500¢ % £ 600 6 100 ¢+ 9y =100

Ogive showins amounts paid per
month for celiphone contracts

Y
100
A
10
> L {] {/
$ 0 /
2o /
t |60 /
3., I
2 b ad
5 //
< 20 /
10 —
° 100 200 300 Goo  s00  Goo ¥

Amount paid (in Rands)

’::x 5. Determine how many people paid more

Ogive showing amounts paid per
yﬂmonth for celiphone contracts

Plot the following points:

(o;0)

C100; 1)

(2005 19)

(300; 43)

(400;18)

(500;94)

(¢00; 100)

Then connect the points using a
smooth curve.

than R420 per month for their cellphone contracts.

o5 Draw a line from Ry20 on the x-axis,
- A connect the line to the curve, and
_— ,?./ then draw another straight line from

€ 10 / the ogive to the y-avis.
§"° / The value on the y- axis is 8.
fso / That means that & people spent less
E 4o f than R4OO per month.
I / 2. 100-8] =19 people spent more than
S ,/ R00.

10 //

d 06 306 300 B0 566 €05’ ¥

Amount paid (in Rands) Question source: NSC Grade 12 November 2019 Paper 2
|MissAngI9|
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Bivariate data is data that consists of two variables. The strength and type of
relationship between these two variables is usually the focus of these questions.

Press [MODE] and then select the [STAT] option.
Select [2: A + Bx].
« Now type the data values in the "X" and "Y" column. Press [=] after each

value.

o Press [SHIFT] then [1].

« Select [5: Req].

« To calculate the correlation coefficient, select [3: r].

« To calculate the equation of the least squares regression line, select [1: A],
then repeat the process and select [2: B]. Then write the equation of the line
y = A + Bx.

|"i=]56“"9'°' Downloaded from eduresour:



value from there.

Method 1: Use the equation of the least squares regression line.
Substitute the given x-value into the equation, and calculate the y-

Method 2: Use the calculator function.
« First type the given x-value, then press [ =].
e Then press [SHIFT], then [1: STAT].

o Then press [5: Reg], followed by [5: y].
e Then press [ =] and the answer will be on the screen.

> %
There are 8 points above and 2 points below
this line, so it is NOT a line of best fit.

gn

> X
There are 4 points above and 6 points below
this line, so it is NOT a line of best fit.

%
There are 3 points above and 7 points below
this line, so it is NOT a line of best fit.

yl\

> X%
There are 6 points above and 5 points below this
line, so it can be classified as a line of best fit.

|Miss Angler Downloaded from eduresour:
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Worked example (K + R)

The matric class of a high school had to vote for the chairperson of the RCL (representative council
of learners). The scatter plot below shows the 1Q (intelligence quotient) of the 10 learners who
received the most votes and the number of votes that they received.

SCATTER PLOT

a5

Number of votes
& °

o

5

98

104
Intelligence Quotient (I6)

Before the election, the popularity of each of these ten learners was established and a popularity
score (out of a 100) was assigned to each. The popularity scores and the number of votes of the
same 10 learners who received the most votes are shown in the table below.

Popularity score (x)

32 | 89

35

82

50

59

81

40

79

65

Number of votes (y)

9 |22

10

21

11

15

20

12

19

16

Worked example (K)

1. Calculate the:

’ig 1.1. Mean number of votes that these 10 learners received

_ 155
X = 10
= 15,5 votes

X =
or

sum of all votes

number of learners
use the STAT function of the calculator.

1.2. Standard deviation of the number of votes that these 10 learners received

Use the STAT function of the calculator.

o = 4,59 votes

Worked example (R)

' 2. The learners who received fewer votes than one standard deviation below the mean were not

invited for an interview. How many learners were interviewed?

X -0 =15,5-4,59
10,91 votes

.2 below 10,91 votes

>. 8 learners were invited

One standard deviation below the mean

Count the number of [|earners with less than 10,41 votes

|Miss Angler
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Out of 10 learners, 2 were not invited for an interview.
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3. Determine the equation of the least squares regression line for the data given in the table.
A=1m Use the STAT function of the calculator
B = 0,22
Ly =74020%

4. Predict the number of votes that a learner with a popularity score of 72 will receive.

%=72: 4=1,17+0,22(72)  Subsvitute the number of votes given into the equation
= |7, 61 votes of the least squares regression line.
or w=72:y=17,92vobes or use the STAT function of the calculator.

5. Using the scatter plot and table above, provide a reason why:

5.1.1Q s not a good indicator of the number of votes that a learner could receive.

There is no correlation between IQ and A statistical prediction i¢ only reliable if it

number of votes »IQ it not a 3°°d is based on data values that have a strong
indicator of the number of votes a correlation.
learner could receive. The points on the scatber plot are Scattered

all over ..there i¢ no correlation between
the two variables.

< 5.2. The prediction in QUESTION 4 is reliable.

r =098 Since there it no scatter plot given,
There is a very strong correlation between the best way to determine the strength
popularity score and number of votes of the correlation it by calculating the
.. the prediction in Ly i¢ reliable. correlation coefficient.Do this using the

STAT function of the calculator.

Question source: NSC Grade 12 November 2022 Paper 2
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ANALYTICAL GEOMETRY

In order to achieve maximum marks for this section, you need to be able
to:

 calculate the distance between two points.

o calculate the coordinates of the midpoint of a line segment.

 calculate the gradient of a line, and use that to find the equation of the line.

 calculate the coordinates of the point of intersection of two lines.

 calculate the equation of a median and altitude of a triangle, and
perpendicular bisector of a line.

o determine the coordinates of the fourth vertex of a parallelogram if the
coordinates of the other three vertices are given.

e calculate the angle of inclination of a line.

 calculate the size of any angle using angles of inclination and other geometry
rules.

 calculate the area of a figure, often made up of multiple triangles

 write the equation of a circle.

« find the coordinates of the centre of a circle, and the length of the radius,
using a given equation.

o interpret a diagram in order to calculate various values relating to a circle.

This section is always split up into
two questions:

1. A question dealing with lines, PRO—T'PS

quadrilaterals and triangles
2.A question dealing with lines and circles | This is a section where the
first questions are always

Even though the sub-questions can overlap, the same/very similar!
these are the main topics of the two questions.
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Question Type 1:
Lines, Quadrilaterals and Triangles
There are some basic formulae that you need to be able to apply. These

formulae were all taught in Grade 9/10 and are given on the formula sheet.

) The distance between points A (xa; ya) and B(%g; yp):
AB = V (xa-%e)* + (ya-yo)®

) The midpoint of the line segment AB where A(%a;ya) and B(xs;ye):
Mag = (:m.-;mg : g,;g,)

) The gradient of the line passing through A(xa;ya) and B(xe;ye):
m‘g=.ﬂ_lﬂl or Ye —Ya

A
Aa-Ap g -Xp

) The equation of a straight line with a gradient m, passing through (o, ; y,):
Y-y = m(x-2)

~ Worked example ()
Given: A(3; —1) and B(1;5)
;? 1. Calculate the length of AB.

AB = V(3-D? + (-1-5)%
= 2V10" units or 6,32units

'/:i@ 2. Calculate the midpoint of AB.

Mas = (JziL : -_11_5)
/ = (2;2)
3. Calculate the gradient of AB.
> - -1-5
A8 = 353
2, = -3
% 4. Determine the equation of the straight line passing through A and B.
Y-y = -3(x-x)
Sub in A(3;-1): or sub in B(1;5):
y+1=-3(x-3) y-5=-3(%-1
= -3x+9 = =-3%+9
y=-3x+8 y=-3x+8

|Miss Angler
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*

1. You need the equations of both lines. If both
equations are not given, you will have to determine one or
both.

2.Since the point of intersection is where the two lines are
equal to each other, you have to make the two equations
equal to each other.

3.Solve for x.

4.Substitute the x-coordinate found into either of the two
equations to get the y-coordinate of the point.

~ Worked example (k)

]
Find the point of intersectionof y=3x—1 and y = —x + 5.

3%-1= -%+5 Make the two equations equal to each other.
4rxr=6
x = 'g' Solve for .
-1 y= ij'i')-l Substitute the x-coordinate into either one of the two
= 2 eq'uotl'onc.
o "3.' ) '-5.') Write your answer in coordinate form.

/
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Find the equation of a median of a triangle

A median of a triangle is a line from one vertex of the triangle to the midpoint of
the opposite side.

When you have the coordinates of the three vertices of a triangle, you can find the
equation of the median by following these steps:
1. Determine which side the median is bisecting. It will always bisect the side
OPPOSITE to the given vertex.

2. Calculate the midpoint of the side it is bisecting, using the midpoint formula.

3. Now calculate the gradient of the median, using the coordinates of the vertex
given and the midpoint calculated in step 2.

4. Substitute either the vertex given or the midpoint calculated in step 2 into
the straight line equation and simplify.

Here are some examples of medians drawn from each of the three vertices of a
triangle.

A A
D
B Cc B Cc
The median from vertex A The median from vertex B The median from vertex C
which bisects the opposite ~ which bisects the opposite which bisects the opposite
side BC. side AC. side AB.
|Miss Angler Downloaded from eduresourt
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Find the equation of an altitude/height of a triangle

An altitude of a triangle is a line from one vertex of the triangle, perpendicular

to the side opposite that vertex.

It is essentially the perpendicular height of the triangle.

When you have the coordinates of the three vertices of a triangle, you can find
the equation of the altitude by following these steps:
1. Determine which side the altitude is perpendicular to. It will always be
perpendicular to the side OPPOSITE the given vertex.

2. Calculate the gradient of this side, using the coordinates of the two vertices

given.

3. Now calculate the gradient of the altitude, using the fact that if two lines are
perpendicular, the product of their gradients is equal to -1.

4. Substitute the vertex given into the straight line equation and simplify.

Here are some examples of altitudes drawn from all three vertices of a triangle.

The altitude from vertex

A, which is perpendicular
to BC.

B C

The altitude from vertex
B, which is perpendicular
to AC.

/

|Miss Angler
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B

C

The altitude from vertex
C, which is perpendicular
to AB.
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Find the equation of a perpendicular bisector of a line

A perpendicular bisector of a line is a line that is perpendicular to another line, and
also bisects the other line (goes through the midpoint of that line).
It does not necessarily pass through any of the vertices of the triangle.

When you have the coordinates of the three vertices of a triangle, you can find the
equation of the perpendicular bisector by following these steps:
1. Determine which side the line is perpendicular to. This will be stated in the
question.

2. Calculate the gradient of the side it is perpendicular to, using the coordinates
of the two vertices given.

3. Now calculate the gradient of the perpendicular bisector, using the fact that if
two lines are perpendicular, the product of their gradients is equal to -1.

4. Calculate the midpoint of the side that the perpendicular bisector is
perpendicular to.

5. Now substitute both the gradient of the perpendicular bisector, as well as the
midpoint found in step 4, into the straight line equation and simplify.

Here are some examples of perpendicular bisectors of all three sides of a triangle.

A A A
B D
0}
L 0 e
B # I H C B C B C
E
/
|Miss Angler Downloaded from eduresourt
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>

Consider the diagram below with A(1; 1), B(3;5) and C(6; 2).

Calculate the equation of the median of AABC from C.

31 ew® M = (55545
= (2;3)
M
i (2;3) and c(6;2):
C(G'.!l.) m = %:JG-
P aACl;n "y = 'JqT
¥ 3'y| = -lff'x-ml)
Sub in (2;3): or Sub in C(6;2):
y-3 = — 3 (z-2)
y= - 'l:;‘x,+4r+3
3 = "ﬁ'.'l.‘.+';‘

Calculate the equation of the altitude of AABC from B.

-2
i1 B(335) Mac = T1=6
|
~5
mBD x MAO - "'l
C(sﬂ-) mBD X JS_ = -
W :- H-H| = -5(%El)

Sub in B(3;5):
y-5 = -5(%-3%)

y=-50+15+5
9 = -5T+ 20
|MissAngI9|
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~ Worked example (R) (continved)

Consider the diagram below with A(1;1),B(3;5) and C(6; 2).

Calculate the equation of the perpendicular bisector of AABC of BC.

3&

B(355)

OA(I;I)

c(6;2)

o,

7

5-2
Mpc = 38-6

mng X ch s -l
Mpe X (=) = =1
Mpe = |

each difficulty level.

Look out for either K, R, C or P next to each question!

|Miss Angler
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Find the coordinates of the fourth vertex of a parallelogram

We find the coordinates of the fourth vertex of a parallelogram by inspection.
Pay special attention to the NAME of the parallelogram as stated in the question.
The order of the vertices in the name is the same as the order of the
vertices of the parallelogram.

For example, if the name is PQRS, that means that P is connected to Q, Q is connected
to R, Ris connected to S and S is then connected back to P.

If the name of the parallelogram is PQSR, that means that P is connected to Q, Q is
connected to S, S is connected to R and R is then connected back to P.

In order to find the coordinates of the fourth vertex, first determine where the
vertex will be by looking at the name of the parallelogram.

Then look at the change in coordinates from one vertex to another, and apply
that same change in coordinates in order to calculate the coordinates of the fourth

vertex.

Worked example (R)

Consider the diagram below with points P(—4;2),Q(—2;—2) and R(3;0).

///I/':g 1. Determine the coordinates of S if PQRS is a parallelogram.
o SA\

.2 S01;4) From @(-2;-2) to R(3;0):
e il (2;4) = Coc+5; y+2)
P(-4;2)-" ) i id
B 5 :. Apply the same translation to P:
A Y
& é - $=(-y+5;2+2)
\/ K319 § = (15u)

a(-2;-2)
L
S right |and 2 up
v

2. Determine the coordinates of S if PQSR is a parallelogram.

sn
7 right and |2 down
—

P(-u;2)

From P(-4;2) to R(3;0):
l (x;9) = (%+7;4-2)

. Apply the game tranglation to Q:
R(3;0), $ = (-247;-2-2)
5 $=(5;-w)

|“‘525§"9'°’ Downloaded from eduresourt
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The angle of inclination of a line is the angle between that line and the positive x-axis.
See the images below for examples of angles of inclination.

sA

This line has a positive This line has a negative
3rudienb, $0 € is an radient, so @ is an

acute angle (0°<e < 0. obtuse angle (490°<® < 180").

