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HOW TO VSE THIS STubY
GVIDE

PLEASE REMEMBER: This study guide does not replace your textbook or the instruction
of your teacher. lts purpose is to make learning and revision EASY!

1.  The Cheat Sheet is laid out in the * Keep this Cheat Sheet next
to you when working

same way that your final exam will be through past papers for
laid out. guided examples and
explanations.

» Use these pro-tips for exam
success!

* These tips are often the reason
why my students get B0Z+ in their
exams and finals.

* They also point out common
mistakes you should be careful of
when answering questions.

GUESTIO" TqPEs Each section is broken up into

the QUESTION TYPES that
most frequently show up in
final examinations.

Each question is also labelled with its difficulty
level (Look out for either K, R, C or P next to
each question!) so that you can prepare properly

for the different levels of questions. REMEMBER: ALWAYS USE
YOUR EXAM GUIDELINE
See page 5 for a detailed explanation of the WHEN PREPARING FOR AN
type of questions that each difficulty level could  ExAM OR TEST!
entail.
|Miss Angler
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PAPER 1:
TOPICS & WEIGHTINGS

You will be writing a 3-hour paper
out of 150 marks.
The 150 marks will be made up

as follows:
Algebra, Equations & Inequalities 25 marks
Number Patterns 25 marks
Functions & Graphs 35 marks
Finance, Growth & Decay 15 marks
Differential Calculus 35 marks
Counting Principle & Probability 15 marks
It's a good idea to plan your
The questions in your final KEVERQ tiv pat sachion
Paper 1 exam are also set up SECOIEIng 10 Hiese
in this same order. welghtings.

25 marks = 25 min practice Qs

Miss amgler
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EXPLAINING THE
DIFFICULTY LEVELS OF

QUESTIONS

)I Your exam will include questions covering
four difficulty levels. Each level of question will require a different level of
understanding and way of answering the question. It is helpful to know which
guestions fall in each of the following levels:

Knowledge (20 marks) - K
Recalling information, identifying correct formulae from the formula sheet, using mathematical
facts and terminology, and rounding correctly.

Routine questions (52-53 marks) - R

Proving theorems and deriving formulae, performing familiar procedures and simple
calculations that could involve a few steps, identifying and using the correct formulae from
the formula sheet, answering questions that are similar to those taught in class.

Complex questions (45 marks) - C
Complex calculations that require higher-order thinking to solve. Being able to make
connections between different representations of information and integrating different topics.

Problem-solving (22-23 marks) - P
Problems that are unfamiliar but not necessarily ditficult. Questions that are asked differently
from how they were in class, but can be solved using existing knowledge on the tup?

N /4

3 ®e
@

This study guide will highlight which questions are classified under
each difficulty level.
Look out for either K, R, € or P next to each question!

|Miss Amglir
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ALGEBRA, EQUATIONS &
INEQUALITIES

Many people think that this topic is tested only in the first question of your final Paper 1 exam.

It is, however, tested throughout all other topics as well
Being able to perform basic algebraic calculations is incredibly important if you want to
achieve a good mark for your Mathematics exam!

Algebraic skills and concepts are mostly tested in the following ways:

1. Solving linear, quadratic and exponential equations, including making a specific
variable the subject in a formula. An example of this would be in finance, where you are
expected to calculate the interest rate of a compound interest investment.

2. Solving multiple equations simultaneously, for example, when asked to calculate
the point of intersection of two functions.

3.5olving inequalities, for example, when asked to calculate where a cubic graph is
concave up.

4. Working with exponent and surd laws, which is tested extensively in the Differential
Calculus section, for example, when asked to find the derivative of an algebraic expression
that has surds, fractions and negative exponents.

These types of questions will be dealt with later, so keep an eye out for that!

EXAM KEY PRO-TIPS '\\

You will be asked to do the following:
Mow let's get back to

1.5clve a quadratic equation by factorising
QUESTION 1 of your final exam!

2.5clve a guadratic equation using the quadratic
formula

3.5clve a quadratic inequality

4.5clve a surd equation

J.5clve two equations simultaneously

This question looks the same
every single year.

Miss Angler
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 Worked example (R)

You need to be able to do any of the following types of factorising:
» Taking out a common factor (including @ common bracket and possibly having
to do a switcharound)

+ A difference of two squares

« A sum or difference of two cubes
» A trinomial

» Factorising by grouping

The most common type of factorising used in this question is factorising a
trinomial.

When factorising a trinomial, remember to look for factors of the constant term

(the term with no variable) such that the sum of/difference between these factors
will be equal to the coefficient of the middle term.

Remember that the terms should always be written in the correct order before
factorising.

ax?+bx+C=0

Solve for x:
X —2x-24=0

%' -2%-24=0 Since the constant term is negative,
(x+d(x-6)=0 we need to find factors of 2 fuch
L==4 or x=6 that the difference between the factors

i€ -2 4 and 6.

4X6 =24 and 4-6 =-2

«.One brocket will have +4 and the
other bracket will have -6.

Question source: NSC Grade 12 November 2021 Paper |

Miss Angler
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Question Type 2:
Solving a quadratic equation using the quadratic formula

The quadratic formula is on the formula sheet, so you do not have to know it off by heart.
You simply have to be able to identify it.

It is the very first formula on the formula sheet.

o = -b2 v b*- pac
2a

Again, it is very impartant that your quadratic equation is written in the correct form
betore you use the quadratic formula to solve it.

You then substitute the "a", "b"™ and "c” - values from the equation into the formula and
use your calculator to determine the two solutions to the equation.
The first solution will be found by using the + in the formula, and the second solution
will be found using the - in the formula.

Remember to round your answer correctly according to the instructions!

PRO-TIPS

A mark is awarded for the
Worked example (K) substitution step, so make
sure that you don't leave it out!

Solve for x:

2x2 —3x -3 =0 (correct to TWO decimal places)

2%2-3%-3=0 as2:b=-3;C=-3
o = —b¥Jb?-uac
2a
T = =30+ y(-3)*-4(2)(-3)  substitution
2(2) Step

=219 or AX=-0,69

Question source: M5C Grade 12 November 2021 Paper 1

kdiss Aregler
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Question Type 3:
Solving a quadratic inequality

We approach a quadratic inequality in a similar way to a quadratic equation, but we
have to perform a few extra steps that are crucial to getting the correct answer.

How to solve a quadratic inequality:

1. Write the inequality in the correct order, as with quadratic equations.
Make sure that the inequality has zero on the right-hand side.

2.Factorise the expression on the left-hand side.

3. Determine the critical values of the expression. Critical values are
values that will make the expression EQUAL TO ZERO (or undefined,
but that is not an issue with these questians).

4. Draw a number line with the critical values OR draw a very basic
parabola with the critical values as x-intercepts. We are geing to use
the second method as it is more time-efficient.

5. Write the answer to the inequality, depending on whether the

question was asking for where the expression must be positive or
negative.

PRO-TIPS

NO marks are awarded for
drawing a number line or
Solve for x: parabola, so you can leave it out if

you are able to visualise it.

Worked example (R)

2 —5x < -4

T -ST+ 450 Write in the correct order : axX*+bX+C 20
(x-4)(®x-1) €0  Factorice the trinomial on the LHS. LHS = left hand side
Critical values: If (x-g)(x-) =0, the xT-values would be =4 or %=1
L=l or K= S.these are the cribical valuel.
\/‘ Since we ore Jelving for x,we are not interested in the y- i,
» and do not have to draw it.
' * We ore highlighting the negative part of the parabela because

of the inequality in the Itotement: X!-5T+450
“£0" means "dmaller than or equal to zero™ . negotive

M ES AN You con olio write the answer in intervel notation:
xe [iy])

Read this answer from the inside out:
e gn.aatar.thal! o squal b 1ANU AL tha cane Cluastion saurce: N5C Grade 12 November 2021 Paper 1
time, it's smaller than or equal to 4.

Miss Arvglar
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Question Type 4:
Solving a surd equation

How to solve a surd equation:
l.Isolate the surd (move all other terms to the other side of
the equation).

2.5quare both sides of the equation to get rid of the surd.

3.Solve the resulting equation.

4. CHECK YOUR SOLUTIONS by substituting them into the
original surd equation. If the two sides of that equation are
not equal, that means that your solution is invalid.

5.State any invalid solutions.

