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2. How to use this booklet 

This booklet is designed to clarify the content prescribed in Mathematics. In addition, it has 
some tips on how you should tackle real-life problems on a daily basis.   
 
Candidates will be expected to have already mastered the content outlined for Grades 8-11.  
This booklet must be used to master some mathematical rules that you may not yet be aware 
of. The prescribed textbook must also be used.  
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3. Study and examination tips   

 

All learners should be able to acquire sufficient understanding and knowledge to:  
 

• develop fluency in computation skills without relying on the use of a calculator; 

• generalise, make conjectures and try to justify or prove them; 

• develop problem-solving and cognitive skills; 

• make use of the language of Mathematics; 

• identify, investigate and solve problems creatively and critically; 

• use the properties of shapes and objects to identify, investigate and solve problems 
creatively and critically; 

• encourage appropriate communication by using descriptions in words, graphs, symbols, 
tables and diagrams; .  

• practise Mathematics every day.  
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Trigonometry was developed in ancient civilisations to solve practical problems, such as those 

encountered in building construction and when navigating by the stars. We will show that 

trigonometry can also be used to solve some other practical problems. We use trigonometric 

functions to solve problems in two and three dimensions that involve right-angled triangles and 

non-right-angled triangles. 

 

5.1 Trigonometric ratios, identities and reduction 

Definitions: The trigonometric ratios are for right-angled triangles. These ratios all involve one 

angle (other than the right angle) and the length of two sides. The ratios can be used to find the 

length of an unknown side or an angle if the other two quantities are known. 

The Pythagoras theorem states that for any right-angled triangle, the square on the 

hypotenuse is equal to the sum of the square of the other two sides. 

The converse of this theorem states that if the square on the longest side of the triangle is equal 

to the sum of the square of the other two sides, then the triangle is a right-angled triangle. 

Pythagoras: 222
ACBCAB  �  

 

Hints for solving two-dimensional problems using trigonometry and the Pythagoras 

theorem. 

• If you are not given a diagram, draw one yourself. 

• Mark all right angles on the diagram and fill in the figures for any other angles and lengths 

that are known. 

• Mark the angles or sides that you have to find. 

• Identify the right-angled triangles that you can use to find the missing angles or sides. 

 Decide what mathematical method you will use: Pythagoras, sin, cos or tan. 

• Later in the problem, if you have to use a value that you have calculated, use the most 

accurate value and only round off at the end. 

 

Example: Trigonometric ratios 

Use the sketch below: 

1. Write down the trigonometric ratios of angle B and angle C. 

2. Solve for BD and AB. 
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Example 3: Prove the following identity: � � D
DD
DDD 2

2
tan

sin1cos

cossinsin
 

��
�

 

Solution: 

LHS = � � D
DD
DDD 2

2
tan

sin1cos

cossinsin
 

��
�

 

= 
DD
DDD

2
coscos

cossinsin

�
�

     DD 22
sin1cos � o  

= 
� �
� �DD

DD
cos1cos

cos1sin

�
�

         oFactorise to simplify 

        = 
D
D

cos

sin
                 oDivide like factors 

        = Dtan  

Activities 

 1. Simplify the following expressions: 

1.1 xx cos.tan  

1.2 
� �� �

T
TT

sin

cos1cos1 ��
 

1.3 1
cos

1

2
�

T
 

2. Prove the following:
TTT 2

cos

2

sin1

1

sin1

1
 

�
�

�
 

3. Complete: � � � �� �.............sin1sin1
2 TT � � . Hence, prove the identity: 

sinA1

tanA
cosA

1
cosA

Asin1
2

� 
¸
¹
·

¨
©
§ �

�
 

 Solutions: 

1.1 

x

x

x

x

xx

sin

cos
cos

sin

cos.tan

 

u  

1.2 � �� �

T
T
T
T
T
T

TT

sin

sin

sin

sin

cos1

sin

cos1cos1

2

2

 

 

�
 

��
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1.3 

T
T
T
T
T

T

2

2

2

2

2

2

tan

cos

sin

cos

cos1

1
cos

1

 

 

�
 

�

 

2 
LHS = 

TT sin1

1

sin1

1

�
�

�
 

        =

� �
� �� �

� �
� �� �TT

T
TT

T
sin1sin1

sin11

sin1sin1

sin11

��
�u

�
��

�u
 

= 
T

TT
2

sin1

sin1sin1

�
���

 