We use the following formula to calculate the angle inclination of a line:

tane =m, where @ is the angle of inclination

and m is the 9radient of the line.
e =tan (m) if m20

\ or ¢ = 180°-tan™! (-m) if m<o

Remember that in order to solve for the angle, you have to type [SHIFT] and

then [tan] into the calculator.

Calculate the angle of inclination, 8, of a straight liney = 2x + 1.

m =2 The standard form of a straight line equation i y= me+c.
.. tan® =2 fan©® =m

¢ =tan"' (2) m>0 (positive gradient) e = tan™' (m)

o =63,43°

Calculate the angle of inclination, 0, of a straight line3y +x —1 = 0.

3y+x-1=0 Firet write the equation in Standard form:
3y = -1+ y=mu+C
L L
9 = "3%+3
N =
m="73 1L
L.tane = ~ tane=m
¢ = 180° - tan™' ("3‘) m<o ( nesutive srudiant'h Lo =Ig0°-tan™ (-m)
@ = 161,57° ¥ m= "é‘,then -m=%
|MissAngIel

e Downloaded from eduresourt



 Worked example ()

Consider the diagram below with points M (— 1; E) ,N(4;3), Q, Pand R.

The angle of inclination of PQ is a, the angle of inclination of PR is £ and the angle between PQ and PR is 8.

The equation of PRisy = —%x +4.

Calculate the value of 8, showing all working and reasons.

SA

MC-1; %)

v

Calculate the angles of inclination of the lines that form the ansle.

tan p = - % tan % = M The gradient of MN is not given
P = 180° - tan™' (‘i‘) = -3 and needs to be calculated first.
= 123,69° ':""'l'
| The gradient of line PR is -3/2, =y i
which is used to calculate the e = tan™ E)
angle of inclination of the line. = Iy,04°

Now determine how these angles can be used to calculate the gize of ©.
Since @ is an exterior angle of the highlighted triangle, we need to
calculate the other inner angle first.

ya A @ . :
PRQ = 180°-123,69° (Ls on a straight line)
= 56,31°
e =56,31°+ Iy,04° (ext.L of A)
= 70,35°
M- %)
Q/o
v
|MissAngIel
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You will often be asked to calculate the area of a figure that consists of a right-angled
triangle and one that is not right-angled.

In most cases, lengths of sides and sizes of angles that you have calculated earlier in
the question will need to be used to calculate the respective areas, as well as the two
different area formulae.

The base and perpendicular height of a right-angled triangle can be any two
sides that are perpendicular to each other. It can never be the hypotenuse!

This is the AREA RULE, which is discussed in more detail on page 75.

You will sometimes have to calculate some
missing information before actually being
able to calculate the area of the figure in
the question, such as the lengths of sides or
the size of angles.

Make sure that you know exactly what is
required so that you can identify this
missing information.

|"i=§f"9'°' Downloaded from eduresour:



~ Worked example (€ +R+C)

In the diagram below, A(4; 2), B(6; —4) and €(—2; —3) are vertices of AABC. T is the midpoint of BC. The
equation of line AC is 5x — 6y = 8. The angle of inclination of AB is a . ADCT is drawn such that CD || BA. The
lines AC and DT intersect at S, the y-intercept of AC. P, F and R are the x-intercepts of DC, AC and

AB respectively.

D 49
Ay;2)
< > %
T
v B(6;-u)
b 1. Calculate the gradient of AB.
ACy;2) and 8(6;-4) Substitute the coordinates of A and 8
Mpg = 2=(-4) into the gradient formula.
4-6
= -3
D 2. Calculate the size of a
tan o« = Myg ® i§ the angle between AB and the
tan & = -3 positive %-axis . tan = = M,g
5o =180° - tan~' (3)
« = 7,57°
3. Calculate the coordinates of T.
B(6;-4) and C(-2;-3) CT=8T T is the midpoint of BC.
T & ( 6-2 . —g_z-a) Substitute the coordinates of ® and C
2 ¥

3 into the midpoint formula.
T = (Q',‘ T)

|"‘535;"9'°' Downloaded from eduresourt



D 4. Calculate the coordinates of §.

AC: 5%-6y=¢8 $ is the y-intercept of AC
-6y =-55m+§_ >. write the given equation of AC in
=6 X-73 standard form: y= mw+c
o Sfo;—%‘% ¢ is the y-intercept
D 5. Determine the equation of CD in the form y = mx + c.
Y-y = m (x-92c)) ABIICD , and parallel lines have the g¢ame
m =-3 grudi?—n(‘ni P mt'g = MAQ
-4 = -3(%-%) Replace m with mep and then substitute
.Su in Cc(-2;-3): the coordinates of a point on CD into
y+3 =-3(%+2) the equation as well
y+3=-3%-6
y=-3%-9

D 6. Calculate the size of DCA.

P 1 First determme a strategy for
calculating DCA.

Notice the hlahllahtod Z - shape.
Since ABIICD, DCA = BAC.

o We already know the size of «,
und o (¢ the exterior angle of
AFAR.We can calculate BAC if we
have the gize of AFR.

~

c(-2;-3) ¥ AFR is the angle of inclination
v 8Ce;-u) of AC.

tan & = Mac
tan & = 'E'

o = tan™ (‘i‘)

¢ =39248°
FAR 71,57°-39,81°  (ext.L of a A) Remember to state all readons.
FAR 31,76°

. DCA = 31,76 (alt.Ls; ABILCD)

[Miss Angler Downloaded from eduresour:
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7. Calculate the area of POSC.
D 4y i )
: POSC i¢ a quadrilateral that can

be divided into right -angled AOPS
and non-right angled APCS.

To find the area of AOPS, we need
the length of OP and OS.
P: x-intercept of CD

<o Make y=o0
- -3%-9=0
v B8(6;-4) -3% =19

x=-3

>.P(-3;0)

$(o; -%)  calculated earlier

A

To find the area of APCS, we need to calculate the
lengths of PC and CS.

This will allow us to use the area rule.

Remember: we need the lengths of two gides and the
size of the included angle in order to use the area rule.
P(-3;0) , C(-2;-3) and SCO‘,‘%‘)=

PC = V(-3+2)* + Co+3)*

VI0' units$

J(=2-0) + (-3+ ¥ )°
@ units

.« Area POSC

CS

area AOPS + area APC
F (@) + TW(*E) - sin 31,76°
4,17 units?

mnn

Question source: Grade 12 NSC November 2022 Paper 2
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Question Type 2:
Lines and Circles

The circles questions are often very similar to those asked in the lines and triangles
section, but these questions usually require an understanding of the rules that apply to
circles on the Cartesian plane.

We use the following formula to write the equation of a circle:

Centre - radius equation form:
(x-0a)? + (y-b)? =12

where (a;b) is the centre of the circle
. ond r is the radiu¢ ’

If we multiply the brackets out and move all the constant terms to the
right-hand side of the equation, we call the resulting equation the
standard form.

It is important to be able to convert a circle equation in standard form
to the centre-radius equation form. This will allow us to very easily write
the coordinates of the centre of the circle, and to determine the length
of the radius.

These are the steps to follow in order to do this conversion:

'x,‘-l-g’ -4+ 8y = Ly We have to complete the square for % and y.
Ly Group the %- and y-terms together.
The equation should now be in the form
ax’+bx + ay+cy = d.
If a i¢ not equal to 1, divide each term by a.

1]

o - yx + Y+ 8y

ol -y + (2D + g2+ 8y + (1O = uy+ (D*+ (W' Now add (3)* and (£)* to both
(-2 + (y+1* = 6y gides, and then factorise the left-
.Centre = (2;-4) ond radius = & units hand gide of the equation.
Add all the values on the right-hand
side together.

Now let's look at some typical exam questions so that you can
see how you should be able to apply your knowledge of all
analytical geometry to circle questions!

|”‘s§;"9'°' Downloaded from eduresourt



© Worked example (R +C + P)

In the diagram, M(3; —5) is the centre of the circle having PN as its diameter. KL is a tangent to the circle at
N(7; -2).

»
\ﬂ
¥
8

D 1. Calculate the coordinates of P.

M is the midpoint of PN
( Tp+7 . g.-z) = (3;-5) Substitute the coordinates of M and N
e into the midpoint formula.
. Xpt7 =3 and He=2 ._5 Then split the equation up by equating
% 2 the % -coordinates and y-coordinutu

Wp+1=6 Yyp-2=-10  gseparately. This allows you to solve for
Gp = -1 Yo =-8 ®p and yp.
:.o P(-Ii's)
or b3 inspection - Instead of using the midpoint formula,
From N to M: (%;y) = (%-4;4-3)  we can copy the translation from N to
WP = (m.. -439“-3) M, as it would be the same transiation
P=(3-y4;-5-3) from M to P.
P = (-15-8) You don’t need to Show any working for

this question.

> 2. Determine the equation of the circle in the form (x — a)? + (y — b)? = 1?2

Centre = (3;-5) First Substitute the coordinates of the
(x-3)"+ (y+5) =12 centre into the centre-radiug equation
form of a circle, (x-0)*+ (y-b)* = r2.
Sub in N(7;-2): The quickest way of calculating the value
(-3 + (-248)* =r? of r* is by substituting any point on the
=95 circumference of the circle.

S (%-3)* + (y+5)* =25

|"‘5§2"9'°' Downloaded from eduresourt



‘ 3. Determine the equation of KL in the formy = mx + ¢
\ KL is a tangent to the circle at N A tangent to a circle is perpendicular

. MN L KL to the radius of the circle at the
point of contact.
oo = ~S=(-2) When two lines are perpendicular, the product of their
e 3-7 gradients i¢ -I.
= % Muy ¥ Mg, =-I
2 x My = -
‘ i K=
Mg, =3 '

y-y = - % (x-)

Sub in N(7;-2): Now Substitute a point on KL into the straight
y+a= - % (%-1) line equation and simplify.
\l’ +2 =" '%‘ x +
. 2
9 = 3 X+

< 4. For which values of k willy = — gx + k be a secant to the circle?
3-_ 22
” K x +
3 v 4= i A secant is a line that cuts a
. circle in two points
S . The two highlighted lines have
¢ - 07 >x
bt gradients of = i

N(7;-2) Any other line with the given gradient

that lies BETWEEN the highll'shted
lines will be a secant (see dotted

P(-1;-8) line as an example).
’, L
g='%w-%'- We need to calculate the equation
of the line passing through P.
y-4y = "%— (x-21) This line has the same gradient, -5
Sub in P(-15-8):
y+g= - 4 (x+1)
_— &
y+8 ="3%-73
- 28
y=-"3x-%
y = "5“.!5+ K - For a line to be between the two hlghllghtsd lines,
= 3‘5‘ <k<F the k-value must be between ~ and
Question source: NSC Grade 12 November 2022 Paper 2
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~ Worked example (R + C+P)

In the diagram, the circle centred at N(—1; 3) passes through A(—1; —1) and C. B(—4; 2), C, D and E are joined to
form a parallelogram such that BE is parallel to the x-axis. CD is a tangent to the circle at C and CD = 6 units.

i
c] & D
N(-1;3)]
[ ]
8(-u;2) ¥ E
2 £ >
/
A(—t;-l)v

D 1. Write down the length of the radius of the circle.

Radiug = AN Since A and N have the same %-value, we can
= 4 units Simply determine tThe difference between the
y-values of the two points.

2. Calculate the coordinates of C.

Cl-1;M C is exactly above A and N, $o0 it has the same x-value,and
gince it is also on the circumference on the circle, it is 4
units above point N . add 4 to the y-value of N.

D 3. Calculate the coordinates of D.

D(s5;7) BE is parallel to the x-axis, and BENCD .. CD Il %-avis
That means that C and D have the ¢ame s-value.

CD =6 units, So add 6 to the X-value of C to get the
x-value of D.

|Miss Angler
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< 4. Calculate the area of ABCD.

3

D)

t 1 1]

o(5M ABCD is not a right-angled A, but
we can Still use the area-formula
i* we can find the perpendicular
height of the triangle.
Lh =5 units, as it’s the difference

W 3 between 2 and 7.
B(-u;2) E

Area BBCD = T (GD) x Lheight

) =5¥(6) x5
Al-13-1) = |5 units2

\\3‘ 5. Thecircle, centred at N, is reflected about the line y = x, M is the centre of the new circle which is formed.
The two circles intersect at A and F.

&

Calculate the length of NM.

M= (3;-1)  When a point is reflected in the line y==, the %- and
y- coordinates of the point swap around.
N (-1;3) = M(3;-1)

NM =\ (=1-3)*+ (3+1)*  Now use the distance formula to calculate
NM = 42" units the length of NM.
NM = 5,66 units

2 6. Calculate the midpoint of AF.

3

Apply the reflection in the line
y=% to the entire circle in
order to find the coordinates of F.
A =(-1;-1) and F=(3;3)
My = (ﬂ ; =123

AF 2 Y 2

= (151)

w

L3

Question source: NSC Grade 12 November 2021 Paper 2
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TRIGONOMETRY

\\ In order to achieve full marks for this section, you need to be
.. able to:
« simplify a trigonometric expression using reduction formulae
- draw a right-angled triangle using given information
« use a right-angled triangle to write expressions for
trigonometric ratios
» prove trigonometric identities
 solve trigonometric equations
« work with special triangles to simplify expressions without
using a calculator

There are 5 types of questions that get
tested every year:

1. Simplifying a trigonometric expression We will look at each of these types of
2.Proving a trigonometric identity questions separately, but let's first
3.Using a diagram on the Cartesian plane look at some basic information that
4.Solving a trigonometric equation you should know.