Worked example (R) PRO-TIPS

Solve for x: Squaring a binomial incorrectly is
known as a BREAKDOWN error,
vx+28=2—-x

which will cause you to get zero.

Jx+28 = 2-% The surd is already isolated here.
(fx+28)* = (2-T)*  §quore both sides.
%+28 = h-4x+ %! Remember the -Fuiluum3 Shortcut -Far .:qyunng a hnnmml

%x!-5% -24 =0 Ca+b)? = a® + 2ab + b?

(e-8)x+r) =0

%FR or La=-3 Check % =8:LHE = JE+28 RHE =2-%

invalid - =-g
LHE # RHE

.t=8 i? not a valid golution
Check £ =-3:LHS =4-3428  RHS = 2-(-3)
=5 =5
LHS = RH §
rt==-3 j2 a vahid folution

Cluestion source: N5C Grade 12 November 2021 Paper 1

|Miss Amgler
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Question Type 5:
Solving two equations simultaneously

There are two methods for solving equations simultaneously:

Method 1: SUBSTITUTION
This method involves isolating a variable in
one equation, substituting that into the other
equation and then solving for the other variable.
You can then substitute the value found back into
the first equation, and solve for the first variable.

Method 2: ELIMINATION
This method involves subtracting one equation from the
other so that one of the two variables cancel out.
Sometimes you have to first multiply an entire equation
by a number so that it is possible for a variable to cancel out.

Worked example (R) PRO-T'PS

i Elimination is NOT suitable for the
2y=3+x and 2xy+7=x+4y? majority of questions asked in the
Paper 1final exam, so make sure that
you are able to use substitution
effectively.

y ® and 2x:y+ T?I‘+ by*  Identify the ecasiest variable to isolate.
y-3=2 This is the veriable with a coefficient of 1
v+ % in gquation 1
24(2y-3) 47 =(2y-3)"+uy® Now replace % in the other equation (equation 2)
l}ﬂ‘ Gy+7= hg‘ 1y +9 + u,ﬂ‘ with the exprescion found for = in equation 1.

'"’.':l t6y-21=0 You now have on equation with only one
+1=0 variable that you can solve.
fH-l'}fSEH 1Y=0
y=1 or y = JI You now have to substitute both H-wluu into
If y=1: m=20N-3 the expression found for 2 in equation 1.

e [# Cluestion source: M5C Grade 12 November 2021 Paper 1
IF!i:%:t-.} ‘}-3 |Hiﬂ.ﬁnu1ﬁ
=-1 n
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What about problem solving questions?

EXAm KEY

The final question of Question | Let's do some examples so that you can get a
is always a problem solving question, feel for the type of questions that
focussed on skills such as simplifying you could expect!
exponential expressions and working
with the nature of roots.

REMEMBER

Each problem solving question can
be solved using knowledge that you
have on the topic, so don't be
afraid to try different ways of

solving the problem!
Worked example (P)

If 1 is the largest integer for which n2%? < 5%, determine the value of n.
niee ¢ 5o We con only golve on exponential :q_uutimfimq‘uﬂit:a if we hove

(r)'*e< (52)'ee numberd that have the some bases or the some exponents
(n*Y* < (125Y*"  » write both exponents in terms of the same number.

n' <125 Thit allews us to simplify the inequality ¥o one that is eosier to solve.
N2 =121 end 12* = lyy
L hzll .+ The largest integer that n could be ir 1),
Cluestion source: M5C Grade 12 Movember 2020 Paper |
Worked example (P)

For which value of k will the equation x* + x = k have no real roots?

x4+ % =k This i a quadratic equation, fo we need to write the termy
xX*+x -k =0 in the correct order, ax*+bx+C=0.

In this cate, a=1,b=l and ¢ =~-k.
Mo real reets: For a quadratic equotion to have non-real roots, the
A<o discriminant (5) of the equation must be mnegative

b-yac <o We substitute the values of a b and ¢ of thiz equation into
(Y -y(N(-k) <0  the formula for A and ude thot to colculate the wvalue of k.
I+ 4k <o

hk < =)

k<=

|MAisS Areg e
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NUMBER PATTERNS
\\

_you need to:
* be able to identify the type of number pattern that is being tested

» apply the correct formulae

* be able to differentiate between "term” and "sum”

» be able to prove the sum-formulae for arithmetic and geometric series

@ An ARITHMETIC pattern is one with a constant first difference, which is a number that
is added to each term.
This type of pattern is also called a LINEAR pattern.
For example, 3; 7; 11; 15; ... the constant first difference is 4

@ y® A QUADRATIC pattern is one with a constant second difference, which means that
there is a constant difference among the first differences.
For example, 1; 4; 9; 16; 25; ... the first differences are 3; 5; 7; 9
the constant difference between these numbers is 2

@ A GEOMETRIC pattern is one with a constant ratio, which is @ number that each term
is multiplied by.
For example, 2; 6; 18; 54; ... the constant ratio is 3

For each of these patterns, you need to be able to answer the same basic questions:
1. What is the general term?
2. What is the value of a specific term in the sequence?
3.How many terms are there in a sequence?
4. If the value of a specific term is given, which term in the sequence is it?
5. What is the sum of a certain number of terms in the series?
6. If the sum of a series is given, how many terms are in the series?
7.If the values of two terms in a sequence are given, what is the value of the
constant difference/ratio of the sequence?

8. If the first three terms of an arithmetic or geometric bEFlHlTIOHs

sequence are given in terms of a variable, what is

the value(s) of that variable? Sequence: z list of
numbers forming a pattern,

separated using a ;
Series: a list of numbers

forming a pattern,
added together

ki Aregler
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Let's talk about the formulae

Mast of the formulae that you might need are on the formula sheet, but you have to
KNOW them well enough to be able to identify the correct ones.

ARITHMETIC SEQUENCES/SERIES:

To determine the He.nnrn'l term : To colculate the sum of the first n termas:
Tnh=a+(n-10d $h = = [20+ (n-Nd]

GEOMETRIC SEQUENCES /SERIES:

To determine the general term: To calculate the sum of the firrt n terms:
Th = ar™! Sp=ali-rm) o 5, =a(rm-1)
™, r-i

where: @ = first term

constant Ffirst difference There is also a formula for SUM TO
constant ratio INFIMITY, but we will discuss that

Later.
n = pumber of terms / term number

T R
non

QUADRATIC PATTERNS:
To determine the Hg.nl.rn'. term : To calculate the sum of the first n terma:
Th = an*+ Im+-."E o There is no get formula for this.
where a = . These formulae
Jath =T~ T, are not on the
a+b+c =T,

.~ formula sheet!

How to remember which formulae go with which pattern:

= Arithmetic sequences and series have a constant difference, so we use the
farmulae with “d".

* Geometric sequences and series have a constant ratio, so we use the formulae
with "r".

* Quadratic patterns use the formula that locks like the standard form of a
quadratic equation (remember section 1f).

Miss Angler
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&
o

This is a Grade 11 section but it is commonly tested in Grade 12 Final Exams, so let's
look at a worked example.

Consider the quadratic number pattern: —145; -122; =101, ...

y Write down the values of the next two terms.

2. Determine the general term of the number pattern.

3. Between which two terms of the quadratic number pattern will there be a difference of —1217

1:;3 I =I4S;=122;-10l; -82; -65

+23 21 fR_ 0 To get the volues of the next two terms, we
S 1 gimply continue the pattern.
Each first difference must be 2 less than the previous one.

2. Tw= an*+bn+c

%

as 3 To caleulabe a, we divide the fecond difference by 1.
£ =]
da+b =T -T, Since this formula comtaing a and b, we have to calculate
al-N+b =123 a before b.We then gubstitute the a-value inbo this
-3+b =73 formula.
b =3¢
a+b+c=T, dince thir fermula containg a,b and ¢, we have to
=1+ 2+ C =-y5 calculate a and b before c. We then substitute the

c=-110 a- and b-values inte thiz formula

% 323 25195 175 0§ =12 5ns

=R B The first differences form an arithmetic sequencs with a
Tn=a+(n-0d constant difference of -12.
23 + (n-13(-2) = -12 We need to determine which term in the sequence of Firat

-aln-1) = -1y differsnces is squal to -121, 50 we moke Tn=-121 and
n-| =11 golve for n in the T, - formulo.
neT3

Y. Toy of the first differences T, of the first differences (2%) ir betwenn T, ond T,
T+ Between Tyy and Toy of of the quodratic pattern; T, of the first differences (21)

the quadratic number pattern if betwesn T, and T, of the quadratic pattern;and so on.