=
T2

cos

2
 

3 � � � �� �TTT sin1sin1sin1
2 �� �  

LHS =

¸
¹
·

¨
©
§ �

�

tanA
cosA

1
cosA

Asin1
2

 

       = 

¸
¹
·

¨
©
§ �

�

cosA

sinA

cosA

1
cosA

Asin1
2

 

       = 
� �� �

Asin 1

sinA1Asin -1

�
�

 

       = sinA1�  

       = RHS 

  

 

  

Exercises 

 1. Simplify the following expressions: 

1.1 xx cos.tan  

1.2 
� �� �

T
TT

sin

cos1cos1 ��
 

1.3 1
cos

1

2
�

T
 

2. Prove the following:
TTT 2

cos

2

sin1

1

sin1

1
 

�
�

�
 

 
3. Simplify the following expressions: 

1.1 xx cos.tan  

1.2 
� �� �

T
TT

sin

cos1cos1 ��
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Negative angles 
 

Quadrant II Quadrant III Quadrant IV 

TT

TT

TT

tan)180tan(

cos)180cos(

sin)180sin(

� ��

� ��

� ��

o

o

o

 

TT

TT

TT

tan)180tan(

cos)180cos(

sin)180sin(

� ��

� ��

� ��

o

o

o

 

TT
TT
TT

tan)tan(

cos)cos(

sin)sin(

� �
� �
� �

 

• NB: Adding or subtracting q360  does not change the value of a trigonometric function. 

 TT sin)360sin( � qr  

 TT cos)360cos( � qr  

 TT tan)360tan( � qr  

• Co-functions allow us to write a ratio of sin in terms of cos and vice versa. 

 TT cos)90sin(  �o  

 TT sin)90cos(  �o  

 TT cos)90sin(  �o  

 TT sin)90cos( � �o  

Example 1: Simplify without using a calculator:  

)180cos()-cos(90

)360cos()2sin(180

xx

xx

�qq
�q�q

 

Solution: 

)180cos()-cos(90

)360cos()2sin(180

xx

xx

�qq
�q�q

 

2

1

2

)cos(sin

cossin2

� 
�

 

 
x-x

xx
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Example 2: Simplify 
))sin(90-cos(90

)cos(90)-)cos(360-tan(180

xx

xxx

�qq
�q�qq

 

Solution: 

))sin(90-cos(90

)cos(90)-)cos(360-tan(180

xx

xxx

�qq
�q�qq

 

� � � �

� � � �

x

xx

x

xx

xx

xx

xx

x

x

xx

xxx

cos

2

cossin

sin2

cossin

sinsin

cossin

sincos
cos

sin

 cos sin 

)sin( cos (-tan 

�
 

�
 

��
 

�¸
¹
·

¨
©
§�

 

��
 

 

 

Example 3: Simplify  

)360(cos1)tan()180cos()180sin( 2 q�����q��q� TTTT  

Solution: 

)360(cos1)tan()180cos()180sin( 2 q�����q��q� TTTT  

 = > @2)360cos(1)tan()180cos()180sin( q�����q��q� TTTT  

2)(cos1)tan)(cos)((sin TTTT ����  

T
T
TTT 2cos1

cos

sin
)cos)((sin ��¸

¹
·

¨
©
§��  

TT 22 cos1sin �� o 1cossin 22  � TT  

2

11

 
� 
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Example 4: Evaluate 
qq�

qqq
480cos)60sin(

270sin225tan120cos
 without using a calculator. 

Solution: 

qq�
qqq

480cos)60sin(

270sin225tan120cos
 

� �� �

2

3

2

1

2

3

11
2

1

)60180cos(60sin

)1.(45tan60cos

120cos60sin

)1.(45tan)60cos(

)120360cos()60sin(

)1()45180tan()60180cos(

 

¸
¹
·

¨
©
§�¸̧
¹

·
¨̈
©

§
�

�¸
¹
·

¨
©
§�

 

q�qq�
�qq�

 

qq�
�qq�

 

q�qq�
�q�qq�q

 

 

Example 5:  

Determine the value of the following in terms of ,p if p q63cos , without using a calculator. 