5.Problem-solving questions

The definitions of the trigonometric ratios

T - _oppodite = _ AB £
A §in hypotenuse ac " b
v b tacent BC [']
00§ & = ypotenuse = AC or 'y
-e.
8 5 (v}

= _opposite . AB R
ton o aabacr.nt BC o Q

Use this trick to remember the ratios:

ey oaded from eduresourt
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TRIG IDENTITIES that you need to know
and be able to apply:

' The square identity: . The tan identity:
i 5 Sin o
Sm‘.e + cos?e =1 tane = Tote
2. 8in* @ =1 -cos?e Cos & |
and cos2@ =1- sinte " sin® _ tane
' The double angle identities: How to derive the cosine
§in 2% = 2 $in X co§ X double angle identities:

oS 2% = cos? X - 8in? L
|- §in2e - §in2%
1-28in*%

CoS 2% = COos2 X - §in2
cos 2% = 1-28in? %
cos 2% = 2 cos?x -|

n a

cos2 L - gint e
cos?x - (1 - cos? )
cos® % - | + COs2 X

= 2 oSty -

. The compound angle identities: Cog b
cos (%-y) = cos %.cos y + Sin %.sin y
cos (w+y) = cos . cos y - $in %. §iny
sin (®-y) = gin %. cos Y - cos %. sin y
Sin (®+y) = gin . cos y + cosx.8iny

How to derive the compound angle identities:

cos (x+y) = cos [z-(-))
= 60§ %. cos (-y) + sin X. sin (-y)
= 60§ %.CO8 Y + Sin %. (- sin 33
= 60S . GOS8 Yy - Sin . sin3

sin (x-y) = cos La0°- (x-¢)]

= cos [ (90°-%) +y)

= cos [(90°-2%)-(-y)]

= cos (90°-%). cos (-y) + sin (90°-:). sin (-y)
= §in %. 605 y + cos %. (- sin y)

= S$in . COS y - COS X. .tins

sin (%+y) = cos [90°-(x+y)]

= cos [(90°-%) -yl

= cos (90°-2%). cos Y + sin (90°-2). Sin y
= §in %. CoS Y + cos %.4in y

PRO-TIPS

|Misz?ns'er Downloaded from eduresourt



The CAST diagram and reduction formulae:

Certain trigonometric ratios are positive only in some of the four quadrants of the
Cartesian plane. We summarise which trig ratios are positive in which quadrants using

the CAST diagram.
90°
@2 1 al @Quadrant |: All of the trig ratios are positive.
Sin Al Quadrant 2: Only sin of an angle in @2 is positive.
120° e é ,gf Quadrant 3: Only tan of an angle in @3 is poditive.
360° Quadrant 4: Only cos of an angle in By i¢ podsitive.
Tan Cos
a3 ! oYy
270°

There are fixed expressions for angles in each quadrant that we use as reduction formulae:

180°- € : Quadrant 2 360°-© or -©: Quadrant 4

sin (180°-@) = sin® sin (360°-@) = -sin @

cos (180"-€) = -coso cos (360°-9) = cos &

tan (180°- @) = -tan o tan (3¢0°-6) = -tan e PRO‘T'PS

180°+ © : Quadrant 3 sin (-8) = -sineo Take note that these

sin (180°+9) = - sihe cos (-8) = cos & reduction formulae are
cos (180°+ 6) = -cos & tan (-0) = -tan also used when solving
tan (180°+ €)= tan e trig equations!

These are, unfortunately, not the only reduction formulae that you need to work with.
It is useful to have a strategy for determining which quadrant an angle lies in.
Here are some examples:

:I'l/,,

\
N

NN

~
~

g .,/////
Ny,
My, S
I

/l,,

/

¢ 1$ an acute angle, so is in the first quadrant.
.. Start in @ and then apply any change to that

° When ADDING 180 degrees, we

¢+180°: @3 move in an anticlockwise direction

& -1270°: Q2 from the first quadrant.

o + 360 ey When SUBTRACTING 270 degrees,
we move in a clockwise direction.

Angles that add up to 90 degrees are called complementary angles.

We therefore call reduction formulae with 90 degrees CO-RATIOS:

q0° - © * Quadrant | q0°+ © : Quadrant 2
Sin (q0°-0) = cos @ Sin (90°+ @) =cos ¢
cos (90°- @) = sin @ cos (90°+ @) = -Sine
|Miss Angler Downloaded from eduresourt
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Question Type 1:
Simplifying a trigonometric expression

These types of questions rely on your knowledge of reduction formulae, co-ratios,
special triangles and sometimes the use of identities, to simplify a complicated

expression to a much simpler one.

> Worked example (C)

Simplify the following trigonometric expression as far as possible:

sin 2x - cos(—x) + cos 2x - sin(360° — x)

sin(180° + x)

s

al
Sin 2% . cos (-%) + cos 2%. Sin (360°-2) First identify the quadrants in

- ”
Sin Cl&%a %)

which each of the angles are.

= 8in 2%.cos X + cos 2%. (- §in o) Now apply the reduction formulae
-3in T for each of thete angles.
= 8in 2%.CoS X — co§ 2%. §in X Notice that the numerator is Ghe
- §in % expansion of the negative vine
= _8in (9%-x) compound - angle identity.
- $§in X
= _gin % Now that the numerator i: Simplified, we can cancel out
=§in X the §in % in the numerotor and the denominator.
= =
Question source: Grade 12 NSC November 2020 Paper 2 PRO-TIPS

> Worked example (C)
s

SHOW every sign in the
reduction formula step!
You get a mark for every
reduction shown.

Simplify the following trigonometric expression as far as possible:

sin 140° - sin(360° — x)
cos 50° - tan(—x)

a2 ay
gin 150°. sin (360°-%)

cos 50°. tan (-%)
Qy

- sin (90°+ 50°). (~§in %)
cos 60°. (~tanx)

= _C0550°. Sin X

° Sin%

cos-50°. =

. cos %

= SIhX X §in.
= C0S X%

Identify the quadrants in which each

of the angles lie, and then apply the
reduction formulae.

The question has to be done without a
calculator, So we need to change sin 140°

to cos 50° in order t0 cancel those ratiod
out. We also need to apply the tan identity.

Instead of dividins by a fraction, we can
" %ip and times *. This allows us to simplify

the answer.
Question source: Grade 12 NSC November 2021 Paper 2
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> Worked example (C)
(S ]

Simplify the following trigonometric expression as far as possible:

cos(90° + @)
sin(@ — 180°) + 3 sin(—8)
Q2
cos (90°+9) Identify the quadrants in which each
sin (0-180°) + 3 &in (-8)  of the angles lie, and then apply the
ne reduction formulae.

-gin®
-8ine -3 sine
- _—Sine
-LSine
| Question source: Grade 12 NSC November 2020 Paper 2

-
— —

M

Memorise these triangles!

> Worked example (C)

Simplify the following trigonometric expression without the use of a calculator:

tan?210° — (1 + cos 120°) - sin? 405°

tan? 210° - (14 cos 120°). $in? yOS° Each of these angled can be
expressed in termy of special angled.

Q3 a2 al
tan? (180"+ 30°) - [14 cos (180°-¢0")]. sin® (360°+4S")  Now apply the sign.
tan? 30° - (1 - cos ¢0%). gin2 15°

in each of these
q'uadront.t.

.,
3 ) -(1- "f)(#)‘ We use the special triangles to calculate
- Jf -%_- the values of each of the trig ratios.

1"

gL L
xy Wx3

L
12 Question source: Grade 12 NSC November 2022 Paper 2

|"‘*ZZ"9'°' Downloaded from eduresour:



Question Type 2:
Proving a trigonometric identity

A trigonometric identity is a trigonometric statement that is always true.

You have learnt some trigonometric identities that appear on the formula sheet

(the square and tan identities), but there are much more complicated identities that we don't
have to know or use, but must be able to prove.

Take note of the following hints when proving an identity:

You have to use the correct layout. Choose a side of the identity to work on and label
your first line with that chosen side. Use “LHS" for the left-hand side of the identity, and
“RHS" for the right-hand side of the identity. You MAY NOT work on both sides of the
identity at the same time. You may, however, work on one side of the identity, and then
work on the other side separately, and prove both of these sides equal to each other.

* The purpose is to show that the two sides of the identity are equal to each other, and then
state that at the end as “LHS = RHS".

* Look out for opportunities to use the square and tan identities. Simply applying these
identities should earn you a mark.

* Look out for opportunities to use the compound and double angle identities,
especially the sine double angle identity, as there is only one version of that identity.

* When having to use a cos double angle identity, try to identify the best one to use
depending on what you are trying to prove.

* If you are trying to get to an expression with only sine, use the cos double angle identity
that only contains sine.

* If you are trying to get to an expression with only cosine, use the cos double angle identity
that only contains cos.

* If you are trying to get to an expression with sine and cosine, use the cos double angle
identity that contains both.

* Look out for opportunities to factorise expressions, either by taking out a common factor,
factorising a difference of two squares or factorising trinomials.

* |f an expression consists of multiple separate fractions, and the other side of the identity
consists of only one fraction, make sure to write the separate fractions as one by finding
the lowest common denominator of the separate fractions.

* There are often multiple ways of proving an identity, so just try something! Even if you are
unable to prove the identity, you could get some marks for applying any of the hints listed
above.
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Now let's look at some typical exam type questions!

> Worked example (C)
e

Prove the following trigonometric identity:

—2sin?x+cosx +1

=2 -1
1 — cos(540° — x) cosx
_ =28in*%X 4+ Ccos X+ 540° = 360"+ 180°
LHS = — "
|- cos ( suaql-m) *. cos (540°-%) = cos (180°-2)

= =201-cos2X) + cos X +1 Use the square identity to replace §in*% with
| - (-cos ) 1-c0s2%. We do this becouse there is already
a cos x in the numerator.

-2 4+ 92c082%+ COSX+ |

I+ cos X%
- 2 coste + cos X -1 After simplifying the numerator we are left
1+ coS§ T with a trinomial that we can factorise.
- (2cosx -1DCcos2F1)  Thi¢ allows us to cancel out one of the
1+ 608 % brackets in the numerator with the
= 7 ¢08 % -| denominator.
= RHS$ Remember o Start with "LHS =" and

end with " = RHS™.
Question source: Grade 12 NSC November 2021 Paper 2

> Worked example (C)

—
Prove the following trigonometric identity:
cos(x +y) -cos(x —y) = 1 —sin? x — sin’ y

The LHS of this identits i§ the product of two compound anale identities,
S0 we have To expand the identities and then multiply the expansions.

LHS = cos (x+y). cos C'X.-\lj)

(cos m.cos y - sin x. sin y)(cos %.cos y+ Sin T.5in y)

Cos2%. cosTy + Cos %.Cos il, sin . sin3 - €o$ X. Cos y. §in x.8in Yy - sin‘x.sin=3
cos’m.co.s’H - Sinlx. gin Y We can get rid of cos?x and cos?y by

using the square identity.

(1-gin2xe)(1-gin? y') - §intX. sin'l\u.] Multiply the brackets out.

|- sin‘g - 8in*% + sin‘-x,.sin'g - sin‘lr..sin‘a Add / subtract like terms.
| - 8in% - cin‘a
RHS

Question source: Grade 12 NSC November 2022 Paper 2
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Question Type 3:
Using a diagram on the Cartesian plane

When a question states that it should be done without using a calculator,
that often points to one of two methods:
1.Working with special triangles to determine the values of special angles (see pg.
44)
2.Drawing a right-angled triangle on the Cartesian plane and using that triangle to
determine the values of various trigonometric ratios and expressions.

When a question relies on you drawing a triangle:
Enough information will be given for you to draw a triangle with the lengths of all three
sides and the sizes of all three angles, or expressions for these.

The question will only state the size of one angle.

The triangle that you will draw will always be right-angled, so that means that one of
the other angles will be equal to 90 degrees.

The size of the third angle can then be calculated by subtracting the given angle and
the right angle from 180 degrees.

In these questions, an expression for the value of one trigonometric ratio is
always given.
Remember the definitions of the trig ratios:

7 ~ If the given value/expression is a fraction, then the
s numerator is equal to the side of the triangle that
Sin © = is in the numerator of the formula alongside.

hypotenuse

The denominator is equal to the side of the

Co§ © = acent triangle that is in the denominator of the formula
- E'spot,enu;e alongside.

If the value/expression is not given as a fraction,

tan & = osite rewrite it as a fraction by writing it over 1,
aE;acent eg. 6 is equal to 6 over 1.

\ ) The one side of the triangle is then equal to 6 units,

and the other side is equal to 1 unit.

PRO-TIPS

Now let's look at some typical exam questions!

|”‘*'Z;"9'°' Downloaded from eduresourt



Worked example (R)
Given: sin36° = /1 — p?

Without using a calculator, determine each of the following in terms of p.

IV

sin 36° = Ji'P‘ We need to rewrite the expression
\' e given for gin 3¢° as a fraction o
| *~—hypotenuse  that we can apply the definition

of gine.

Now that we have an ongle (36°), an expression for the length of
the side opposite that angle ( V1-p*) and the length of the
hypotenuse (I unit), we can draw a right-angled triangle.

We can then calculate an exprestion for the length of the
third gside using the theorem of Pythagoras.

We can also calculate the third angle in the triangle.

180° - 90°- 36° = Su°

% = 1* - (J1-p=)*  (Pythagoras)
=1-(-p*)
|_.Pt = P‘ P
x =p
¢ 1 tan 36°
fi=p~
tan 36° = T p Now that we have o right -angled A with

a 36° angle, we can use the definition of
tan to determine the answer oF tan 36°

Remember thot tan ¢ = :Qacent

Now that we have a A with a 3¢° and 5u° angle, we need to
rewrite 108° in terms of 36° or 5u°, This will then allow us
to use the A.