Miss Angler
15
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Arithmetic sequences/series

Arithmetic sequences/series have a constant FIRST DIFFERENCE, so we use the
formulae with "d".

This topic is often tested in a less straightforward way than quadratic number patterns.
The terms in an arithmetic sequence/series are usually given in terms of a variable, and
you then have to use the following formula to calculate the value of the variable:

TS'T: =T, -1

We know that this formula is always true for an arithmetic sequence/series because
it has a CONSTANT DIFFEREMNCE, which can be calculated by subtracting one
term from the next.

Worked example (R)

The first three terms of an arithmetic sequence are x — 2; 2x;x + 4.

= 1. Determine the value of x.
T y T3
C E=25 1% et Y
%44 -2% = 9% -(%-2) Ne apply the above formula to the three terms that are
=T+l = 1n-T+1 given. Thig gives us an equation that we con we %o
-1% = -1 calculate the value of =

PRO-TIPS

R Write the general term of this sequence. Once we know what the
T, = %-2 T, = 2z Ty = X4y value of x is, we can
= 1-1 = 1(1) =14l calculate the values of the
— =8 =5 terms and answer the next
*a=-| and d=3 questions.
Tw = a4+ (n-Nd
= =1+ (n-N(3) Remember bo put bracketsd around the d-volue, ESPECIALLY
= -1+3n-3 if it a neqative volue Then multiply that wvalue into
= 3an-1y the bracket ond always simplify your final andwer.
3. Determine the value of the 45" term.
Tys = 3(ys) -y Substtitute n=y5 into the general term formula.
= 13|
Miss Angler
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Given the arithmetic sequence: 35;28; 21; ...

Calculate which term of the sequence will have a value of —1440.

3%5;,28;; ...
Ta=a+(n-Nd and Ta=-140  We make the unknown term equal to Th.
a+ (n-10d = -1y0 Now we substitute the values of the first term
35 + (n-1)(=71) = =y0 and the common difference into the T,-formula,
(n-3(-1) = -5 which will allow us to calculate n, the term number.
h=-1 = 25
n=126
oA Tg., = = o

The 100™ term of an arithmetic sequence is 512 and its common difference is 7.

Determine the first term of this sequence.

Teo =512 ond d=7 Tt’s useful to rewrite the given information in mathematical
terms.

a+ 99d =512 §ince they gave us the value of Tyyp, we use the TERM
formula and reploce n with 100
Tioo ® @+ (100-1Dd = a+ 994

a+a9(m =512 Ne are now alge able to replace d with $he given value,
o+ 693 = 512 which then allows uf to golve for a.
a= -8l
Miss Angler
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Given the finite arithmetic sequence: 5:1; -3, ...; —83; —87

.ﬂ"’:-:c i P Calculate the number of terms in the sequence.
Th=—-87
L (IR TR
4 -4
m=5 3 d=-4 ond Ty=-87  When asked to find the number of terms in o sequence
ond the value of the last term it given, we make that

a4 (n-idd = Ty term equal to Ty, ond gelve for n.
5+ (n-00-1) = - g7 Remember to put brocketd around the d-velue o you

(n=0(-¢) = -2 are multiplying it by the (n-0) bracket!

n=-1z 123
n= 1y TF the last term in the sequence if the 24th term,
Ty =~ 17 that means that there are 24 terms.
. There are 2u terms in the sequence. Remember to always answer the question fully in your
Last line.

N 2 Calculate the sum of all the negative numbers in the sequence.

=3-T;-1; -, -83;-87 We now leave off the firet two terms of those are
a=z=-3;d=-4 and n=22 pesitive numbers. That means that we are adding
tuﬂﬂhlr two terms |ess than 2k, s0 12 terms.
S = % [20-3) + (2-0(-w)] We uss the arithmetic gum formula for this calculation.
= - 990 §p = 3 C20+ (n-Nd]

REMEMBER:
WORKED EXAMPLE KEY
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The following proof is examinable, so make sure that you are able to do it!

t
8 = 7 [2a+ (n-nNd]

Lroof:
T Ta Ty Tu-1 Tn Write a fum of n terms ”iﬂ
Sn=0+a+d+ a+2d + ..+ a+(n-Dd + a+(n-0d  the Tn- formula, then write
+8n =0+ (n-Nd+ a+(n-2)d +..+ a+2d + a+d +a the termd in reverss order.
Tn Th-1 T L T 8 + S =28
28n = 20+ (n-0d + 2a+ (n-1Dd +... to n termy Terms that are underneath
each other are added together,
a+a+lnnd
=7a + (n-1"d
and a+d + a+ (n-20d
= 2a+ (n-d
and &0 on.
= n[2+ (n-Nd7] We are adding n terms to n terms I, getting n Solutions,
and instead of writing n of the fome terms we con
write it as n times t term.
%80 = T [204 (n-0d] AN that's left to do i¢ %o divids by 2, and the proof
it dons!

PRO-TIPS

[Miss Angler
19
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Geometric sequences/series

Geometric sequences/series have a constant RATIO, so we use the
formulae with “r".

Similarly to arithmetic sequences/series, this topic is usually tested in a less
straightforward way than quadratic number patterns.

The terms in a geometric sequence/series are often given in terms of a variable. You then
have to use the following formula to calculate the value of the variable:

T3 _ i which is the came o Ta= T = T+ T,
T Ty

We know that this formula is always true for a geometric sequence/series because it has a
CONSTANT RATIO, which can be calculated by dividing one term by the previous term.

Worked example (R)
The terms x — 2; x; x + 4 form a geometric sequence. Calculate the value of x.

T Ta Ty
%= % VY

Ty _ % We uie the formula above and the values of the termy
- T=2 given to set up an equation that allows us to solve for x.
Cx+yd(z-2) = =(z) Multiply each term by the LCD = x(x-2).
%'~ + 4% - 8 = x
1T =8

zey PRO-TIPS

» Inthese types of questions, where
the actual values of the terms are not
given, they HAVE to tell you which
type of sequence/series it is.
+ Make sure that you use the correct
formulal

Miss Aregler
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The first three terms of a geometric sequence are: 16;4; 1

.,‘ 1. Calculate the value of the 12™ term (leave your answer in simplified exponential form).
S
st = Remember that the ratio it the number that it hmi multiplied h'!

=06 and 1 = {' * dividing by & is the jome a: mulbiplying by '4.'
Ty = 6 ()™

= 2% ()" When asked to write an expression in gimplified exponential form,
=yt yy® it's best to wrive all of the numbery with prime bases, so write
X . I6 as 2% instead of 4  and write 'k a5 172 instead of 4.

= (¥) Then apply the exponent laws and Finally, wribe gour answer

with a positive exponent.

2. Calculate the sum of the first 10 terms of the sequence.

S = IE[;[FF]_“I We uie the gum formula for geometric gerieds.
e Remember that there are two versiond. You con decide to use
= 121,33 either of the two as both will yield the fome answer.
Miss Angler
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The following proof is examinable, so make sure that you are able to do it!
Since there are two versions of this formula, there are also two versions of the proof.

Version 1:

Required (}»u prove :
a

Sy = 1-r")

I-r
Proof:
T % T W Tt Tn Write the sum to n terms using the
Sh=a+ar +ar* +ard+...+ ar"? 4+ or™ Tr, - formula : T, = ar"!
r.8,=ar + ar* + ar? + ar*+..+ ar™' + ar® Multiply each term by r and line the
Tixr Tyer Ther Tyxr Ta-12r  Taxr nurrupunding terms up.
Sp-r.8p=a-ar” Subtroct the second line from the first. Most of the terms
concel out: Qr-ar=0; ar*-ar*=0; ar*-ar¥=0;ar%- ar%=0;
ar™' - ar™'!' =0: and Jo on.
The only two terms that are left are a and ar™
S (1-r) = alh-r") Ne now toke out S, ad a common factor on the left,
and a on the right.
g, = al1-r*) All thet’s left to do is to divide by (i-r) and the
i) proof is done!
Version 2:
Required to prove:
Sh = _Llu fl‘"-
r=I
Proof:
T T T T Ther Tn The first two lines of the proof
Sh=a+ar +art+ar¥+..+ ar"? 4+ ar™ are exactly the same.

r.Sp=ar + ar* + ar? + ar%*+...+ ar™ + ar®

Tixr Txr Txr

Texr

Th-12F  Taxr

r.8a-% = ar"-a

Sn(r=0) = alr*=1)

gy = alr-1)
r=1

Since we need Cr"-1) and (r-1), we now have to
subtroct the first line from the gsecond.