)63tan()

27sin)

q�
q

b

a
 

Solutions: 

p

a

 
q q 63cos27sin)
 

 Exercises 

 1. If ;23cos p q express the following in terms of p , without using a calculator. 

1.1 q203cos  

1.2 q293sin  

 

2. Simplify the following expressions, without using a calculator. 

2.1 
)180sin()360cos(

)180tan()sin()90sin(

q��q
�q��q

xx

xxx
 

2.2 
)30cos(2sin

)90cos(300tan

q��
�q�q

x

x
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2.3 
quq
q��q

150cos270sin3

)45tan(600cos
 

 

Solutions: 

1.1 

21

1,

23cos

py

rpx

p

� 

  ?
 q

 

p� 
q� 

q�q q
23cos

)23180cos(203cos

 

1.2 

21

23sin

)2390sin(

67sin

)67360sin(293sin

p� 

q 
q�q 

q 
q�q q

 

2.1 

� �
� �

x

xx

xxx

xx

xxx

tan

sincos

tansincos

)180sin()360cos(

)180tan()sin()90sin(

 
�

�
 

q��q
�q��q

 

 

2.2 

� �

1

3sin

sin3

2

3
2sin

sin3

30cos2sin

sin60tan

)30cos(2sin

)90cos(300tan

� 
�
��

 

¸̧
¹

·
¨̈
©

§
�

��
 

q�
�q�

 

q��
�q�q

x

x

x

x

x

x

x

x

       

2.3 � �

� � � �

3

1

2

33

2

3

2

3
3

1
2

1

30cos13

45tan270cos

150cos270sin3

45tan60cos

� 

�
 

¸̧
¹

·
¨̈
©

§
�u�

��
 

q�u�
q�q

 

quq
��q
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2 Prove that: 
 sin(α + β)= sinα.cosβ + cosα.sinβ 
 Solution: 

 sin(α + β) = cos[90° – (α + β)] = cos[90° – α – β] = cos[(90° – α) – β] 
= cos(90° – α). cos(β) + sin(90° – α). sin(β) 
= sinα.cosβ + cosα.sinβ 

3 Prove that: 
 sin(α – β= sinα.cosβ – cosα.sinβ 
  

Solution: 

 sin(α – β) = cos[90° – (α – β)] = cos[90° – α + β] = cos[(90° + β) – α] 
= cos(90° + β). cosα + sin(90° + β). sinα 
= –sinβ.cosα + cosβ.sinα 
= sinα.cosβ – cosα.sinβ 

4 Simplify, without the use of a calculator: 
4.1.1 cos70° cos10° + cos20° cos80° 
4.1.2 2 sin15° cos 15° 
4.1.3 sin 15° 
  

Solutions: 

4.1.1 惗煀惗煀700 ݏ惗煀惗煀100ݏ +  800ݏ200惗煀惗煀݊݅ݏ
= 惗煀惗煀700 ݏ惗煀惗煀100ݏ +  100ݏ700惗煀惗煀݊݅ݏ
= 惗煀惗煀700 ݏ − 100 
=惗煀惗煀600 ݏ 
=

1

2
 

4.1.2 2 =  150ݏ150惗煀惗煀 ݊݅ݏ
=   (150)2݊݅ݏ

=  300݊݅ݏ
=

1

2
 

 150 ݊݅ݏ 4.1.3
= 450)݊݅ݏ − 300) 

= 300ݏ450惗煀惗煀 ݊݅ݏ + 惗煀惗煀300݊݅ݏ450ݏ 
= 1√2

√3

2
− 1√2

1√2
 

=
√3−12√2  

5 Prove the following: 
5.1 AAA cos.sin22sin   

5.2 1cos22cos 2 � AA  

5.3 AA
2sin212cos �  

5.4 AAA
22 sincos2cos �  

 

5.5 
Prove the identity 

x

x

x

x

x

x

cos

tan4

sin1

sin1

sin1

sin1
 

�
�

�
�
�

  Hints: 

• Simplify the LHS. 

• Get an LCD. 

