eduresourceza.com



Downloaded from eduresourceza.com

costs

NoteSheet on Optimisation
\'or’cfm Um

Optimisation involves finding the optimum (best value) for a real world problem.

Consider the problem of a farmer who wishes to fence a rectangular field, using a straight
existing fence for one side. He has 200m of fencing. What dimensions should he make the
field in order that it will be as big as possible?

A good first step is to draw a picture. In the picture the fence the farmer will erect is
shown with = dotted line and the existing fence iz shown with a solid line.

Existing fence

A next useful step 1s to play with some numbers to check we understand that fields of different areas are
possible.

Complete the following table of some possible field sizes: (3
The first row has been completed for you.

Remember that he only has 200m of fencing and that he only has to fence three sides (one
parallel to the existing fence and two perpendicular)

Length of the side parallel to
the existing fence

Length of each of the 2 sides
which is perpendicular to the
existing fenca

Area of field
(length x  breadth)

120m 40m 4800m*
80m 60m ¢ ! 00 M
110m 45 ¢95e m L

Looking at the table above it is apparent that we can get different field sizes. We are interested in the
optimum (in this case the biggest) possible field
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Let’s see if we can find this using calculus!

Suppose we let the side parallel to the river be x then our sketch will look like this:

X
[m———— === === A
I 1
900~ ! I 200 ~%
* !
Existing fence

To find the area of this field we need to know what each of the sides perpendicular to the river would be:
So far we have usad x meters so we have W0 -2 left. (1
290 ~

However, this needs to fence two equal sides so each side will be 2 (1)

And the area of our field will be
A = (L)~
-~ — e
- a

Il we draw a graph of the area against the length of the parallel side il looks like this:
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To find the optimum (in this case the biggest) area we obviously wish to find the point at which the
curve turns. We do this using calculus! A ﬂ
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D:fferentiate the cxpression for arca (call it~ ) and cquate it to zero (the valuc of the gradient where
ax

the graph turns!) (2)

Cop P(c\'° ?]
DA

Solve for x

)]

You should get:

Each of the perpendicular sides would be

6— M
~

This means that the field will have an optimum (in this case biggest) area of 9 oom (1)

when the dimensions are ‘00 X 60 (2)

In summary:

We solve an optimisation problem as follows:

1)
2)
3)
4)

5)
6)

7)
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Make sure that you understand the problem. A sketch is often useful.
Introduce a variable (suppose it is x) and get the other variables in terms of it.
Determine an expression for the commodity that we are attempting tc optimize. Suppose it is M

. . . dM .
DilTerentliate the expression o wilh respect Lo the relevant variable.
at

Equate the derivative to zero and solve for the variable.

Determine whether we have found a maximum or a minimum. We use the second derivative for
this!

Calculate the actual optimum if asked for. This is done by substituting back into the original
equation.
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Let’s try some more examples:

Example 1
Refer to the figure. .
Vo /N
A point Q lies on the line A‘
joining (0. 6) and (3, 0). (°.

OPQR is a rectangle, where P and R
lie on the axes.
Let OR = k.

(‘k; -2kt }/

R (&, o)“ >

\/ (1)  Write an expression for QR in terms of k. QK . Q & 4 L (2)

(2) Find the coordinates of Q for which the rectangle has a maximum area. (5)

Hence determine this maximum. A ﬂ =0 (2)
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Example 2

A garden has 200 kg of watermelons growing in it. Every day, the total mass of watermelon increases by 5 kg.
However, every day the price per kg of watermelon goes down by 1c.

(1) If the current price is 90c per kg then what is the crop worth if it is harvested today?

() Unet will Tearn T
qo X 200 sell {omorr;u?

v
\?000 §9 X 205

_R/———-P"" Km’qs‘
R

(@ Whacvilhecrop be worth i days? R
e Kf— (Qoo «—SQ(‘?O "t) \
Ruenwt Q\ = |300¢ _{.3:50'6 - S'tz
— I

6@ How much longer should the watermelons be left to grow in order to maximize the income?

v —
dt

350 = |0t
s =t
. ?
38|Pa8€(g) wl'\q‘\: 'S mMmax mCOme—. (?S)l
I$000 + 256 (ﬁ?- S
= Kall,as

e st—)

Downloaded from eduresourceza.com



Downloaded from eduresourceza.com

Example 3

The sum of 2 positive numbers is 12. Find the numbers when their product is a maximum.

Qnre 1y 3 obher s 9 f’f‘odud =27
aeis S obec is 7 Prduck= 35
x o{kr s (2-2¢ ?roJud' x(l'l 7‘)

afe 1S N
F = (A X~ x
i & - ja-2x=0
\ d>¢ -
\ (A= 2%
. v e
7
' l\]omﬁers are Gﬂ"J A
Example 4
The edges ol a reclangular box are W be x m, 2x m and 160-3x m respeclively. Delennine the size ol x o

maximise the volume.
———

Vs gg(g'x)(léo 37)
V= 2~ (!Ao 31)
V= 320a - 675

’ %Y, L40> ~(fx" 20

33 x(élfo ~1¥x) =0
%30 or 6%0-18x=0

39|F‘age

CL"’ 640 12"
T 60— x 2 35.4m

v Y
'\c * <=0, E‘sz >0. U £ %x=3S ‘é‘:?@
A
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Exampie 5 D

The area of a rectangular rug is to be S e tennilﬁ the dimensions which minimize the perimeter.

=~ m'x:;?

Exampie 6

Q T —t

.
xampie 6

—SAmRel ha s 3MX3M

A rectangular paddock is to be fenced in on 3 sides, the fourth side being formed by ariver. L1E cosi of [enlCINE

at right angles to the river is R20 per metre, while that parallel to the river costs R15 per metre. If the paddock

P R 1 14 T o~ RPN ENUNUNU- RPN RURPRRYS RN ol SNE s } B ROV A SO
iS 10 O€ 1UV 11 . TiiiQ TS OiiTiEiisions S0 uiat Ui COSt 01 IENCiiig Will 0€ a Miniimnum.
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C= 4ox+ 130
C * 40 + [S003™
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g‘i = 40 -(S00 = t=Q
40 - 1590
=
40 2* - 1500 = @
o >* <1500
2t =% ¥
x = 4.1
é,l X 14,4 B
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Example 7

A rectangle has its base on the x-axis and its upper two vertices on the parabola y = 12 - x°. What is the largest
area it can have?

s (C,-I:L-ct) KQC'EQ'\SIQ })age = )C
% hei&)l'\f: < (2 -c*

A: QC(IQ-CI')
(z; 2-2%) A= 24c -3¢’

(3,12-1) i =24 -beo

dc T
f/\ 24 = £
ax, Area = 24 (3) -1 (39 ¢ -c?

Example 8 R
= 32 un ey 2 =

You are designing a poster to contain 50cm” of print with margins of 4cm each at top and bottom and 2 cm at
gach side. What overall dimensions will minimise the amount of paper nsed.

(J\iﬂimkh o] A’G‘“)(%"g)
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Example 9

The post office will accept a box for posting only if the sum of the length and the girth (distance around) does
not exceed 3m. Find the dimensions of the largest acceptable box with a square end.

L4+BtH =3M
)<+9L+?=3

3,11

Vex.x (3-22)

V=3 T3a

A!:é%“éxt::
.4
d 9(*9(’{:0

DC('-DC)’-O

x=0 Or <=l
M iq M ax

‘aqgest o;;i“e box = [x(¥]
B"D(I) f (cu be)
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