The fame terms cancel out, and lI-I'IlH a and ar™ are
left  but in the reverse order

The rest of this version of the proof iz the Same
as above.

|aiss Angler
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Sum to infinity
A geometric series that is CONVERGING will have a sum to infinity.

A converging geometric series is ane that has a ratic that is a fraction, smaller than 1
or bigger than -1, but not equal to zero.

Therefore, a converging series is a series with -1 < r < 1, but with r not equal te zero.

But what does "sum to infinity" mean?

Let's look at the series that starts with 1 and where each term is half the value of the previous one.

l+T et +d ki

Notice that each term 14 smaller than the one before it,
and as we add more termi to the series, thr.s become This serles Is classified as a
smaller and smaller. GONVEIIng seties & the
ratio is a fraction between -1
and 1.
What happens when we start adding these terms together?
$=T $4=Th+ T, ST+ T+ T =T+ Ta+ T+ Ty
= = 1% or 1,6 =¥ or |15 -J# or 1,875

Notice that as we add more termg, the Jum i still increating, but with a smaller
amount each time.

Now let's calculate bigger sums of this series using the sum-farmula.

8y = - ()] - 0)") Sa0 = - - ()]
= I-; | =

1,99999 8093 = |, 9719997y 1,99999998

Notice that at we add even more terms, it appears that the Jum iz getting

closer and closer to 2.
We therefore say that of the number of terms tend to infinity (n - o),

the fum tends to 2 ., §4 =12.

E'I.I

1]
n

Luckily we don't have to do as many calculations to get the value of the sum to infinity.
We can use the following formula:
S o -

Q where g = first term
= r = constant ratio

| Miss Angler
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",
K3
e

For which values of x does the following infinite series converge?
2(x = 1) + 4(x = 1)* + 8(x - 1)* + -

90x-1) + ylx-0" + 8(z-N¥+..
r=20x-1) First calculate the rabio. If you can’t find it
hJ ingpection, jyou can uie the formula:
rm= TI;.'-"_ or r=T,_éT|.

To converge: =1<T<i;r#0 We now Wie the definition of a cnml.qinﬂ
-1¢2(2-0el; 3(x-0#0  geries gnd replace “r™ with the ratio of
-~ cxa1ct y T thir geries
Texet; xe We then have to solve for = in both parts

of the definition.

A sapling [young tree) reaches a height of 118mm after one year in a greenhouse.

During the next year the height increases by B8,5mm.

In each successive year the height increases by E of the previous year's increase in height.

1. Determine the increase of height of the plant during the fifth year.

Original height = ngmm
Since the ratio of 4+ it in relatlon to the increare in height, our series it going

to consitt of increaser in height, net the actual height of the gapling.
.a=085mm and =

Ts = ar*! To find the increass in height in the Sth year,
= {tl.ﬂ[‘i']" we need to calculabe the 4th term in the geried
= 37, 34mm ‘.use the term formula for o geometric series:

Ty, = ar™!

2. Show that the plant will never reach a height of more than 472mm.

S = — In order to determine the height that this topling will never
=K reach [ pass, we need to calculote the sum to infinity of
B the increage in height and then add that to the original height.
-3
= 354mm

L The ﬂFlinﬂ will never reach a hﬁaht of more than lig+ 354 = §72mm.

|iss Angler
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Sigma notation

To indicate that the numbers in a sequence must be added together
(therefore form a series), we can either use the Sn-notation, or
sigma notation.

Sigma notation can be used for any type of series, i.e. arithmetic,
) geometric, a quadratic number pattern that is added together, or even | h

a number pattern that doesn't fall into any of these cateqories. _

This is how to interpret a statement written in sigma

notation:
.'"__ the value of n in the
last term
very term in the series con be
nZ“ (3“ 1\1 nutnulntr:d uﬂnj this g*l-h'!‘-"ﬂ'-' formula
K the value of n in the

first term
(it*s not alwoys 1!)

What should you do if you are asked to "calculate” the above
statement?

1. Determine the type of series that you are working with. You can do this

either by locking at the general formula or by calculating the first three
terms.

2.Determine the number of terms in the series.

3.Use the correct sum formula to calculate the sum of the series.

Let's calculate the sum written above:

Ty =3alid-2=1 We can coleculate the values of the first three terms

Ty =3(2)-2=y4 by substituting n=1,n=2 and n=3 into the formula:
Ts= 3(N-2:=1 Tn = 3n-2.

1&“{.} + ... Thie it an arithmetic geries with a=] and d = 3.

+3 +3 -« Ne con use the arithmetic sum formula 40 colculate the fum.

= % L2t + (a-N(] Number of terms = 12

o ;':uu PRO_T'PS

+ [f the series has a small number of terms, you
can calculate ALL of the terms and add them
together, instead of using a sum-formula.
+ This is what you have to do in the case of a

_ quadratic number pattern.
|Miss Angler
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Let's look at a different example:

t-n*-——F.-.- we need to Jub in t=0 for the first term!

=3(%) =3 This is a geometric series with a =3 and r=7.
T =3(¥) =4 Since we aren’t Substituting t=1 for the first term,
(-4 the number on top of the sigma symbol is not equal
to the number of terms
We now subtract the bottom number from the top number

and add one.
s.Number of terms = 23-0+|
= 124
Say = 3_[ - ('i‘j“] We con now use the formula for the sum of a
=% seum.trin deries to calculate the sum.
= 5,999...
=6

Here is an example of writing a series in sigma notation:

2+ 6+ 18+ ... to 15 termyg This it a gumut-ri:: feries with a=1,
™
X3  x3 r=3 and n=15,

Ty = ar™! We have to find the general term of the series,
s 2(2)"! $0 we use the term formula for geometric Jeries
and simplify if we can.

5

0 Z2(3™" when writing a series in sigma notation, always put
n=1 underncath the symbel and the number of
termd above.

O-TIPS

|iss Angler
26

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

Let's look at some typical exam
questions and how to solve them!
Worked example (C)

Given: 3(2)!-*k = 5,8125.

Calculate the value of n.

[4]
E- 3()'"* = 5,825

The sum of the first n terms of the series with the general term T, = 3(2)'"*

1 5, 8125

We are osked to colculated the value of n . the number of terms in the geries.
First determine which type of gseriss it is by calculating the first two or three
terms (or by 'Innl:ind at T,) and then find the values of a and d/r.

T =a(2)! =3 This it a geometric geries with
T, = ala)-2 = @a=3,r=7 and §, = 58125
Ty = 3(2)'3 =
Sn = 5.8125 Choose either of the two sum formulae
al1-r™) = 5 8125 for ammtriu series and fubstitute the
I=T ' a,r and Sy - values into the formula.
3_[[-('1‘]".] = 5,8125 Now we need to Solve for n.
|-+ The denominator is equal to | -‘47 ='k,
shi-0(N)"] - ﬁ' go first multiply both gsides by T
=" =& Then divide both sides by 3, and then
A" =45 gubtract | from both sided. Cancel out -|
" C'H's on both sides, and then write both sides
N =5 terms with the same base of = .

PRO-TIPS

» (Calculating the number of terms in a sequence or series is a very common

question, not only in sigma notation, but in this entire section.
* In these types of questions, you have to find and substitute all other values in

the appropriate formula, and then solve for "n" using algebraic manipulation.

|I~in Angler
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Worked example (P)

Given: (2 *=p

Write down Z 24(2)* interms of p.

k=1

In order to write the second geries in terms of p, we need to rewrite 243(2)7F
go that it contains 3(2)'"F.
We con then replace it with p.

2 (2)* = gxa(2)™ 2% = §x3,but we still need another 2 go that
= gx3(2)(27%)  we can get 2'x 27 =9'"% * rewrite 8§ 04 ux2.
= 4x a(2)"-k

n i p
& Z (2)*k = El wxa(D"k We now use the following rule:
. n > ZaxT, = ax ZTe,if a W a condtant.
= § :EI (1Y~

n
-k
= yp Now we con replace 2 3(2)'" with p.