• Then simplify. 
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Without using the calculator, simplify: 

2 cos ߠ5 cos ߠ4 − sin                                        ߠ9

cos 350° sin 40°− cos 440° cos 40°          
 ୱ୧୬ ଺3ιୱ୧୬ 21ι− ୡ୭ୱ ଺3ιୡ୭ୱ 21ι    
Answers 
 sinߠ 

2

1
 

 2 
Evaluate, without using a calculator: 惗煀惗煀215ݏ° + sin 22,5° cos 22,5°−   °215݊݅ݏ
 ൫1− √2 cos 15°൯൫1− √2 cos 195°൯  
Answers 

 
2√3ା√2ସ  

 
√32  

 
General solutions to trigonometric equations 

Concepts and skills 

• Simplify trigonometric equations. 

• Find the reference angle. 

• Use reduction formulae to find other angles within each quadrant. 

• Find the general solution of a given trigonometric equation. 

Prior knowledge: 

• Trigonometric ratios. 

• Trigonometric identities. 

• Solve problems in the Cartesian plane. 

• Co-functions. 

• Factorisation. 

• Revise the following trigonometric ratios for right-angled triangles, which you learnt in Grade 

10. 

 
Hypotenuse

Opposite
sinθ   

19
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Trigonometric equations - hints: 

• A trigonometric equation is true only for certain values of T . 

• Write the equation on its own on one side of the equation. 

• Start by simplifying an equation as far as possible. Use identities, double and compound 

angle formulae, and factorisation, where possible. You need one trig ratio and one angle 

equal to a constant, for example
2

1
cos  x . 

• Find the reference angle. 

• Identify the possible quadrants in which the terminal rays of the angles could be, based 

on the sign of the function. 

• Consider restrictions or intervals for specific solutions. 

For general solutions: 

• Because trig functions are periodic, there will be a number of possible solutions to an 

equation. You will need to write down the general solution of the equation. 

• Once the solution has been solved, write down the general solution by adding the 

following: 

0
360k�  for cosine and sine, because they repeat every 0

360 . 

• If you add or subtract any number of full revolutions to a solution, you get the same number, 

i.e.: 

If .11,sin dd� aax  Then =�q��q q� �� kkaxorkax ,360sin180360sin
11  

If .11,cos dd� aax  Then =�q�r � kkax ,360cos
1  

0
180k�  for tangent, because it repeats every 0

180 , i.e. 

If .,tan �� aax Then =�q� � kkax ,180tan
1  

• If an equation contains double angles, for example, T3sin , x2cos  and y5tan , first find 

the general solutions for T3 , x2  and y5 . Then divide by 3, 2 or 5 to find the final 

solutions. If you divide first, you will lose valid solutions. 

• Apply restrictions. 
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Example 1: Determine the general solution for: q� 766,0cosθ  

Solution: 

q� 766,0cosθ  

� �766,0cosθ 1 � �  

=�q�qr kk ,36099,139  

 

Example 2: Solve for x: qddq�q� 180180for174,02cos xx  

Solution: 

q#q �
� �

10002,100Ref

)174,0(cos2 1
x

 

q�q ? 3601002 nx  and q�q� 3601002 nx  

q�q 18050 nx  q�q� 18050 nx  

 

Solve these equations for ...2;1;0;1;2... �� n  and select values that lie in > @qq� 360;360  

Answer: qqqqq�q� 230;130;50;130;230;310x  

 

Example 3: Solve for x: � � � � 0102cos503sin  q��q� xx . Hence, determine x if  > @qq�� 180;180x  

Solution: 

� � � �
� � � �> @
� � � �
� � � �

� �
q�q ?

q�q��q q�q� q�?
q� q�

�q� q�
q��q� q�

q�� q�

360150

36010021805031002503

1002sin503sin

2100sin503sin

10290sin503sin

102cos503sin

kx

kxxorxx

xx

xx

xx

xx

 

  

q�q ?
q� q�?

360150

1002503

kx

xx
 

Or � �

=�q�q 
=�q�q 

q�q��q q�
q�q��q q�

kkx

kkx

kxx

kxx

7246

3602305

3601002180503

3601002180503

 

 

q�q�q�q�qq ? 150;170;98;26;118;46x  

 

22

ed
ur

es
ou

rc
ez

a.
co

m

Downloaded from eduresourceza.com



 

Example 2: Solve for x: qddq�q� 180180for174,02cos xx  

Solution: 

q#q �
� �

10002,100Ref

)174,0(cos2 1
x

 

q�q ? 3601002 nx  and q�q� 3601002 nx  

q�q 18050 nx  q�q� 18050 nx  

 