< 2. cos 108°
T 108° = cos 2(sy°) There are three double-anale identities

for cos, sSo we can answer UThis question
using any one of these.

cos 2(5u°) = cos? 54" - $in’ 5 or 1-28in*54° or 2 COS26L°-|
=<_|;L) (L) =|..2(-;L)2 =2(;-IL)1-|
= | -pt-p? = 1 -2p? = 2(1-p2) -
= |-9p = 2-9pt-|
Question source: Grade 12 NSC November 2021 Paper 2 =1= ?'Pz
[Miss Angler Downloaded from eduresour

48



2

v,
<
S

Worked example (R)

Given that V13 sinx + 3 = 0, where x € (90°;270°).

Without using a calculator, determine the value of:

1.

tan x
Thi¢ A must be drawn on the
VI3 sinx+3=0 ;, %6 (90%5270%) Cortesian plane.
13 sin x = -3 3 ~— Opposite Before we can draw a 8,
Sin ¢ = we first need to make

BRI
TS—hgpotenuse  Gin o the subject of the

equation.

To determine which quadrant the A is in, we must consider the
two pieces of siven information. We choose the quadrant in which
BOTH of these statements are true.

Sin ¢ = '%3 Sin % is negative in @3 and @y

x ¢ (90°;270°%) Angles between 90° and 270° are in @2 and 83
Since both of these statements ore true in the third quadrang,
we draw our triangle in @3.

a% = (Vi3)* - (-3)*  (Pythagoras)

a=%2 e on the negative side
but @3 J.a=-2 of the %-axis

—a & opposite

. tan X = 27« adjacent
negative side of _ 3
tahe 3-a:i.t = e
cos(180° + x)
@3
cos (180°+ %) = - cos 2 180"+ % s an angle in the third
=" (_ J‘ﬁ") quadrant, where cos s hegative.

\[E)

Question source: Grade 12 NSC November 2022 Paper 2
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Question Type 4:
Solving a trigonometric equation

When solving a trigonometric equation, we are finding the value(s) of
angles that make the equation true.

When a specific interval is given in the question, then we need to list the x-values that
satisfy the equation in that interval.

When no specific interval is given, then we need to write a general solution.

But what is a general solution?

It is a formula for all possible x-values that satisfy an equation, written in terms
of a variable of your choice.

In this study guide, we will use “k" as the variable in our general solutions. You may,
however, use any variable that you want, except for the variable that you are solving.

A trigonometric equation is different from other algebraic equations, because a trig
function is repetitive. If we think of trig graphs, the same shape repeats over and
over again, so there are many different x-values that have the same y-value.

Look at the graphs of y = sin x and y = 1/2 drawn below.
The pink points are the points of intersection of the two graphs, and also the solutions
to the equation: sin x =1/2

Yya4
3 -
2..
I L 3
i $ - 2 : 8 - & S
-360° -270° -180%.  -90° @ q0° 1g0" 70° 350'

-1+
-2+
-3¢

v

» Notice that there are four solutions to this equation just in the domain drawn
above.

e These two graphs can be drawn for any domain, and will have the same shape,
so will have more points of intersection.

» We therefore use the general solution to write a formula that will yield these
solutions, as well as all other solutions in any given domain.

Now let's look at some examples of the many different types of trig
equations that you need to be able to solve!
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> Worked example (R): A basic trig equation
(S

v,
‘.
<
R
S

7
7.
<
&

A basic trig equation is an equation where
the reference angle can be found
immediately. NO simplification of the
equation is needed before it can be solved.

Solve for x:

sinx = 0,32 No interval is given in this question, so we
simply have to write the general solutions.

sin ¢ = 0,32 0,92 i¢ a poditive number,h so vhe golution(s) for
have to be angles that are in quadrants | or 2.
Remember that Sine of angles in these quadrants are
positive. Thi¢ means that we are going bo write a
GENERAL Solution for quadrant | and 2.

RA = gin” (0,32) Calculate the reference angle.

= 18,66°
Ql: %= 18,66° + k.360°; k6 Z Now apply the quadrant formulae for
G2: % = 180° - 18,66° + k.360° quadrants | and 2, and simplify.

= 161,34° + k.360°

But what would we do if a specific interval was given?
Let's take a look.

Solve for x where x € [—180°; 180°]:

sinx =0,32
The general solutions found for this equation above are:
I.9% = 18,66° + k.360°; k6 Z "k ¢ T" means that these two formulae
2. % = 161,34° + k.360° will yield specific solutions for x when we

Substitute |'nbegr,r values for k.

In formula |: % = 18,66° + k.360°
Let k=0: % =18,66° This value i¢ in the given interval.
Let k=1: T =19¢8,66°  This value is NOT in the given interval.
Let k=-1: % =-341,34° This value is NOT in the given interval.

In formula 2: % = 16l,3u° + k.360"°
Let k=0:%=16),34"  This value i¢ in the given interval.
Let k=1: X =52,34° This value is NOT in the given interval.
Let k=-1: % =-19666° This value is NOT in the given interval.

eUW=18,66° or X =l6l,34° List the valid folutions found.

You DO NOT have to show the substitution step. You can simply list the final
solutions.

[Miss An Downloaded from eduresour
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> Worked example (R): A basic trig equation with complex angles
s

First make the trig ratio the subject of
%, ) the equation, and then find the reference
% Solve for x:
angle.
Make sure to use the FULL angle in the
general solution, and then solve for x.

3cos(2x+10°) = —-0,8

3 cos (2x+10°) = - 0,8 First make the trig ratio the subject of the
cos (2% +10°) = - 251 equation.

0,8
cos™! (T) A reference angle i¢ an acute angle, o we leave out
74,53° the negative when calculating the reference angle.

RA

@2: 2%+10° = (80° - 74,53° + k.360°; k6 Z Now apply the quadrant formulae
2% =105, 47° + k.360° for quadrants 2 and 3, and golve
% = 52,74° + k.180° for 20 in each of these formulae.

03: 2% + 10° = 180°+ 74,53° + k. 360°
2% = 244,53° + k.360°
% = 122,27° + k. 180°

Worked example (R): A trig equation that can be done without the use of a
== calculator

If a trig equation has the same trig ratio
on both sides, we can identify the
reference angle by looking at the

SOIVE for £: angle on the right-hand side of the

sin2x = —sin72° equation.
8in 2% = - 8in 72° We have the same trig ratio on both sides of the
RA = 72° equation, so the reference angle is given.

Since the expression on the right -hand side is
hegative, we have to find general Solutions for the
quadrents in which sine is negative.

G3: 2% = 180°+ 72°+ k.360°; ke Z  Now apply the quadrant formulae

= 252° + k.360° for quadrants 3 and 4, and Solve
% = 126° + k.180° for 2¢ in each of these formulae.
GL: 2% = 360°-72°+ k.360°
= 288° + k.360°
% = luy® + k.180°
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Worked example (C): A trig equation that can be done without a
——  calculator after one of the trig ratios are changed

DO NOT expand the trig ratio on
the left-hand side with a
'/"':( Solve for x- compound angle identity! It will
severely complicate the
cos(x +45°) = sin3x calculations.

cos (%c+ us°)

Sin 3% This equation has variables on both sides,
cos (90°-3x) and the unslea ore different, so we need
to make sure that we have the same trig
ratios on both sides.
To change sine to cos,we use co-ratios.

RA =90°- 3% Now that we have the game trig ratio on both side: of
the equation, the angle on the right-hand side is the
reference unsle.

Ql: %+ y5° = 90°-3% + k.360°; k€ Z Since the expression on the right-
b = us° + k.3e0° hand side of the equation is
% = 11,26° + k.90° positive, we need to write general
solutions for the quadrants in which
QY: %+Uus" = 360°- (90°-3%) + k.360° cos i$ positive <. @1 and Q.
= 360°-90° + 3 + k.360°
-2% = 225° + k.360°
% = -112,5° - k. 180° Since k can be any integer, k.360°
or -112,5° +k.180° can be positive or nesqtive.This
means that the Sign in front of
k.360° does not matter.

This equation also could have been solved by changing the trig ratio on the
left-hand side of the equation to a sine expression.
cos (x+us5®) = §in 3
$in [90°- (x+4s")] = sin 3%
sin (90°- % - 45°) = $in 3%
sin (45°-%) = §in 3%
RA = 3x

This is now a sine equation, so we have to write
general solutions for the quadrants in which
sine is positive.

~
S
/
Oy

~
~
~ -
~

F~

S
W

4,

Ql: ys°-x =3% + k.360°; ke Z \

- k% = -Il5'.+ k-3s°.. Even though we are finding general solutions
= 1,25" - k.90 that are slightly different from the solutions
@2: u6°-% = 180°-3% + k.360"  above, these general solutions will yield the

ZIM\

2% = 135° + k.360° same specific solutions. Both of these sets of
% = 67,5° + k.180° general solutions are correct.
[ Miss Angler Downloaded from eduresour
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D Solve for x:

3cos?x—5sinx=1

3 cofPx -5 Sinx =1

The “cos*x" tells us that this is a quadratic equation, so we have to have

zero on the one Side and then factorise the quadratic expression on the
other gide.

3¢0s2x -58Nn%-1=0 We can’t factorise this because there are two
different trig ratios, so we use the square
identit3 to replace cos?% with 1-g8in? %.

3(1-sin?x) -5 sinx-1=0 Now simplify the equation so that we
3-338NX-58Nnx-1=0 can write it in Standard form:
-3 8in*X -5 S§inxT+2=0 aJsinle +bsinx+cC =0
3siNtxc+ 58NT-2=0 WNe can now either factorise the
(3 sin % -0(sine+2)=0  trinomial or use the quadratic formula
to solve for sin .

3sinx-1=0 or SinXW+2=0 Equation @ is a type A trig
3sinw =1 sin x =-2@ equation.
§in X ='§'@ no solution Equation @ is a trig equation
RA =19,47° that cannot be JSolved.
The graph of y=&in % never
Ql: X =19,u7°+ k.360%; ke Z has a 3-vnlue of -2 .. there
@2: % = 180°- 19,47 + k.3¢0° IS no %-value that will make
= 160,53° + k.360° gin % =-9.
[Miss Angler Downloaded from eduresourt

54



Worked example (C): A trig equation requiring the use of double

— angle identities
' This equation requires the use of the tan
,/, identity, and the sine double angle identity.
":(g Solve for x: After applying these identities we can
" tanx = 2 sin 2x where cosx < 0 smlwpll(;y the equation so that it can be
solved.

tan % = 2 §in 2% where cosXx <0
This equation contains multiple different trig ratios, so let’s use
identities to simplify the equation.

3in : "
tan X = Tosx and §in 22 =2 &in ¢ COS X

SinT - 9 (2sinT cos X)

Cos %
Sin%T_ _ s §in % COS 2 Multiply both sides of the equation
Cos % by cos % $o that we no longer have
a fraction on the left-hand side.
§in ¢ = 4 Sin X cog? % We now have a quadratic equation,
8in % - I §in % cos2 % =0 S0 we have to move all terms to
Sin % (1-1 cos2%) =0 one side of the equation ( make it
equal to 2ero), factorise the expression
on the left, and then solve for 2.
Sinx=00 For equation @, we have to think of the graph
of H:Sin'l".
% =0+ k.360°; k€ Z Where does the graph heve a y-value of zero?
% = 180° + k.360° In other words, where is this graph’s x-intercepts?
At Xx=0° and % =180° and every 360° before
and ofter those values.
or I-4costx=0@ Equation @ yields two Jolutions
(1+2cosx)(1-2cos X) =0 for cos x.
I+2608% =0 or 1-2¢08%=0 The question stated that
Cos X = 'J:l' co.no='i' Cos X <0 Cnsgutiva),ao we can
but cos X <O disregard the solution that i
TR TR 3 equal to T.
RA = 60°
Q@2: % =180°- 60° + k.360° We now find general solutions for
= 120°+ k.360° the two quadrants in which cos
@3: 9% = 180° + 60°+ k.360° i$ negative.
= 240° + k.360° Question source: Grade 12 NSC November 2021 Paper 2
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[ -
D Solve the following equation:

sin(x + 25°) - cos 15° — cos(x + 25°) - sin 15° = tan 165°

§in (% +25°). cos 15° - cos (x+25°). §in 15° = tan 165°  The left - hand side of ®his

sin (x+28°-5°) = tan 165° equation is the expansion
sin (% + 10°) = -0,267... of a compound angle identity.
RA = sin”' (0,267...) Sin A.cos B - cos A. sin B
= 15,54° = §in (A-8)
@3:% = 180"+ 15,64°+ k.360°; ke Z  Since the value on the right-hand side of
= 195,54° + k.360° the trig equation i negative, we have to
Q4 % = 360°-16,54° + k 360" write general solutions for the quadranty
= 344, 46° + k.360° in which Sine is negative, 83 and QL.

Question source: Grade 12 NSC November 2019 Paper 2

i PRO-TIPS I
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IV

Given x + - = 3cosA and x% + = = 2
X X

Determine the value of cos 24 without a calculator.

|
0 + ".'{‘T = 3 cos A To get %+ ¥, we have to fquare
(x+ %) = (3 cos A)? both sides of the equation.

(w+ '-.'6)(2'»+ ) = 9 cos* A Remember to use the FOIL-method
W+ 141+ T =qcor* A when fquaring the bracket.

qo'+'a'r."+2=qco:‘A Wt 52
2+2 =9 CostA
4 =9 cos? A FOIL stands for First, Outer, Inner and Last.

' COS2A = It is a suggestion for how to multiply two binomials.

Since we now know what cos?A is equal to,we can use a
double angle identity to express cos 2A in terms of cos?A.