Worked example (C)

Caleulate: Z 4 G) H4+I

=2

This qruutm'n id asking for the sfum to mfimtﬂ

SUhEhtutE n = 2 to determine the value of the first term.

| B
T q 1::-1*{ u-ﬂ.’ and r=J:‘,uhmh is
= u('ﬂ = -ler<) [ this it a r.unuraina
seried, which ha¢ o sum to infinity.
B We now ude the formula for the sum to

inFinit3 and calculate the answer.

I—tzf PRO-TIPS

Many people think that sigma notation is super difficult!
The most common mistake is forgetting that the GENERAL
TERM is in the sigma notation, NOT the sum formula.

If you don't know what to do, always start by calculating
the first two/three terms and then go from there.

| Miss Angiler
28

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

’

li they are asking for 2 TERM, you use the TERM
FORMULA for the type of sequence you are

working with,
Arithmetic:
Th=a+(n-1)d

Geometric:
Th = ar™

If they have given you the value of a
specific term in a sequence, rewrite that
term using the appropriate term formula.

Eg. The &th term of an arithmetic sequence Is 12.

a+5d=12

If they are asking you to write a series in sigma
notation, first find the general term/formula of
that series.

Then write the sigma symbol, put n = 1
underneath the symbol, the number of terms
above the symbol, and write the general term
next to the symbol, in brackets.

If they are asking for which values of a varlable a certain
geometric serles will converge, determine the ratio

of that series and then use the following formula to solve
for the varlable:

{ ( "\l 3\ Arithmetic:

=l<r<|; r+£0

S

%

If they are asking for the SUM of a number of terms,
you use the SUM FORMULA for the type of
sequence you are working with.

Arithmetic:
Sn = = [20+ (n-1)d])

Geometric:
$,= ali-r") . § oalri-1)
i=T r-1
el
Seo = 77T

"!o,q

If they have given you a sequence/series
with terms written in terms of a variable
and are asking you to calculate the
value(s) of the variable, use the following
formulae:

T-Th=T-T

Geometric:

B

Ta Ty
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FUNCTIONS AND GRAPHS

This is one of the two biggest sections in your final Paper 1 exam!

Cubic graphs are also often
grouped under this section, but
for the purposes of this study
guide, we are going to group
them under the topic
"Differential Calculus".
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Let's summarise the different functions
and some important properties of each!

When asked to draw a graph, you have to
determine and label the following:

ALl intercepts with the x- and y-axis, if they exist.
2 All asymptotes All graphs have special properties
3.All turning points that need to be indicated.

These are summarised below.
You OMLY need to draw the axes of symmetry if the

question specifically asks you to.

Straight lines:

e arudhnt

Yye=mx+Ce__ H-I'FIHF“P"'- {oic) + These are the two formulae that you can

use when asked to find the equation of a

-4 =m (oe-=) ['IH'.HJ i a point straight line graph.
8. gradient on the line » |n both of these equations, m represents
[} qu P
, the gradient and you then have to
ghge mn s A2 = substitute a point on the line into the
m = ‘EE‘“S“‘""H‘ . %, Or -
. e . i equation in order to find the value of €.
if m>o: /F ¥ meo: '\\., Remember : if two lines are parallel,
they have the same gradients.
y= k a herizontal line Il to the x-axid If twa lines are perpendicular, then
the products of their gradients is equal
%=k a vertical line Il to the y-axis ).
Parabolas:
mq““rf form: «— Y-intercept : To go from standard form to turning
§y=oan'+bx+c (oye) ik point form:

turning pt: T = Ta
Jub into eqn to
3{.4:- y- coordinate

complete the square

Turning peint form:

y=a (z-p)+ q turning pt = (p;q) To go from standard form to x-intercept
form:

% -intercept form: factorise the equation

y=ol{z-2)(x-2:) m-ints: (zi;0)

fT-]_ ¥ ﬂ) %, + T
turning pt: % = — 3 To go from turning point or x-intercept
form to standard form:
if aro: U if a<o: ﬁ multiply the brackets out
|Miss Amgler
3
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Hyperbolas: Exponential graphs:

a horizontal horizontal
y==-p B asymphote: y=a. bE*P & q,"‘"-_' I-ll:nptu:::
. vertical 1= (b>o) y=q
asymptote:

Point of intersection

of agymptotes: (pig) if a>o0: graph lies abeve asymphote
Aves of symmebry: if a<o: groph lies below osymptote
L y=2-ptq '1.:|==E:|:.-p'.‘r+qf

L=p

Logarithmic graphs:

These graphs are only tested as the inverses of exponential graphs.
Log laws are NOT in the syllabus so you will not be tested on them.
There are, however, a few things that you have to know about logs in order to
answer the questions that may be asked.

Converting an exponential expression
to log-form:
3 - u’-" & q = -E'u.ﬂn H
You have to be able to convert an exponential T stand st el Gase of & oaanim:
expression to log-form, and a log expression .!-Oﬂ %= 'E'DH 1o %
to exponential form. If no base is written, the base of the logis 10.

A fractional base can be changed to a

Special values: whole number if the expression is

¢® =1 < foge | =0 negated:
Any logarithm of 1 is equal to zero, regardless of Y= ,Euai. T & . .ﬂﬂal’.‘ﬂ-
the value of the base.

a = a & Eog, as=i
Any logarithm of 2 value that is the same as the
base is equal to 1.

Even though each graph is slightly different, we use the same method to calculate
the intercepts with the axes.

To find the y-intercept:
make ® =0

To find the x-intercept(s:
make y=0 and dolve the q_uutl'un

| miss Angies
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Question Type 1:
Hyperbolas

The standard form of a hyperbola equation can be written in two ways:

5='~5“F‘ +4q, H:_J:P +q

where % =p i the vertical asymptote PR where T =-p it the vertical asymptote
end Yy =q it the horizontal asymptiote and Yy =g it the horizontal asymptote

1.Write the equations of the asymptotes of a hyperbola
A hyperbola has two asymptotes:

One of these asymptotes has the equation x = p, and is a vertical line that is parallel to the y-
axis.

The other asymptote has the equation y = g, and is a horizontal line that is parallel to the x-axis.

2.Write down the coordinates of the point of intersection of the asymptotes of a
"~ hyperbola
Since the asymptotes of a hyperbola are x = p and y = q, the peint of intersection of these

asymptotes is the point (p ; g).

3.Write down the equations of the axes of symmetry of a hyperbola
A hyperbola has two axes of symmetry, both of which are straight lines.

One of these straight lines has a positive gradient, and can be found using the formula:
Yy=X-p+q.

The other one of these straight lines has a negative gradient, and can be found using the
formula: y=-(x-p)+q.

Both of these equations have to be simplified fully.
4.Draw the graph.

Make sure that you indicate the asymptotes and all the intercepts with the axes.
Label these as well, as that is what you get marks for.

Miss Anglar
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Worked example (K/R)

If it is given that fi(x) = — :371 + 2 answer the following questions:

1.
2.
3.
4,

3.

L,
v 1
i
o
=
-

.
.
= A

Write the equations of the asymptotes of f.
Write the coordinates of the point of intersection of the asymptotes of f.
Determine the equations of the axes of symmetry of f.
Calculate the intercepts with the axes of f.
Draw the graph of [, showing all asymptotes and intercepts with the axes.
Horizontal asymptote: y=2 Horizontal asymptote: y=q
Vertical asymptote: L =| Vertical asymptote: x=p
Point of intersection of asymptotes
= (piq)
= (1;2)

Axes of symmetry: A hyperbola har two axes of symmetry,
Y= %-141 and Y= =(x-N+2 e with a positive gradient : Y= T-p+gq
Rl y=- T+3 and one with a negative gradient:y= -(z-pY+g,

4. y-intercept: make x=o0

-H s B=1 *1
=5
v (0;8)

w-intercept : make y=o0
+1 =0
2
-3 = -2(%-1)
= =]
. X=

. (%;0)

| Miss Angler
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H

—— e
-

Start by drawing the asymptotes uding
dotted lines and label them with their
equations.

Then plot the intercepts with the
axes, and drow the graph.