Solve these equations for ...2;1;0;1;2... �� n  and select values that lie in > @qq� 360;360  

Answer: qqqqq�q� 230;130;50;130;230;310x  

 

Example 3: Solve for x: � � � � 0102cos503sin  q��q� xx . Hence, determine x if  > @qq�� 180;180x  

Solution: 

� � � �
� � � �> @
� � � �
� � � �

� �
q�q ?

q�q��q q�q� q�?
q� q�

�q� q�
q��q� q�

q�� q�

360150

36010021805031002503

1002sin503sin

2100sin503sin

10290sin503sin

102cos503sin

kx

kxxorxx

xx

xx

xx

xx

 

  

q�q ?
q� q�?

360150

1002503

kx

xx
 

Or � �

=�q�q 
=�q�q 

q�q��q q�
q�q��q q�

kkx

kkx

kxx

kxx

7246

3602305

3601002180503

3601002180503

 

 

q�q�q�q�qq ? 150;170;98;26;118;46x  

Example 4: If  > @,180;0θ qq�  solve for θ , correct to one decimal place: -2,343sin2θ   

Solution: 

� �

q�qr 
q�qr 

q��r 

� 
� 

�

3606,70

36026,1412

36078,0cos2

78,02cos

34,22cos3

1

k

k

k

T
T
T

T
T
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q �

Solution: 

� �
q 

 

 
 �

q �

�

54,62

...92,1tan

...92,1tan

...84,03tan2

32cos3tan2

1
x

x

x

x

 

 

Example 6: 

Determine the general solution of: 

2 sinܤ cosܤ − 4 cosܤ = sinܤ − 2 
2 sinܤ cosܤ − 4 cosܤ − sinܤ + 2 = 0  

2 cosܤ(sinܤ − 2) − (cosܤ − 2) = ׵  0 (sinܤ − 2)(2 cosܤ − 1) = ׵  0 sinܤ = 2 or cosܤ =
12 

no solutions    or    B̂ = ૟૙° + ࢑૜૟૙°,݇ א Z  

                             B̂ = (360° − 60°) + ݇ 360° = ૜૙૙° + ࢑૜૟૙° ݇ א Z  

Practice exercises 

1. Determine the value of x:  

1.1 
2

1
2sin  x  for > @qq� 90;0x  

1.2 045tancos4 2  q�x  for > @qq� 360;0x  

2. Find the general solution of 0,609)14,5sin(θ  q� correct to one decimal place. 

3. Use factorisation to find the general solution of 0cosθθ2cos2  � . 

4. Determine the value of: 

x
x

1
tan � T if 1

1
2

2  �
x

x  

5. Determine the solution/s of the equation.  
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Solutions for the practice exercises 

1.1 

Let 

2

1
Asin

2A

2

1
2sin

 

 

 

x

x

 

q 

¸
¹
·

¨
©
§ �

30

2

1
sinˆ 1

A
 

q 
q 

15

302

x

x
 

1.2 145tan  q  

01cos4 2  �? x  

q �

r ?

r 

 

60Ref

2

1
cos
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Trigonometric graphs  

Know how to sketch and interpret the graphs of sine, cosine and tangent.  
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5 Message to Grade 12 learners from the writers 

Mathematics can be fun, as it requires you to pull together all that you have learnt in the lower 

grades to answer the Grade 12 examination questions. If you skipped one grade before Grade 

12, it would have left a void in the grounding you require to pass the final examinations. 

Please ensure that you know all axioms and corollaries (all the rules) to answer the questions. 

Revise by working through at least three sets of previous Mathematics question papers before 

you sit the final examinations.  

 

Write one paper in 3 hours and mark your script on your own, using the memorandum, in 

order to gauge whether you are ready for the final paper. Memoranda for all previous DBE 

examinations are available on the DBE website.   

We assure you that this year’s final paper will be similar to those of previous years in both 

format and style.  

 

Limit the amount of food you eat, in order for your cerebrum (brain) to work effectively. 

Digestion occupies the functioning of your brain.  

Blast the final paper.  
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6 Thank you and acknowledgements  

We hope the guidance we have provided helps you in the final examination.  

Mr Leonard Gumani Mudau, Mrs Nonhlanhla Rachel Mthembu, Ms Thandi Mgwenya and Mr 

Percy Steven Tebeila all wish you well.  
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