92 cos2A -1
A&
-

-
9

cos 2A

Question source: Grade 12 NSC November 2020 Paper 2
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> Worked example (P)
s

PRO-TIPS

This question relies on your
knowledge of trig identities,

I/l/':g Evaluate, without using a calculator: reduction formulae AND
S sigma notation, even though

& sigma notation is a Paper 1
cos* A topic.
A=38°
sa.
Agas'cN‘A Sigma means “"Sum™. We have to add all the

terms with a general term of cos? A, from
where A= 38° to A = 52°

= (0s? 38° + CO0S®39° + CoS? 4O° + GOS® UI° + cos® y2* + COS? 43°+ Cos2 Lu® + COS2 45°
+ C0J2 46° + cost7° + COS? 48° + cos? 9° + cos? 50°+ cos? 51°+ cos? 52°

We may not use a calculator, o we need to use co-ratios.
cos? 38° = §in* 52°; cos? 39° = 8in? 51°; cos? uo® = Sin? 50°: and So on.

= $in? 52°+ Sin®51°+ §in? 50° + SiN?49° + Sin® u8°+ Sin® YI1°+ Sin ue® + cos?ys’
+ COS2 46°+ COS27° + COS? 48 + cos? u9°+ cos? 50°+ cos? 51°+ cos? 52°

Each of the pairs of terms that are highlighted in the same colour
add up to |.

$in? 52° + €052 52° =1 ; §in?5I°+ Cos? 51°=1; $in? 50°+ cos?2 50°=1
and o on.
There are Seven of these pairs, and cos? 45° is left over.

L \2
() + (ﬁ-) We can find the value of cos U5 using a
1% or 1;’- special triangle.

Question source: Grade 12 NSC November 2018 Paper 2
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y=asin k(x-p)+gq a = amplitude

Period = 360°
y=acos k(x-p)+q a5

y=a tan k(%-p) + q A tan graph does not
have an amplitude.

ind = 180°
Period e

p: Shifts the graph to the left or right
q,* shifts the graph up or down
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Trig functions are periodic, which means that they repeat themselves after a certain interval.
This interval is known as the period.

Amplitude: the height of the graph, measured from the central axis. This can also be described
as the distance between the minimum/maximum value and the central axis.

Note that an amplitude can never be negative.

A tan graph does not have an amplitude, as it does not have a minimum or maximum value.

‘ Asymptotes: a tan graph has asymptote(s) at x-values that make the function undefined.
These asymptotes also repeat themselves every period.
For the basic tan graph, the asymptotes are at x = 90 + k.180, where k is an integer (refer to
Trigonometric equations on page 50 for an explanation of this notation).

' Maximum value: the greatest y-value on a sine or cos graph.
' Minimum value: the smallest y-value on a sine or cos graph.

Domain: the set of all x-values of a graph. The domain of a trig graph is the interval that is
specified in the question.

‘ Range: the set of all y-values of a graph. The range of a trig graph is all y-values between the
minimum value and the maximum value. You are allowed to write the range in interval notation or
inequality notation.

' Step: the step of a trig graph is calculated by dividing the period by 4.
This indicates how often you need to plot a point or draw an asymptote.
For example, if the period of a sine graph is 360 degrees, the step is 90 degrees.
This means that you have to plot a point every 90 degrees.
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The basic trigonometric graphs

The graphs below are the basic trig graphs.
The best method for drawing trig graphs is to know the shapes and properties of these
graphs, and then apply any parameter changes given in a question to these.

< 9 =8in Y

94
3 3
z-.
(-2710% 1) (q0% )
-3go® -270° -1 T
R | (270%-1)
"2'-
-3 L
v
‘\\\;3 Y= cof X ¥4
3 3
2--
(-360% 1) (360%1)
) ":’:“" o
(~180%-1) C180%-1)
-1!-
-3 L
v
y = tan X
= -270° 'I-"‘?O" mqu" ‘.r,=|2?0°
|
I | | i
| 1 I I
(-315% : (-135%1) : uS‘:) :
( 1
| 1 ’] ] ~ .
-360° 'IPO. -180° -4p° qb. Tlo' 0®
I 1 :
G =)} flsshy 1 fast-0
| | 1
| i 1
| | I

|Miss Angler
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Amplitude =1
Period = 360 degrees
Step = 90 degrees
Maximum value =1
Minimum value = -1

Amplitude =1
Period = 360 degrees
Step = 90 degrees
Maximum value =1
Minimum value = -1

Amplitude = none
Period = 180 degrees
Step = 45 degrees
Maximum value = none
Minimum value = none
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What happens when the a-value is negative?

A negative a-value indicates that the basic graphs have been reflected in the x-axis.
This means that the signs of the y-coordinates of the original points have to change.
Remember that since the amplitude is a distance, it does not change when
the a-value is negative.

oy=-sinw

o y=-cos %

(-180%1)

 y=-tan %
y % =-270° % = -90° %= 90° 2=2170"
| [ LK
I I _
I I
| |
| I
L NC2sy) | (315%1)
" -360 -:}ro' -18 -10' 360"
(-215%-1 | (13554 I -t
I
I
I
|
|
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Amplitude =1
Period = 360 degrees
Step = 90 degrees
Maximum value =1
Minimum value = -1

Amplitude =1
Period = 360 degrees
Step = 90 degrees
Maximum value =1
Minimum value = -1

Amplitude = none
Period =180 degrees
Step = 45 degrees
Maximum value = none
Minimum value = none
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What happens when the amplitude is not 1?

The a-value is the amplitude of a sine and cosine graph. This causes a vertical stretch of

the graph.

The amplitude is half the distance between the maximum and minimum values

of the graph.

Since a tan graph doesn’t have a maximum or minimum value, it also does not have an

amplitude.

When the a-value of a tan graph is not equal to 1, it affects the slope of the graph.

Since the amplitude is a distance, it is not affected when the a-value is negative.
The graph of y = -2 sin x, for example, still has an amplitude of 2, even though the a-

value is -2.

oy=28in®

(-270%2)

ra

(90%2)

T -3ge®  -270°

I/:iz y=2cos

(-360%2)
N —3:60' -917"
v
“y=2tanx
*=-270° o =|27o‘
[
[ |
I I
(-315%2. ; (z::s';n)
I i
I ]
-360 '-# 210 (4]
I !
: 1 $(a%-2)
[ ]
I !
[ i
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Amplitude = 2
Period = 360 degrees
Step = 90 degrees
Maximum value = 2
Minimum value = -2

Amplitude = 2
Period = 360 degrees
Step = 90 degrees
Maximum value = 2
Minimum value = -2

Amplitude = none
Period = 180 degrees
Step = 45 degrees
Maximum value = none
Minimum value = none

The graph of y = tan x has
points (-45; -1) and (45 ; 1),
etc.

Since the a-value of this graph
is 2, the graph has points
(-45;-2)and (45 ; 2), etc.
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What happens when the g-value is not zero?

When the g-value of a trig graph is changed, that causes the graph to shift up or
down.
If the g-value if positive, that shifts every point on the graph up.
If the g-value is negative, that shifts every point on the graph down.
The number of units by which the graph is shifted is equal to the g-value.
Since the range is the set of all y-values on the graph, the range is also affected by a
change in g-value.

y=Sin X+l

LR
3 4
(-270%52) .1 (395i2)
(-180%1) (180%1)
(-360%1) -
T -3g0* -270° -l120"  -90° Y 180!

Yy = Cos T+l

(360%1)

270°

(-360%2) (360%2)
(-270%1)
(2705%1)
— & i ’ 5 ' F 5
-3go® -270°  -180°  -90° q0° 1g0*  270°  360°

y =tan % +1

oo 117 o >

%=-270" mls-qo" mr‘fo' :,=]'21o°

|

I | I

I | ]
(31572 | 1 (225%2 I

1 :

I ('45'4) 1 (360%1)
(-360%1) jl 1180 1) i
" -360® —2}

I

I

|

I

I

|

S ) .

I
I
I
I
I
|
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Amplitude =1
Period = 360 degrees
Step = 90 degrees
Maximum value = 2
Minimum value = 0
Graph of y = sin x
has shifted 1 unit up.

Amplitude =1
Period = 360 degrees
Step = 90 degrees
Maximum value = 2
Minimum value = 0
Graph of y = cos x
has shifted 1 unit up.

Amplitude = none
Period = 180 degrees
Step = 45 degrees
Maximum value = none
Minimum value = none
Graph of y = tan x
has shifted 1 unit up.
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What happens when the p-value is not zero?

When the p-value of a trig graph is changed, that causes the graph to shift to the left

or right.

If the bracket has a positive value, every point on the graph shifts to the left,
eg. (x + 15) = 15 degrees to the left.

If the bracket has a negative value, every point on the graph shifts to the right,
eg. (x - 15) = 15 degrees to the right.

y = Sin (%- 45°)

LK
3 3
2 3
(225% 1) | (135% 1)
-315, L \-1353 & usy” . R
-3 -170°  -180° N\g90° 90° T
5 ¥ (0% -0,1) (360°5-0,71)
(-360% -0 (-us®;-1) (318%-1)
-z 3
-3 L
v
y = cos (%-145") v
3
2
(-315%1) g (us®1)
P 0. o o,
(-380 ;0,:“) 228" i i (360%0,m)
T AR T S (T S T
13s5-D (225°%-1)
=1
|
L
o y=tan (%-ys*)
% =-215° % =-15° % =135 2= 315°

(-360%-1)
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Amplitude =1
Period = 360 degrees
Step = 90 degrees
Maximum value =1
Minimum value = -1
Graph of y = sin x
has shifted 45 degrees
to the right.

Amplitude =1
Period = 360 degrees
Step = 90 degrees
Maximum value =1
Minimum value = -1
Graph of y = cos x
has shifted 45 degrees
to the right.

Amplitude = none
Period =180 degrees
Step = 45 degrees
Maximum value = none
Minimum value = none
Graph of y = tan x
has shifted 45 degrees
to the right.
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What happens when the k-value is not 1?

The period of a trig graph is affected by the k-value.
The period of a sine and cosine graph is 360 degrees DIVIDED by k.
The period of a tan graph is 180 degrees DIVIDED by k.
The step of the graph is then calculated by dividing the new period by 4.

gy =sin 2,

(-315% 1) (-135%1)

rl

(u5%1)

(225% 1)

»
>

ao' - i

(—u5'j::)- [
-1 L

T -3g0® -7’

(-225%-1)

-3-

W

. y=cos 2%

(-360%1) (-180%1)

-

9

ml 0.

(315%-1)

ol
(138%~1)

(1801)

&

(3e0%1)

Amplitude =1
Period = 180 degrees
Step = 45 degrees
Maximum value =1
Minimum value = -1
There are 2 full sine
curves in the original
period of 360 degrees.

Amplitude =1
Period = 180 degrees
Step = 45 degrees
Maximum value =1

B TN I

C-q05-1) )

-360° \-270°

(-270%-1)

-3-

[ (90%-1)
hl!-

L

y = tan 2%

A=-315" L=-125"%=-185 x=-45°
| ¥4

270°
(270%-1)

90° 1e0°

h'.n-us“ -x,|=i35" %=1218" L=35°

70

1
g

70

o.
L]
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360°

o.

Minimum value = -1
There are 2 full cosine
curves in the original
period of 360 degrees.

Amplitude = none
Period = 90 degrees
Step = 22,5 degrees

Maximum value = none

Minimum value = none

There are 2 full tan
curves in the original
period of 180 degrees.
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Drawing graphs with multiple parameter changes

When there are multiple parameter changes, determine how each of these
changes would affect the basic graph, and then apply them together.

’/l/:::< 1. A change in amplitude and a shift down

9=‘lsin % -1

Amplitude = 2
Period = 360 degrees
Step = 90 degrees
Maximum value =1
Minimum value = -3

(2710%;~3)

1.When a = 2, that means that the graph should have a minimum value of -2 and a maximum
value of 2.

2.Now the graph is shifted 1 unit down. This means that it will now have a minimum value of -3
and a maximum value of 1.

2. A reflection in the x-axis and a change in period

y = -cos T -
ol Amplitude =1
4 Period = 720 degrees
(-360%1) \ (360%;1) Step =180 degrees
—t ‘ ; & ‘ 5 ' — Maximum value =1
-3go® -270" 18 -90* 90" 1g0*  mmo®  3e0°

Minimum value = -1

v

1.When a = -1, that means that the graph should still have an amplitude of 1, but the
graph is reflected in the x-axis.
2. The original period of a cos graph is 360 degrees. This now changes to 720 degrees,
because 360 divided by 1/2 is 720 degrees. This means that the step is 180 degrees, so
each of our critical points have to be 180 degrees apart.
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You are able to use the TABLE function on a CASIO scientific calculator to
determine the points that you have to plot when sketching a graph.

Please note that this is a LAST RESORT method and it is highly
recommended that you use your knowledge of the basic trig graphs, as well
as how each parameter affects each of these graphs, to draw them.
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Worked example (R)

Draw the graph of y = —3 sin x for x € [0°; 360°].

You first have to calculate the PERIOD of the graph, and then use that to calculate the
STEP of the graph.

Since this is a sine graph, we calculate the period by dividing 360 by the k-value,
which in this case is equal to 1. We then divide the period, 360 degrees, by 4 in
order to calculate the step.

Period = 360°
Step = 360" Ty =90° Now that we know the period and
the step of the graph, we can press
£l = -3 sin % [MODE] and [TABLE]
Start? 0° to get into the correct mode.
End? 360° We now follow the prompts (in
Step? 90° black) and type
« the correct values (in blue) in
© | f(x) Pomt.r to plot order to get a table of
10 0 (0°;0) coordinates.
2/ 9 | -3 (30°; -3)
alwo| o (180°;0)
;__:;: ‘; i?;,’:’:) These points, when plotted and connected.

form the graph of y = -3 sin x, as shown below.