Poy attention to the chape! Tt should
be a ¢mooth curve K ond the end: of
the curves muit glope towards the
alymptotes, never awey from them.

---------T

\Y

g Do not draw the axes of symmetry unless the
question specifically instructs you to!

If you are asked to draw the aves of
symmebry, follow this shorteut:
The axes of tarlmttra padi through the
point of intersection of the asgmptotes,
and their y-intercepts, which can be
found simply by locking at their equations.
You do NOT mneed to plot any other
pointi,
Eg. y=2=+1 pastes through (o;1)

§* %43 passes through (0;3)

5
‘:I-!:-i:ﬂ

| iss Angler
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The mixed graph question always consists of two graphs drawn on the same set of
axes.

One of these graphs is always a parabola, and the other can be a straight line, hyperbola
or exponential graph.

Let's go through each of the points above before looking at a typical past
" paper guestion! -
""“-1; 1. Identifying the types of points on a graph
ol If a graph is given with certain points labelled with letters, you should be able to
identity the types of points that are labelled as either x-intercepts, y-intercepts,
turning points or points of intersection.
» |f you can identity these, you will also be able to calculate the coordinates.

4 #(x) Aand B ore the z-intercepts of glx).
C iz the y-intercept of £(x).
D iz the y-intercept of g(x).
A ond B are the points of intersection of
flx) and glxd.
A 4 yx F it the turning point of g(=).

gCx)
Miss Angler
: 34
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<

2.Calculating the coordinates of the x-intercepts of a graph
* In order to calculate the coordinates of the x-intercept(s) of ANY graph, take the
equation of the graph and make y = 0.

o This will result in an equation with x as the only variable, which you can solve.
» The coordinates of the point will be (x ; 0).

+ MNote that if the x-axis (the line y = 0) is an asymptote of a graph, that graph will not
have an x-intercept.

3.Calculating the coordinates of the y-intercept of a graph
» In order to calculate the coordinates of the y-intercept of ANY graph, take the
equation of the graph and make x = 0.
« This will result in an equation with y as the only variable, which you can calculate.

+ The coordinates of the point will be (0 ; y).

« Note that if the y-axis (the line x = 0) is an asymptote of the graph, that graph will not
have a y-intercept.

Worked example (R)

Calculate the coordinates of the intercepts with the axes of y = %'-5xz+6.

%-intercept : make y=0 y-intercept : make X =0
0= x-5%+6 y=(0)-5(0)+6
0= (=-3)(%-2) =g
.E=3=0 or %-1=0 . (o38)
=13 =12
- (3;0) (2;0)
biss Ayl
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5
(|
=

4 .Write the domain and range of a graph
+ The domain of a graph is the set of all x-values that exist on the graph.

« The range is the set of all y-values that exist on the graph.

« When you write your answers, you may use interval notation or inequality notation,
but pay special attention to the notation.

* When the values are included, in other words, when the graph has a point at the
highest or lowest value, we have to use the smaller than or equal to symbol (or

greater than or equal to) in inequality notation.

+ When the values are excluded, in other words, when the graph does not have a
point at the highest or lowest value (eg. If there is an asymptote), we have to use
the smaller than symbol (or the greater than symbol).

o |f we are using interval notation, we use a round bracket ( or ) if the values are
excluded, and a square bracket [ or | if the values are included.
Worked example (R) A
Write down the domain and range of each of the following graphs:

Domain:
xel or x6& (-0;) interval notation
gr -~WCALcw inuq‘ulitﬂ notation

3 nlﬂ!l i

ye [-2;80)  There i¢ a point ot y=-1, Jo we ule o Square
bracket to indicate that the vaelue i included.
(23-2) or ~25y<®™ Remember to write the smaller value first.

This line indicates thet y=-2 is included in the range.

‘:‘i .’.“.

- Domain :

i TelR;X#-2  We exclude the value of the asymptote,

! 3 yx O - ®EETL-D or -2eW<@ gy the groph will net touch
-—-""'r L ? tlhutl |||'|'|E-
------ —— -u—uu---44-u-a-3t—| L]

: /__—-—I

L

: Range:

' elR; yz-I

: ! " EI L4 £

E E—m3-1ur-|3¢ﬂ:l

1 -

Miss Angler
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N 5.Calculating the coordinates of the turning point of a parabola

« |f the parabola equation is written in standard form, you can use the turning

point formula to calculate the x-value. Once you have that, you have to
substitute the x-value into the equation in order to get the y-value of the point.

» |f the parabola equation is written in standard form, you can also complete the
square in order to get the turning point form of the equation.

« |f the parabola equation is written in turning point form, the turning point has
coordinates (p ; q).

Worked example (R)

Calculate the coordinotes of the tumha point: of :
y= 2+ bz +7 Standard form: y=ox +bz+c

- % Thia it the tl.im'l\’ point formula. Substitute the values of a
. = gnd b from the l:'l:ll.lilt-lrﬂ:l'l.
ah
=i
tyz (- +0(-)+7  MNow substitube the =-velue into the equetion
= =9 in order to colculate the H—:urdinnt-l of the
g f-lﬂ—!} tu‘rhil'-3 point.
or by completing the square: =
:-_|=_'E"_+I:I_Lﬂh}_’ -(g)*+7 Add and subtroct {Tj . Thit created a perfect
= (xen)? -9 gquare trinomiol ef w3+ &+ 18, which con b

factorized to (+ydlzey), or (244,
The last two terms simplify to -9.

Lol-y5-9) The equetion iz new written in turning point form,
y= al(xz-p)? +q, and the turninﬂ point if (piq).

6.Write the equation of the axis of symmetry of a parabola
» |f the turning point of a parabola is the point (p ; g), the axis of symmetry

is the straight line with the equation x = p.

« This is a vertical line, cutting the x-axis at x = p, parallel to the y-axis.

Worked example (R)

Nrite down the equation of the axit of symmetry of :
' (r+3) -y
x=-3 Thi¢ equotion is written in turning point form.

2. y= -1t + 6%~ 4

% :% Use the turning point formula. %

_ =8 ST
RET=Y) B —

. A
2

"I.:I.!Ill'! 1w Fln'.;
g,

| miss Angler
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All questions relating to hyperbolas were discussed on pages 33-35.

7.Calculate the point(s) of intersection of two graphs_
» A point of intersection of two graphs is a point where the two graphs are EQUAL.

+ The same point lies on both graphs.

+ We find the x-coordinate of this point by making the two equations equal to each
other, which effectively cancels out the y-variable. This leaves us with an equation
with only x, which we can solve.

« Once we have the x-coordinate, we substitute that back into either one of the graph
equations, which will give us the y-coordinate of the point.

NOTE: some graphs have two points of intersection, and you will
sometimes have to determine which one is which based on whether the
points are positive or negative.

Worked example (R)
Determine the coordinates of the point(s) of intersection of y=%-1 and y= w'+5% +3,
y=%-1 and 3:*::.‘1-51; +3 A peint of intersection iz where the two graphs are
M=) B 5L+ squal, fo we equate the equations. We are sssentially
0=T'+ 4T+ dolving two equations simultancously.
0 = (2+2)(%+2)
Le-1
y=-2-1  or y={(-2)'+5(-2)+3 oOnce you have on %-value (or twe), you have
» =3 =-3 to substitute the valuels) into either of the
two equations to calculate the corresponding
y-value(s).

*. Point of intersection: (-2;-3) Mways end off your anewer with the coordinates.
These two graphs only have one point of intergection.

Miss Angler
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" 8.Einding the equation of a graph
"~ = When asked to find the equation of a graph, it is very important to remember the
special properties of each graph as that will allow you to determine some of the

variables in a graph equation.

« When you are left with only one variable, you usually have to substitute in a point on
the graph and then solve for that variable.

Let's look at each type of graph and some examples.

gmmrce s

taﬂdiuﬂ:- m -%I"F'ﬁ-!.:—%
F LI TR

= Ty = T

Remember that if ABICD,then myg = Mep.
T¢ AB LCD, then My, X Mgy = -1

H"‘ H' = M E'Ir':h]
gradient A straight line has two

(%154 it a point on the straight line standard forms, and you
This equation i quicker to work with

if the y-intercept it not given.

can decide which to use.
The second form is first
taught in Grade 10
. : - ' Analytical Geometry.