Here is the completed graph:

3; (210°%3)

(90°;-3)

Now let's look at some typical exam questions!
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> Worked example (K +R +C)

In the diagram below, the graphs of f(x) = tan x and g(x) = 2 sin 2x are drawn for the
interval x € [—180°; 180°].

A(60°; k) and B are two points of intersection of f and g.

S k]
1. Write down the period of g.
2. Calculate the value of k.
3. Calculate the coordinates of B.
4, Write down the range of 2g(x).
5 For which values of x will g(x + 5°) — f(x + 5°) < 0in the interval x € [—90°; 0°]?

Worked example (K)

g&g' 8
2 The period of a cos graph is iii 2
180° where k is the coefficient of .

1 Period of g

Worked example (R)

“ 2. A(60%K):k=tan 60° K is the y-coordinate of point A,

= V3 which lies on both £ and g.
we can calculate k by aubstibutins
or k =2 sin 2(60") % = 60° into the equations of either
= {3 £ or g.
|Miss Angler Downloaded from eduresourt
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Worked example (K)

3. B(-120";V3") Point B is exactly 180° before point A,
as it is the same point of intersection
of the two graphs, but one period (180°%)

earlier.
Worked example (C)
4. Ronse of ac-x,): ye [-9_-,'2__\ The minimum value of 9 is y=-2
or -25y<2 and the moximum value of g it §=2.
*. Range of 2g(x): ye Ej-u;u] 2 gf'rh = I $in 2%, which has an

or ~42Yysk amplitude of .

Worked example (C)

3. g(%+5°) - f(x+5°) 20 ; x € [-90°50°]:

We can rewrive the question
in a different way:
ng-s') < f(x+5%)

—> 0
o We can now identifg where the
graph of q(x) is smalier than
(BELOW) or equal to £(x).

v

This is the highlighted section, which is between the point of
inbersection of the two graphs (labelled as C) and the origin.
Since A is the point (60°% ¥3'), we know that C is (-60%-V3')
(x) ¢ £(x): -60°2£2x<0°
Lqx45%) & flzas): ~658°5 L &-5  (x+5) is a shift of 5° to
the left, so the entire interval
shifts 5° to the left as well.

Question source: NSC Grade 12 November 2022 Paper 2
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1

5 cos x and g(x) = sin(x + 30°) for the interval x € [0°; 180°], are

The graphs of f(x) = —

drawn below.

A(130,9°; 0,33) is the approximate point of intersection of the two graphs.
ye

A (130,9°;0,33)

—
¢ 180° z
.F

v
1. Write down the period of g.
2: Write down the amplitude of f.
3. Determine the value of f(180°) — g(180°).
4, Use the graphs to determine the values of x, in the interval x € [0°; 180°], for which:

41. f(x—10°) =g(x—10°

42. +/3sinx+cosx>1

Worked example (K)

1. Period of g =360°  The k-value of g is |, S0 the period of g is e =8

4 2. Amplitude of £=T The a-value of £ is -, but the amplitude ic
i a distance, So it is positive.

Worked example (R)

3. £(180°) - gl1g0") = +-(-%) £(180%) = ‘J'_lT cod 180° q120" = sin (180" 30"
= | =T -
|Miss Angler Downloaded from eduresourt
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Worked example (C)

-,
7,
“
‘.
5
< 4.1
4 ole
S
S

f(x-10") = g(:c-10%):  F(x) = g(w) ot point A,which iz at x=130,9°
% =130,9° + 10° (-10°) is a shift of 10° to the right, so we
= 140,9° add 10° to 130,9°

Worked example (P)

<4 2. In order to use the graph(s), we need to rewrite the question so thav
y it actually contains one of the equationd.

V3 sin X +cos x 2| Divide each term by 2.

2 Sinx + acosm’i‘ cos 3&:“@3 and sin30°='é.'
Sin % cos 30° + cos $in30°2T  The left-hand side is the expandion
sin (x%+30°) 2 F of a sine compound angle identity.
94\

" We now identify where the graph of
N (130.‘1':0.333 e g is above or equal to y =%,

i —syg 10’8 useful to draw in a line at

[ W N y= I and highlight the gection

above that line.

Y sin (2+30°) =% ab x=0°and %=120°

L0°4£%<120° or %€ (0°120°]

Question source: NSC Grade 12 November 2020 Paper 2
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SOLUTION OF TRIANGLES

In order to achieve full marks for this section, you need
to be able to:

» Use the trigonometric ratios to calculate the lengths of
sides or sizes of angles of a right-angled triangle.

» Use the sine rule to calculate the length of a side or the
size of an angle of a non-right angled triangle.

e Use the cosine rule to calculate the length of a side or the
size of an angle of a non-right angled triangle.

e Use the area rule to calculate the area of a non-right
angled triangle.

e Prove the three triangle rules.

We can use trigonometry to solve both right-angled and non-right
angled triangles.

"Solving triangles" means to calculate the lengths of sides, and the
sizes of angles, of triangles.

To solve right-angled triangles, we use the trigonometric
ratios, as explained in the previous section.

To solve non-right angled triangles, we use the triangle rules:
the sine rule, cosine rule and area rule.
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THE SINE RVLE:

To culculute a dide:

b h

Use the sine rule to calculate
8ln3 the length of a gide if you have
the gize of the opposite angle,

and one other pair of an opposite
side and angle.

To calculate an angle: Use the sine rule to calculate

- * . n s iy = .

SnA _ SinB _ SinC the size of an angle if you have
a b ¢ the gize of the opposite angle, and

one other pair of an opposite
side and angle.

THE COSINE RULE:

A To calculate a side:
a? = b + ¢ - abe. cos A Use the cosine rule to calculate
C b or b*=a'+ c‘-lac.cm:a: the length of o side if gou have
or ¢*= al+ b* -2ab.cosC the lengths of the other two
) sides, and the size of the
a c included angle (the angle oppodite
the unknown Side).
To calculate an anslel
cos A = brect-a’ Use the cosine rule to calculate
2be the size of ANY angle in a triangle
or Go¢ B = ai+cl-bl it you have the lengbhs of all
2ac three sides.
e -at+b?-c?
or co§ C = b
THE AREA RVLE:
A To calculate the area o*F a trlnnsle that is not nght angled:
Area AABC = '&' ab. sin € In order to use the area
¢ b or Area AABC = 'i'ac sm?\ rule,gou need the lengths
or Area AABC = i‘bc < 8in A of any two Sides and the
B size of the included angle
a c (the angle between the two
Sides).
[Miss Angler Downloaded from eduresourt
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PROVING THE SINE RVLE:

You also need to be able to prove all three of the rules for your final exam!
Make sure that you understand the three proofs, and are able to adjust the proofs in
case the given triangles have different letters as the vertices.

This proof uses a construction that
divides the given triangle into two right-
angled triangles.

b
We then use the common side AD to
write an expression for the sine trig ratio
in each of these triangles, and then we
N c work with the two ratios at the same time
a to set up the sine rule.
Given: DABC, an acute triangle. N /";,
. A .o
Required to prove: SinB _ 8in C
b c 7

Construction: AD, the perpendicular height of AABC

Proof : o
. A _ AD . AD

s8in B = "¢ and 8inCtC="p

AD = ¢ sin B AD = b gin &

hnt PRO-TIPS

In this proof, you will NEVER be
asked to prove all three fractions
of the sine rule. They will only ever

ask you to prove the first two
fractions, as done in this example.
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PROVING THE COSINE RULE:

This proof uses a construction that
divides the given triangle into two right-
angled triangles.

We then use the theorem of
Pythagoras in both of these triangles
and finally, since this is the cosine rule,
we also use the trig ratio of cosine in
order to set up the cosine rule.

Given: DABC, an acute triangle.

Required to prove: ¢® = a+b* - 2ab. cot C

Construction: AD,the perpendiculor height of AABC

Proof :

Let DC =%
:.BD = G-T:

In AABD:
= AD? + (a-%x)? (Pgthasorux)
AD? + a? - 2q2¢ + %

(<]
"
I

In AACD:
b = AD? + x? (Pgthasoruﬂ
¢z at+b?-2a%

a 2
cos c=TA
% =bcos C

s, c'=0a*+b*-2ab.cos C

|Miss Angler
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PROVING THE AREA RVLE:

A . This proof uses a construction that
divides the given triangle into two right-
angled triangles.

' We then use the formula for calculating
the area of a right-angled triangle for the
given triangle, and since the area rule

C uses sine of an angle.

>
a ‘ We also use the trig ratio of sine in one

of the right-angled triangles.

Given : DABC, an acute tn‘unale. Q

Required to prove: Area AABC = ‘&ab. sin C 4
W

Construction: AD,the perpendicular height of AABC  The construction divides AABC
into two right - angled triangles.

Proof: Area AABC = % a x AD To find the ared of a right-angled A,
we use the formula:
Ared = & base X perpendicular height

osite
sin ¢ = AR We now use the definition of sin € = hypotenuie to
b a write an expression for AD.
. AD =b sin C This allows us to replace AD in the formula for

the area of AARC.

*. Area AABC = 3-ab sin €
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In the diagram below, T is a hook on the ceiling of an art gallery. Points Q, S and R are on the same
horizontal plane from where three people are observing the hook T. The angle of elevation from Q
toTis x.

QSR = 90° + x, QRS = x, QR = 5 units and TS = SQ.

PRO-TIPS
aé s ;* §sla

D 1. Provethat QS = 5tan x
a3

_ 5 BARS i1 not a n'ght.-ansled A. Since we have the

Sinx ~ sin (30°- ) angle opposite @S, and another gide and opposite
angle (ar and &fR),we should use the sine rule.
88 . 5 sin (20°-%) = cos
Sin T cos T
as = S 8SiPY We make @S the subject by multiplying both sides
cos % by cos .
QRS = 5 tan X SIN%® _ tan
Cos T
D 2. Prove that the length of QT = 10 sinx
LY Now that we know that 8§ =5 tan x, we

can use that in the rest of our calculations.
We alfo know that AQTS is an isosceles A,
S0 QTS = $aT.

Q 5 R
__aT - a3 Now that we have the angle opposite
sin (1g0°-2x) Sin % ¢ide QT, we can ude the gine rule.
aT __ _8S§ sin (160°-2%) = ¢in 2%
Sin 2% Sin ¢
atT = 88 $in 2% We can make QT the Subject of the
Sin X equation by multiplying both sides by sin 2.
QT = 8€-2¢imR cos X in 2% =2 sinoc cos x (this it a double
$inT

angle identity)
5 tan T - 2 CO&% We now replace @S with 5 tan % , from the
previous question.

QT = Ssinx . tan o = SID L
T 2 o5 L %€ o

QT

7-@T = 10$ip |"‘575$"9'°' Downloaded from eduresour



D 3. Calculate the area of ATQR if TQR = 70° and x = 25°
T

10 SinT

@T =10 $in X We use the expression for @T from the previous question.
QT = 10 §in 25° We now replace o with 28°
The value of this is 1,226182617. Either use the full
expression for AT in calculations, or store this value in
your calculator.
6R = § units ATAR is not a right-angled A, so we have to uge the
TR =10° areag rule. We need to use the lensehs of two ¢ides
and the size of the included angle.

L aT-@R- sin TAR
L (10 sin 25°)(5)( $in 10)
9,93 units?

.. Area AT@R

Question source: Grade 12 NSC November 2021 Paper 2
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AB is a vertical flagpole that is v/5p metres long. AC and AD are two cables anchoring the flagpole.
B, C and D are in the same horizontal place.

BD = 2p metres, ACD = x and ADC = 45°
A

VS'p

45
x D

c

D 1. Determine the length of AD in terms of p.

AD? = (2p)* + (VS'p)? (Pythagora:) AABD is a right- angled A, so we
= ypt + Spt can use Pythagoras to calculate
= qp? the length of AD, the hypotenuse.

AD = 3p

7. Show that the lenethof €D = - LA+ 1C0SX)
rowtietetengte - VZ sinx

A 180°- (ys*+=)  In order to calculate CD, we need an
expression for CAD, the angle opposite
CD.

D
G
CAD = 180°- (us*+x)  CL sum in A)
cD = 3p Apply the sine rule.
sin [180°- (ys*+x)) §in ¢
cD - _9p sin [180°- (us°+ )7 = gin (us*+)
sin (45°+%) Sin T
co = -3p sin (us°+x) Multiply both sides by Sin (45°+%).
Sin
co = 3p(sin us" cosx + cos 45" §in %)  We now expand sin (45*+x) using
3 Si'f ) a compound angle idenbif:‘y.
co = 3p (Ji‘ cos ¥ + 35 sinx ) g Ude the us’ special A to
Sin ¢ | 2 determine the values of
cD = 3p- it' ( $in x +cos ) * 12 §in 45° and cos ys°.
Sin % xJ2' ! Then take out T as a
S CD = (sin 2 + cos % common factor.
V2 sin
| Miss Angler Downloaded from eduresour:
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I/l/::g 3. If itis further given that p = 10 and x = 110°, calculate the area of AADC.

%
C
3€10)( sin 110°+ cos 110*)
AD = 3(10) CD = |7 sin no®
AD = 30 units CD = 13,492... units
Area DACD = 5 AD: CD- $in 45°

¥ (30)C13,u92..) C$in 45%)
Iy3, 1 units?

IMPORTANT:
WORKED EXAMPLE KEY

This study guide will highlight which questions are classified under
each difficulty level.
Look out for either K, R, C or P next to each question!

Question source: NSC Grade 12 November 2022 Paper 2
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A landscape artist plans to plant flowers within two concentric circles around a vertical light pole
PQ. R is a point of the inner circle and S is a point on the outer circle. R, Q and S lie in the same
horizontal plane. RS is a pipe used for the irrigation system in the garden.

The radius of the inner circle is 7 units and the radius of the outer circle is QS.

The angle of elevation from S to P is 30°. P

RQS = 2x and PQ = /37

D 1. Show that QS = 37

J3r
tan 30° = Tes APAS is a right-angled 8,30 we can ude
@$ tan 30° = V3'r the definition of tan ¢ = % .
8 = VBT _ .
tan 30° s Replace tan 30° with the value
Qs = fr = @ ! of the ratio.
1'—-3‘ x I3 Now multiply the numerator and denominator
.. QS = 3r by V3 so that we con show that QS = 3r.

D 2. Determine, in terms of r, the area of the flower garden.

Area flower garde.n The formula for the area of
= area outer circle — area inner circle a circle is Tr2, where r iz the
= w(ar) -mw(r)? length of the radius.
z qmpr? - Tr?
= 8Wr? units?
[Miss Angler Downloaded from eduresourt
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D 3. Show that RS = /10 — 6 cos 2x

RS? = r2+ (3r)* - 2(r)(3r).cos 2% We have expressions for the lengths
=r2+ qr? - 6rtcos 2% of the other two gides of AGRS and
s 1or!-crtcoslx the angle opposite RS, So we can use
= r2 (10 -6 cos 2) the cosine rule, and then take out
RS = rVlo-6cos2x r* as a common factor.

D 4. If r = 10 metres and x = 56°, calculate RS.

RS = 10J10-6cos 2(5¢°) Substitute the given values into the
RS =35 m expression for RJ.

Question source: NSC Grade 12 November 2020 Paper 2
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Euclidean Geometry is a section that you have actually been doing since
Grade 8!

Do you remember FUZYX? Working with parallel lines and classifying triangles?
That was your first taste of Euclidean Geometry, and even though this section is primarily
tested using circles and similarity of triangles, you have to know all the basics in order
to answer the more complicated questions.

The following strategy can be used when you are solving geometry
questions:

B ——
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Summary of ALL Euclidean Geometry knowledge that you should have:

Note that all reasons are highlighted.
You may only use the reasons that are specified in the Grade 12 NSC
Exam Guidelines.
All reasons in this chapter are allowed to be used.

L ) 1. FUZYX:

F U Z Y X

corresponding co-interior angles  alternate angles angles on a vertically opposite

angles are equal add up to 180° are equal Straight line angles are equal

Ccorresp. Ls; 11 lines) (co-int.Ls; Il lines) Calt.Ls; Il lines)  add up to 180°  (vert opp Ls =)
(Ls on a str line)

L ) 2. When angles or lines are bisected:

T¢ BD bisects ABG: Tf CD bisects AB:
A C
0 A
8 £
c 5 B
ABD = CBD AE =BE and E is the

midpoint of AB.

{ ) 3. Triangle information:

A E H
[
8 i+ 3 D F G T c0° : 60 T
A+ B+ ACB = 180° If EF=EG:F = & Tf HI= W7 =17
(L sum in B) or CLS opp equal sides) H=T1=7=60°
(sum of L3 in A) .
. I¢ F=G :EF =Ea AMIT is on equilateral A.
ACD = A+ B (ext.Lof A) (sides opp equal L$)
AABC is a scalene A. AEFG is an isosceles A.
|Miss Angler Downloaded from eduresourt
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{ ) 4. To prove that lines are parallel:

a/b Prove that:
¢/d @a=¢ or b=f or ¢=g or d=h
(corresp. Ls equal)
because corresponding angles are only
e/f equal if thes are formed b3 parallel lines.

3/h

a/b Prove that:
cfd c=f or d=e
(alt. Ls equat)
because alternate angles are only equal
e/f it the_g are formed by parallel lines.

3/h

a/b Prove that:
¢/d cte = 180° or d+f =180°
Cco-int.LS Supp)
because co-interior angles only add up
e/f to 180° if they are formed by parallel

3/h lines.

Prove that AD=8D and AE =CE
(Midpt theorem)

becaute a line from the midpoint
of one side of a triangle to the
midpoint of the second side, is
parallel to the third side.

€. 80 “Ce O AB - AC

(line divides 2 Sides in prop)

because a line only divides two sides of
a triangle in the same proportion if that
line is parallel to the third side of the
triangle.

A
n/&e\
8 c
A
. b
Prov-e”?hntAéB and Acmure EE proportion
D E
B (v
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(

5. Ways of proving that two sides are equal:

EF

o

-
»

®
( ’
1)
>
G
®
>
<

[~
To prove AB :Ac P To prove that AC=BC: .
Prove that ABC = ACB Prove that C, =90° To prove thnt AB co:
then AB = AC or G, =90° Prove that E = F
(sides opp equal Ls) then AC = BC then AB = CD

(line from centre L to chord)  (equal Ls; equal chords)
8 To prove that AD=CD:

Prove that AABD = AACD
then AD=CD (= AS)

E
‘ Tf BE and CE are tangents,

then BE =CE (tens from common pt)

6. When the centre of a circle is given:

@&

(L at centre = 2xL at circumference)

! B

tangent
If OMLAB: AM = BM
Cline from centre L to chord) (radius L tangent) OA =08 (radii)
0AB = 0BA (radii;
If AM=BM:0M LAB Ls opp equal sides)
(line from centre to midpt of chord)
| Miss Angler Downloaded from eduresour:
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{ 7. When the diameter of a circle is given:

ACB = 90° (L in semicircle)
or (diameter subtends right L)

( 8. When angles formed at the circumference are given:

K O QP

= B and c o
CLa in same Segment)

T¢ AB = BG: ADB = CDB
(equal chord$; equal L&)

( 9. When a cyclic quadrilateral is given:

A+C =180° and B+0 =180

Copp Ls of cyclic quad)

HGT = €
(ext.Ls of cHGIic quud)

|Miss Angler

89

If ABC and DEF are equal circles
End “Bc = EF:
R =D (equal chords; equal L&)

K L
KL= kML and LIM = LKM

and :IEM = JEM and .Tﬁl: =EI'E|:
(Ls in same Segment)
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L ) 10. Ways of proving that a quadrilateral is cyclic:

D ABCD is a cyclic quadrilateral if any of

A ( the following conditions can be proved:
1. A +8CD=180° or B+D=ig0°

" A\ Cconverse opp Ls of cyclic quad)

3

“ E ) 0CE=RA Cconverse ext.L of cyclic quad)
3. a|=6= or Rl=§t or a|=ﬁ| or Eg"‘ﬁ'
(converse Ls in same segment)
D If it has been proven that ABCD is

A a cyclic quadrilateral, you can draw
} a circle passing through the vertices.
B A Al properties of a cyolic quadrilateral

: can then be used.

( 11. When tangents to a circle are given:

> QO

tangent

(tangent L radius) (tangents from common pt) (tan chord theorem)
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12. Ways of proving that a line is a tangent:

NONY;

Prove D?—'G*-»E or EFH =
Cconverse tan chord theorem)

Prove that o§A=Qo' or 0BC =90°
(converse tangent L radius)

13. Ways of proving that two triangles are congruent:

A b
In DABC and ADEF:
A & I. AB = DE caiVBn.)
2. BC = EF  (given)
8 E 3. AC = DF (3iven)
X F  “AABC =ADEF ($SS)
In AGHT and OJKL:

G J
I. GH =JK (given)
; : ; : 2. W=k (given)
3. HI =KL (given)
R 1 & L --DGHI =aTkL (sAS)
M P
In AMNO and APGR:
I. MN = P@ (3iven)
1.M=P (siverﬂ
0 R 8.0 =R (givetﬁ
N a > AMNO = APQR  (AAS)

(

S v
In ASTU and AVWX:
N s*rsvw (given)
4+ T 2.7 =W =90° (given)
3. $u = Vx (given)
70 u wi x - O8STU=AVWX (RHS)

Downloaded from eduresourt
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(

14. Ways of proving that two triangles are similar:

In ﬁﬁBC and QADEF:
1. fn E (given)
2.8 =E (given)
3. C=F (given)

>. DABC |l ADEF (eq,umnsulur)

In AABC and ADEF

D L&:-%:Q_

2 &ABC Il ADEF (sides in prop)
-
8 c (
L ) 15. Ways of calculating the lengths of the sides of a triangle:
| /\ A ARG
8 L
2 a 2 M _
AC* = AB®* + BC I+ ADEF Il AGHT - ME T NL
(Pythagoras) g—ﬁ = 5—; = -g—; Cu as) (Prop theorem ; MNII KL)
o
If R is the midpoint of OP (OR =RP) and § is the midpoint
R of 08 (08 =88),then PQ=2xRS (Midpt theorem)
P
2% e
T
t _o_u ___V
sin T sinli ~ SinV
v
u ~
or t*zul+ vi-2Quv.cos T
u ut = t24 v2-2tv.cos U
t v vt = t24 u?- 2tu.cos V

|Miss Angler
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) &

A 8
AC = BC 0C LAB AOC = 2x ABC A=D and B=C
(line from centre (line from centre (L at centre =2xL (LS in same seamnt)
L to chord) to midpt of chord)  at circumference)
A e A A
F 8
c “ @
B
E c 8
() o c —€E
ABC =90° E=F §+§\= 180° and DCE = A
(L in semicircle)  (equal chords;equal Ls)  B+D = 1g0° Cext.L of cyclic quad)

Copp LS of cyclic quad)

2

ACE =8 and BCD =R AC = BC
Ctan chord theorem) (tongents from common pt)
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You can expect at least one proof in your final exam.
Make sure that you are able to write these proofs out in full, without leaving out any

steps or reasons.

You also have to describe the construction, and draw it on the diagram.

“ .~ Theorem: Line from centre perpendicutar to chord
N

A line from the centre of a circle, perpendicular to a chord, bigects the chord.

(s

Given: A circle with centre 0, line OM which is
perpendicular to chord AB.

Required to prove: AM = MB
Construction : radii OA and OB

Proof:

In AAOM and ABOM

1. AO = BO (radii)

2. OM is common.

3. oMA = oMB  (OML AB)

2. AAOM = ABoM  (RHS)

> AM = BM (congruent AS)

A line from the centre of a circle to the midpoint of a chord, is perpendicular to

that chord.

Given: A circle with centre 0 and line OM which bisects

chord AB.

Required to prove: OM L AB
Construction : radii OA and 0B

Proof :

In DAOM and ABOM:

I. AO =80 (radii)

2. AM = BM  (given)

3. OM i$ common.

’. OAOM = ABOM  (SSS)

M "~
’. AMO = BMO (consruent As)

and Aﬁo + BMO = 180° (Lson @ ctraight line)

:. AMO = MO = 90°

.0OM L AB
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AN 7
The angle Subtended by an arc or chord at the centre of a circle is double the
size of an anale Subtended by the same arc or chord at the circumference of
the circle.
A
Given: A circle with centre 0 and points A,B and C
on the circumference.

Required to prove: B0C = 2BAC
Construction: radius 0A

¥ Proof : X

Let OAB =2 and OAC =y

$0 BAC = m+y

OBA=% and OBC=y (Ls opp equal sides; radii)

BOA = 180°-2% and GOA = 180°- '.13 (L sum in &)

1. 800 = 360°- (120°-2%) - (180°-2y) (s around a point)
= 360°-180° + 2% - 180"+ 2y
= 1w+ 23
= 2 (z+y)
= 2BAC

Alternate proof:

Construction : Join AO and produce %o D.

Proof:
Let OAB = and OAC =y
) € $0 BAC = T+y
OBA=% and 0BC=y (Ls opp equal sides; radii)
gop: 2% and COD = 2y (ext.Z of a B)
-B00 = 212+ 2y
= 2(%+y)
= 2BAC

Iy,

[/
W
7

%,
%
%,

B
A
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"~ Theorem 3: Tan chord theorem
g

The angle between a tangent to a circle and a chord drawn from the point of

contact is equal to the angle subtended by the same chord in the alternate
Segment.

Given: Circle with centre 0. AP i a tanamt to the
circle at A and chord AB Subtends C abt the
circumference.

Required to prove: BAP = ACB

Construction : radii OA and 0B

Proof :

Let ACB =%

AOB =2 (¢ at centre = 2xL ab circumference)
0AB -.-nqo'-'x. (L sum in A; LS opp equal sides; radii)
and OAP = 90° (tangent L radiug)

*. BAP = 90°- (40°-2)

* BAP = ACB

|Miss Angler

o6 Downloaded from eduresourt



"~ Theorem 4: Proportional Division Theorem
ANy

A line parallel to one side of a triangle will divide the other two
sides proportionally.

A Given: In AABC, D lies on AB and E lies on AC
such that DE Il BC.

. AD _ AE
Required to prove: “pop ~ EC

Construction: Draw altitudes h and k of AADE
relative to bases AD and AE.
Join DC and BE.

Proof : i
A Area AADE _ 3 ADxh (DADE and ABDE have the
Area ABDE DB xh same height, h)
. AD
5 e DB
B 4
A Area BADE _ +AE xk (BADE and ACDE have the
Area ACDE + CExk same height, k)
. AE
§ e CE

but area ABDE = area ACDE
(same base DE and height between parallel lines DE and BC)

. Area AADE _ Area AADE

Area ABDE Area ACDE
AD . AE
DB CE
|Miss Angler Downloaded from eduresourt
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"~ — Theorem 5: Equiangular triangles have sides in proportion
If two triongles are equiangular, then the triangles ere similar.

A Given: BABC and ADEF, with A= D,

/\ /D\ 8=t and C=F.
/ \ . A R d
equired to prove: AABC IIIbDEF
/ \ E LXF (DE = # = E )
8 C

Construction: On AB, mark off P guch that
AP=DE and on AC, mark off @
such that AG = DF.

Join P@Q.