Find the equation of the graph below.

i" y=mx+c The y-intercepd i¢ given, fo that it the c-value
(0;2) =1 We ufe the gradient -formula to calculate
_ —j-a the value of m.
3-0
. =1 >z gt
{3;-1)
LH:uﬁiE
L
Miss Angler
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Worked example (R)

Find the equation of the graph below.

Hﬂ.

/c/mm

b2 $- >%
L
y=mx+c OR: y-y = m{%-%)
me m S D
:“E‘ = 'E'

H:%':i'l"ﬁ

Soy-y = ¥ (x-2)
Sub in (-2;0): Jub in (-2;0):
0=H(-D+c y-o = §lx-(-2)]
0=~ +C y-o0 = (x+2)
- 0= y*pxt
or M.:IE in (2;3): or gub in (2;3):
a=g(2)+c y-3= 4 (x-2)
a:'i‘a-n y-3-= x -4
. B E y = ?--l-'!'
f0 3:%::-1-*

This question is different from the
one becouss the y-intercept (c-value) is
not given.

We therefore have to calculate m First,
and then substitute in a point to find
the wvalue of c.

previous

Since the y-intercept il
not given, we must calculate
the Erudimt- firat.

In order to colculabe
the c-value, we now
need 0 Jubstitube
gither one of the two
peints into the JSbraight
line equation.

Thiz allows us to selve
for ¢.

Yaou only hawve to shaw ONE of the
four substitution calculations.

AT ) e

|hl|4-in-5hr
42

>

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

- -i'lufﬂtpt-:
I. $tandard form : y= axi+bx+c . (o;c)

Only use bhis form if the y-intercept is given.
You will then have to substitute two other point: into the equation,
ai'ihg two equationd with two variables, that you have to solve simultaneously.

. Turning - point form: y = a(x-p)+q

Tl.lrnins pn{nt.: (P; 1']

Use this formula if the turning point is given.

Replace the values of p and q in the equation with the coordinates of
the turning point.

Then substituve one OTHER point (not the turning peint again) into
the equation and JSolve for a.

. T-intercept form: y = a (%-%)(%-%,)

The x-intercepts are (x,;0) and (%,;0).

Uge this formula if both x-intercepts are given.

Replace 2¢, and %; in the equation with the x-coordinates of
the x-intercepts.

Then gubstitute one OTHER point (not the x-intercepts) into the
equation and golve for a.

Worked example (R)

Find the equation of the graph below.

! g =alz-p)*+q  The turning point it given,s0 we use
=alz-1)*-2  the tuming point formula.
(3 Replace (pjq) with (1;-2).
Sub in (3;3): Now Substitute the other point into
3=al3-N*-1 the equation and Jolve for a.
sz J=ha-2
\I\/ oo |
(1-2) o ANy

Loy = wlz-0"-2

||-|hu Argler
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Worked example (C)

Find the equation of the graph below and write your answer in standard form.

(o) g=alz-2)(z-x) Both 2c-inbercepts are given,so we
= alz+)x-1) ust the x-intercept formula and

replace x, and %, With the z-values
of the =-intercepts.

Sub in (o072} Now tubgtitute the other point into

1 = alo+y)¥o-2) ths equation and solve for a.

2=-%a

Eigw—ig

: e ‘;"{'::-4- $X(=-2)  Muktiply the brackets out and

L +-3
‘%[m‘an-ru-ﬂ then multiply the a-value into

(x*+7e-3)  the bracketd in order to get the
Tt - ‘i‘ﬂ-'l"l equation in sftandard form.
—‘&‘ and c =12

e

Worked example (C)

Find the equation of the graph below and write your answer in standard form.

¢ (%:9) Only one x-intercept it given,and the coordinates of

the *I:-*-.lrt'ﬁngr point ars not given.
.« We hove to use gFhandard form.

es1) y = arts be 4o
10} _— cnl The value of ¢ ¢ the H-whr: of
Ly=axtebx+2  the y-intercept.

Sub in (1;0): Substitute the other two points

o=0(N"+b0D4+2 into the equation and simplify

0=a+b+1.0@ This gives us two equations wibh
two variobles which we can folve

Sub in (y;%): simultaneoudly.

§=alyd+blyd+2

5zi6o+ 4b+2..@

Simultaneous equations
InD: a+b+a=0 were explaired in detail
a=~-b-1 on page 1.

Sub inko @ 6o+ 4b+2 =5
6(-b-2d+yb =3
-lb-31+4b=3

-12b =356

- -
-

i?ﬁ?ha

Sub back into @ a

y= ﬁ't‘ -E“xﬂl

|Hlu Arvgler
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Standard form: y "I+P +9
Start h3 r:'pluind p with the x-value of the vertical u.leptutu
and q with the y-value of the horizontal asymptote.

Then substitute the coordinates of a point on the an»h and
golve for a.

it H"_EF +q
el Replace p and g with the values of
P F b % the aiymptotes.
........... oz ey Sub in (3;0%: Then subsvitute the coordinates of
=~ ! n=—ff" a point on the groph into the
1= & equetion and solve for a.
a=I
1
L e H L - |

N

|Miss Angler
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Standard form: y=a. b*P+q
In thete questions, the valuels)

Herizontal

of one or more of the variables

is usually aiﬂn.

asymptote :
=%

First replace q with the y-value of the horizontal asymptote.
Then substitube one or more points into the equation, depending
on how many variables you need to folve for.

I1f you have to Jolve for one wnrinhla,auu will have to gub In

one point.

If you have to solve for two variables, you will have to gub in
two points and <olve the resulting equabions simultaneously.

Worked example (R)

If it is given that the graph below has the equation y = 2 - b*7F 4+ g, determine the values of b, p

and q.

31

These questions will require
you to solve exponential
equations.
Remember that you have to
make the bases the same on
both sides of the equation,
after which you can equate
the exponents.

H: !+h='F+1
3=2
.‘.5:'1.!-“" +1

Sub in (2;8):
B=a2b? P42
€ = ab*?
3=bh?F. O

Sub in (3;u):

= 2b?P 42

7 = 9p*F

1=b¥P ... B

b* = b*-P

:i. “ = E'P
p=3

Horizontal agymptote is y=2

Substitute one of the given points
into the squation. fince there are
two vanables, we cannot solve for
either of them with juit this one
equation.

Substitute the obther Eliw.n point into
the equation as well.

This equation has two variables but
Wt gen solve for p,because we are
able to express both sided of the
equation with the same bave.
Remember that anything to the power
of zero it one!

1. Sub back into @

4= hP
a= hﬂ-’
3=b"
()=

*b=¥

We now ude the value of p to
calculate the value of b.

.‘.5=i.['§' e

Miss Angler
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We have to know how to apply the following transformations:
« Translations - moving a graph a certain number of units up/down and left/right.
« Reflections - reflecting in the x-axis, the y-axis and the line y = x (this is the same as finding an
inverse, which will be discussed in the next section).

Here is a summary of how to apply each of these transformations to the equation
of any graph in the form y = f(x):

Translations:

If a graph is shifted m units UP, the equation becomes: y = f(x) + m

If a graph is shifted m units DOWN, the equation becomes: y = f(x) - m

If a graph is shifted n units to the LEFT, the equation becomes: ¥ = fi{x + n)

If a graph is shifted n units to the RIGHT, the equation becomes: y = f(x - n)

Reflections:

If a graph is reflected in the x-axis, the equation becomes: y = - f{x)

If a graph is reflected in the y-axis, the equation becomes: y = f(-x)

It a graph is reflected in the line y = x, the equation becomes: x = f(y). In this

case, we have to make y the subject as well.
The last point refers to INVERSE FUNCTIONS. More on this in the next section!

Worked example (R)

Given: f(x) = —x* + 3x — 4.

. 1. Write the equation of g{x) if g is the graph obtained by shifting f({x) 2 units up and 3 units to
the left. Leave your answer in standard form.

glz) = flz+3d 42 When a graph is shifted 3 unity to the left, we
= = (@430 + 3(®4D -4 +2  must reploce each "% in the equation with "x+3"
= =(x'+6x+9)+3+49=-2  When g graph it ghifted 2 units up, we hove to
= =% -Cx-T+3w 4T add 2 to the equotion.
= -%'=-3x -1

2. Write the equation of h(x) if h is the graph obtained by reflecting f(x) in the x-axis.

h(z) = - $(x) When a graph is reflected in the x-axis, the fign of y
= —(-2*43%-4) changes, which means that the entire equation iy negated.
= El-3x+ i

3. Write the equation of p(x) if p is the graph obtained by reflecting f(x) in the y-axis.

plxd = f(-x) When a graph iz reflected in the y-axiz, the gign of =
= =(-x) +3l-2)-4 changes, which means that we must replace every -
= -gpl-3x-y in the equation with "-x*.
|Miss Amvgler
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You need to be able to answer questions such as:

» Where is the one graph above/below the other? For this, we need the x-
values of the points of intersection of the graphs. We then read the answer off
the graphs.