Proof:

In OAPQ and ADEF:

I. AP = DE (construction)
2 A=D Cgiven)

3. A@ = DF (construction)
. OAP@ = ADEF  (SAS)

LAPQ=E (208 and E=B (given)

. APQ =B
;. Pallec  (coresponding Ls equal)

S AB o AC  (proy fheorem; PRIIBC)

AP AQ

but AP =DE and A@ = DF  (construction)
+ AB _ AC
° DE DF

Similarly, b3 constructing S on AB such that SB = DE and T on BC Such that
BT =ET, we can prove that:

A
AC _ BC D
DF  EF 2 .
- AB _ AC _ BC ] :
** DE OF EF i
/ L - F
A c

Only do the “similarly” part of this proof
if the question requires you to prove that
all three pairs of fractions are equal.

|Miss Angler Downloaded from eduresourt
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Now that we've summarised everything you need to know for this section,
we need to know how to apply all of this knowledge.

There are 4 question types that you can expect in your final exams:
1. A basic question involving finding the sizes of angles or lengths of sides using
Euclidean geometry theorems.
2. A more complex question requiring the use of variables to prove tangents,
diameters, cyclic quadrilaterals, etc.
3. A question that requires working with proportion.
4. A question that combines all of the above.
A method that works very well for all of these types of questions is to do a pre-
question analysis.

This requires reading through the given information very carefully._

o At the end of each sentence/statement, fill in the information that you can identify
from that statement, on your diagram.

e Then, using the other information on the diagram, see if you can fill in any other
angles or sides.

e From here, make sure to fill in everything that you are calculating in each question
on the diagram as well.

e The questions are usually ordered in a way so that you need to use the answer from
the previous question in your solution to the following question.

For example: if question 1is asking you to prove that ABCD is a cyclic quadrilateral,
but you are unable to do so, you are allowed to use the fact that ABCD is, in fact, a
cyclic quadrilateral, in the next questions.
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In the diagram, PQRS is a cyclic quadrilateral.
Chord RS is produced to T.

K is a point on RS and W is a point on the circle
such that QRKW is a parallelogram.

PS and QW intersect at U.
PST = 136°and Q; = 100°

Determine, with reasons, the size of:

1. R

2 P

3 PQW
4. U,

& and R are co-interior angles that
are formed by parallel lines .. they
are supplementary (add up to 180°%).

A

R =80 (co-int.Ls; @w Il RK)

|"‘]'='68"9'°' Downloaded from eduresourt



PGRS is a cyclic quad because all 4
vertices Iie on the circumference of
the circle =R + P =180°

P=100° ( opp Ls of cyclic quud)

§2 i$ an exterior angle of cyclic
quad PGRS and is therefore equal
to PaR , the opposite interior angle.

P§&= 13¢°  (ext.L of cyclic quad)
:. POW = |36° - 100°
= 3¢°

ﬁ; i§ an exterior angle of APAU,
s$o it s equal to the sum of the
opposite interior angles.

A

U,

100°+ 36° (ext.L of A)
136°

Question source: NSC Grade 12 November 2019 Paper 2
[ Miss Angler Downloaded from eduresour

101



In the diagram, BE and CD are diameters of a circle
having M as centre.

Chord AE is drawn to cut CD at F. AE 1L CD.

Let C = x.
1. Give a reason why AF = FE.
2. Determine, giving reasons, the size of lVli
in terms of x.
3. Prove, giving reasons, that AD is a tangent to

the circle passing through A, Cand F.

4, Given that CF = 6 units and AB = 24 units,
calculate, giving reasons, the length of AE.

It is given that MFLAE, o AF is
equal to FE.

AF = FE (line from centre L to chord)

We can determine the ¢ize of ﬁ. bg

Euhbractins ¢ and AFC from 180"

A, i Ssubtended b‘gachord CE at the
circumference, and M, is subtended

by the Same chordﬁ ot the centre.
This means that M, i double the
size of A,.

A =180°-90°-% (L gum in &)
= 90°- %
> M, = 2(90°-%) (L at centre =
= 180°-2%  2xL at circumference)

Downloaded from eduresourt
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Draw a circle through points A C
and F to get an idea of how to
prove that AD is a tangent.

If AD is a tangent and AF is a
chord of a circle, then A, would be
equal to C,because A, would be the
angle betwien the tangent and the
chord, and C would be Subtended by
chord AF.

CAD = q0° (L in semicircle)
5. Ay = 90°- (90°- %)
= 90°- 90°+ %

~ = m

byt A; = 6

SAD i§ a tangent to the circle
passing through A,C and F.
Cconverse tan chord theorem)

F is the midpoint of AE and M s
the midpoint of BE (BE is a diameter
and M is the centre of the circle).

FM =12 units (Midpoint theorem)
. CM =8 units
2. BE =18+ 18 (radii)

= 36 units

Since AABE i¢ riaht-onaled and we
have the lengths of two of the three
sides of the triangle, we can use the
theorem of Pythagoras to calculate AE.

BAE =q0° (L in Semicircle)

AE® = 362 - 242 (Pgthagoraﬂ
= T20

AE = 125 units

Question source: NSC Grade 12 November 2021 Paper 2
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In the diagram, AABG is drawn.

D and E are midpoints of AB and AG respectively.
AG and BG are produced to C and H respectively.
F is a point on BC such that FG || CH.

1. Give a reason why DE || BH.

FC
2. If it is further given that —t

DE=3x—1andGH=x+1,
calculate, giving reasons, the value of x.

Z:

D is the midpoint of AB and E
is the midpoint of AG.

Midpoint theorem stabes that a
line Joim’ng the midpoints of two
Sides of a triangle i parallel
to the third side.

DE 1 BH (Mmidpoint theorem)

Midpoint theorem also ¢tates that

the line joining the midpoinbs of

two sides of a tvriangle i¢ half

the length of the third side.

B& = 2(3%-1) (Midpoint theorem)
= 6%-2

We can now use Prop theorem in
ABCH to solve for .
BG _ BF  (Prop theorem;
GH  Fo FGllcH)
-2 _ 4
W+ |
¢x-2 = y(a+)
6W-2 = YL+ U
1% =6
Question source: NSC Grade 12 November 2022 Paper 2 x=3
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= Worked example (©)

b

In the diagram, PQRS is a cyclic quadrilateral.
KP is a tangent to the circle at P.

C and D are points on chords PQ and PS respectively
and CD produced meets RS produced at A.

CA || QS. RC is drawn. P; = R,.

Prove, giving reasons, that:

1. §1 = Tz
AD AS
2. — ==
AR AC

3. ACXSD=ARXTC

Ny
A >
L ]
|3
K .lg 3Q
.'I.
1|2 C
‘Solutions: P
$
. 1. A < SR
.3
K 1
o':
II'l.3
1|2 [+
P

|Miss Angler
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Upon reading through the paragraph,
we can ideniiifs the following things:

§ = 8+ 6 Cext.L of cyclic quad)
* B, =@, Ctan chord theorem)

X 5, it al¢o equal to ﬁ,

(qiven that P. = R)

o & =D, Calt.Ls; STHAD)

and §, =Dy Ccorresp.Ls; STHAD)
* T, =Cp Colt.Ls; STHAD)

First write an expression for &

'§‘. z §, + 0, Cext.L of cyclic quad)
P=8 Ctsn chord theorem)
:- 8| = P| + Gt

Now we need to show that ‘?,
can also be written as P, + Q5.

T = R+ Qu  (ext.L of 8)
P, LY Caivan’)

- T'l = PI GS

. 8| = i‘-‘
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> 3.
S R
A 1IN %!
|3
K J! Na
Oop
‘13
12 [+
P

Question source: NSC Grade 12 November 2022 Paper 2
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AD AS

RTP: Am = AcC

All of the gides mentioned are sides
of two t,riangleuMDS and AACR.
We need to prove that these two
triangles are gimilar so that we can
gtate that the sides are in the
Same proportion.

List the angles in the two 'oriunale:
so that it i3 ecasier to identifs the
angles that are equal.

DADS: _A_A_ARG‘
i\ ﬁ common
D, -°°°- TR ard pair of Ls
§l via Ta ¢

Now write the full similarity proof
with all reasons.
In AADS and AARC:
1. & is_common.
2.8, =T, Cproven above)
%.:G_ Calt.Ls;sallAc)
XA é‘z
3.0, =R (Lsum in 8)
', DASDIII BACR Cequiangular)
., Af _ SO _ AD
{0 AC T CR AR (M AS)

you don’t have to write this
middle fraction.

RTP: AC x 8D = AR x TC

There are no two triangles which
AC,SD,AR and TC are s¢ides of.

We can, however, use a combination

of the fractions found in the
previous question , as well as

Prop theorem, to prove this statement.

- 8D
'2‘(‘." = TR Cmas) ..

and AS - €T (Prop theorem;
. AR CR STHAC) !

AS and CR are in both of these

Statements, but not in the

statement that we have to prove.

.+-AS xCR = AC x D

and ASxCR = ARXxTC

.- AC X 8D = ARXTC Since both
sides are equal
to AS x CR
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In the diagram, PK is a tangent to the circle at K.
Chord LS is produced to P.

N and M are points on KP and SP respectively such
that MN || SK.

Chords KS and LN intersect at T.
1. Prove, giving reasons, that:
11. K4 =NML

1.2, KLMN is a cyclic quadrilateral

2. Prove, giving reasons, that ALKN| | | AKSM.

3. If LK = 12 units and 3KN = 4SM, determine the
length of KS.

4.

If it is further given that NL = 16 units, LS = 13 units p
and KN = 8 units, determine, with reasons, the
length of LT.

Upon reading through the paragraph,
we can identify the following things:

o E., = §, (tan chord theorem)

° En + 6: = fn + t: (tan chord theorem)

« § = ﬁt"‘ Ms (corresp.Ls; NMIISK)

© My=8 Calt.Ls; NMIISK)

* N, = & + % Ccorresp.Le; NMIISK)

o Byt Ky = Rys s Ccorresp.Ls; NMIISK)
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We have alread3 identified how
these angles are equal to each
other in our pre-question analysis.

-~ L)

Ky =S, (tan chord theorem)
§, = NML (corresp. Le; NMII§K)
:. K‘ = NML

In the previous question, we proved
‘!ihut Ky = NML

Ky 1S an exterior angle of KLMN,
and it i¢ equal to the opposite
interior angle, NML.

Ky = NML  (proven above)
J.KLMN is a cyclic quad
Cconverse ext.L of cyclic quad)

List the angles in the two triangles
$0 that it is eosier to identifs the
angles that are equal.

OLKN: = QAKSM:
[, —vioMa @
LKN === mmmmmv §, ord pair of Ls
Ny ———— M3 LS in same Segment
(both subtended by
chord kL)

In PLK.N and AKSM:
I. L=My (Ls in same segment)
My = Ky Calb.Ls; NMI ksg

b E;
2. ﬂ‘! = M (Ls in came segment)
3. LKN = §, (L sum in A)

S BLKN 1 AKSM  (equiangular)
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Prgven abgye.-.
ALKN Il aksM

. LKk _ KN _ IN
o i T i as)

KN _ 4

SM 3
; KN _ 3 1K _ KN
Since gM =4, and K§ T ™,

we can state the f‘allowina-.

LK - L Since we’re golving
Ks 3 for K§, it’s easier to

so K& =3 flip the fractions o
Lk & that K& it the
kS . 3 numerabor.

12 ¢
ks = & x12
KS = 9 units

Since TSIINM, we could use Prop
theorem to calculate LT if we
have the lensth of SM.

Ne can use the ratio given in
the previous question, as well as
the length of KN,to calculate the
length of S§M.

SMm - 3
KN b

SMo_ 3

gk
sn:uxs

« LT _ LS (Proptheorem;

LN LM TS INM)
LT _ _13
le 13+6
i3
LT = w ¥

LT = 10,95 unit¢

Question source: NSC Grade 12 November 2021 Paper 2
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Familiarise yourself with the placement of the formulae that are given on the
information/formula sheet by using this labelled formula sheet.

-b* b2 -

T = quadratic formula
2a
A=P(i+ni) A=P(1-ni) A=PCI-A)" . A=pP(1+4)"
simple growth simple decay/straight line compound decag/redumn,g compound growth
depreciation balance depreciation
n
Tn=a+ (n-Nd Sn=7 [20+ (n-nd]
arithmetic: term formula arithmetic: sum formula
net alm-n) —a_
Th = ar Sa= T 1o yT#EL Sw = 1-1_ ) -l<r<|
geometric: term formula geometric: sum formula sum 15 infinity
x[1-C+)™"]
£ e L0+ -1] P = b
E present value annuities
future value annuities
£(x) = tim “"'"":?—"Fm derivative by first principles
h=0
. + +
d = {(z-% 7+ (3,- 3° m(Hh; )
distance formula midpoint formula
Yy = mx+c 3-§.=m['x-:r..') M?Mz.-‘&. m=tane
,gt,misl,t line equations gradient formula unsle of inclination

(x-a)® + (g-b)‘ =r? equation of a circle

a b c ;
InBABC: §nA “SinB - SincC a? = b*+ c* - 2bc. cos A area AABC = 7 ab. sin C
Sine rule cosine rule area rule
Sin (x4 B) = gin . cos p + cos «. 8in B gin («-B) = ginx.cos p - cos «. gin B
cos (2 +pB) = cos o.cosp - Sine. sin B cos (= -B) = cos . cos B + Sine. sin B

trig compound angle identities

coslat - gintet

cos 2« =] |-2ginta $in 2 = 2 Sinet COS & trig double angle identities
2 costa ~|
n
x = 2% mean of a set o= 5 (:t.j—i)‘ variance of a Seb
n of data values —'n— of data valuey

n(A) ili
PCA) = T esy i i P(A or B) = P(A) + P(8) - P(A and B)

probability identity
ﬁ = a+bx %u?é;?a?fiokafiﬁ:‘“m“ b= 2 (x-%Wu-u) gradient of least squares
zf‘x-i% regression line
Downloaded from eduresourt
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