« Where is the difference between the two graphs a certain number of
units? For this, we need to know what the difference between the y-values are.

+« Where is the product between the two graphs positive? For this, we
need to remember the fundamental rule of mathematics that the product of two
positive numbers is positive, and the preduct of two negative numbers is
positive. We then find x-values on the two graphs such that both graphs have
positive y-values at the same time, or both graphs have negative y-values at the
same time.

« Where is the product between the two graphs negative? For this, we
remember that the product of a positive and a negative number is always
negative. We then find x-values on the two graphs where the one graph has
positive y-values, and the other graph has negative y-values.

\

In order to answer these questions, it is important to remember the following:
» f(x) is function notation and is the same as y. Therefore, if a question is asking for the x-
values where f(x) = 0, you have to find x-values on the graph where y = 0.
» Your answer always has to list the values of x, not y.

* You may use inequality or interval notation if your answer has to include a range of
numbers, so all rules mentioned earlier about including/excluding values and how to
indicate that still apply.

Now let's look at some typical exam-type questions!

[Miss Angler
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K]

Worked example (R+ C+ P)

In the diagram below, A and B are the x-intercepts of the graph of f(x) = xt—-2x-3,
A straight line, g, through A cuts f at C(4; 5) and the y-axis at (0; 1).
M is a point on f and N is a point on g such that MN is parallel to the y-axis.

MN cuts the x-axis at T.

L3

v

Before attempting any of the questions, read through all of the given
information carefully.

Fill any extra information in on the diagram and underline or highlight
important. information that you are unable to show on the diagram.

Worked example (R)

1. Show that g(x) = x + 1.

§: y=mxu+c g(x) i¢ a straight line passing through Co;¥ and C(y;5)
y-int: Coj1) Remember that you are not allowed to use what you

s C =1 are trying to prove in @ “show that" question
m=Jl1=-8 This means that you may not wie gq(x) = X+l in your
=g calculations at all, it must simply be the final answer.
e Finding the equation of a
‘e Yy=u+l straight line is explained

in detail on pg. 41-42.

|I-'|Iu Arglar
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-"_'_j::- 2. Calculate the coordinates of A and B.

flw) = x*-22-3

%-intercepts To calculate the x-intercepts of any graph,

T'-2%-3=0 make y=0 and folve for X.

(x-a)(x+N=0

x%=3 or x=-|

. AC-1;0) and B(3;0) A has a negabive %-value, and B hos o
positive x-value.

Worked example (C)
3. Determine the range of f.

0
o

Turning point of f: The roange of f consists of all y-values
%= —=b equal to ond greater tham the y-coordinate
Eﬂﬂ-ﬂ of the t:i.ll'm'nﬂ point.
. We first need to calculate that wvalue, using
=1 any of the methods discussed earlier.
Ly = (1)*-201) -3 The method shown here iz using the
=} turning point formula, and then substituting
./ the x-value of the point into The equation

to calculate the H-vniu:.
Fe Rnnau y Z-4 or ye [—H")
LA MN =6:

4.1. Determine the length of OT if T lies on the negative x-axis. Show ALL your working.

MN = & units

MN i¢ parallel to the y- oxig, so the dissance between M and N iy equal to
the distance between the y-value of M and the y-value of N,

fince we don't know what these y-values are, we have to use the equations
of f(x) and ﬂfﬂ ag expressions for the y-values.

M lies on Flx) and M lies on glx).

Since M lies above N, the distonce of & units will be found by subtracting
g (y-value of N) from f (y-value of ).

Yo Flx) - glx) =¢ Thit creates an equation which, when folved,
x*-2%-3 - (24) =¢ will give us the m-values of M, N and T, as
g}=1% ~3-%=1-6=0 these thres pointsr all lie on line MN.
xt-3z-10=0

(e-5¥u+2) =0
Z¥S or =-=1
invalid
Ty -2
20T =17 units The distance between O0(o;0) and T(-2;0) is 2 units.

|iss Angler
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Worked example (R)

4.2. Hence, write down the coordinates of N.

Ly = =12 N hai an x-value of -2, and lies on the groph of g(x).
Un = sf-ﬂ Substitute x = -2 Into the stralght line equation to get the y-value.
= =1+1
==
- NC-2;-1)
_' Worked example (C)
5. Determine the equation of the tangent to f drawn parallel to g.
M e glzd: m=1 Parallel lines have equal gradients.
m of tangent to £ = £'(x) at point of contact Thig iz an application
(%) = 1:-2 of calculud.
L1x-1=1 We can equate the expression for the gradient of the tangent
1% =3 (the derivative) and the actual value of the gradient in
%= order to calculate the %-coordinate of the point of contact.

y = {'ijg -'If'i"}-ﬂ Now jubstitute the x-value into the equation of f(z) to
2l calculate the y-value of the point of contact.

*. Point of contact: (33 - )

= %40 or E-HI =1 (2-2) Substitute the point of contact
§ -1- b 'g'; '%}i % into either one of the Jtraight
B Tl e y+ = %3 line equations alongside.
TN . y=%- This aliows ué to calculate the
e y= ®-"q equation of the tangent.
Worked example (P)

6. For which value(s) of k will f(x) = x% — 2x — 3 and h(x) = x + k NOT intersect?

LY

Tf h(z) =%+k it BELOW the
ﬁlnﬂ:nt drawn, the two En:ph:
will not intersect.

fince k it the y-intercept of
hix), the y-intercept will be

’ less than - if the line is
below the tangent.

nke-{

=== Tangent
wWith a y-int

of (o;-41)

-
-

4 T0-%)

-

= "This Is the tangent that was calculated In question 5.
Cluestion source: NSC Grade 12 November 2018 Paper 1

|H|u Anglher
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« To test whether the
graph of a relationship
represents a function, we
use the vertical line test.

Held a ruler parallel to the y-axis
and move it across the graph,
from left to right.

If the ruler crosses over the graph
more than once at any time,
that means that it is not a
function.

If the ruler crosses over the graph
only once all the way from the
left to the right, that means that
the graph is a function.

Let's look at some examples of
graphs and how to determine
whether they are functions.

A :buisht line i¢ a function because every x-value hays
nnl.! one H""I'"'

A vertical line cuts the groph only ence
(see dotted line as an example).

A parabola i¢ a function becauss every x-value hay
enly one y-value.

A vertical line cuts the groph only once
s  (3ee dotted line ot an example).

|Miss Angler
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A circle it not a function becouse there are some
o - volues that have meore thon one [ twod y- valued.

A vertical line cuts the graph more thon once in
certain places (fee dotted line as an example).

% - value.

i
e 7

The reaton why the vertical line test iz used to
determine whether a graph it a function, is
becoute the vertical line represents a specific

The peoint of intersection of the line hat that
game x-value, ai well ai a y-value.

If there is more than one point of interzection,
that meant that one X -value hat more than
one y-value aisotioted with it.

There are two ways in which you can do this:

+» Visuvalise the graph based on the equation given.
If you are able to recognise the type of graph from the
equation, you can imagine what that type of graph will Look

You also need to be able to
determine whether a graphis a
function without actually having
a picture of the graph.

like, and decide from there whether it would pass the vertical

Lline test or not.

You do not need to know exactly how the specific graph will

lock, you simply need to know what the shape of the graph will
be. For example, is it a straight line, parabola, hyperbola, etc?

« Substitute specific x-values into the equation and solve for y.
If you get multiple y-values as an answer, that means that the graph is NOT a

function.

Make sure that you substitute a few x-values into the equation, as some graphs
have some x-values that have only one y-value, but others that have multiple y-

values associated with them.

| miss Angier
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There are different types of functions.
We use the horizontal line test to classity functions, which works in the
same way as the vertical line test. The only difference is that you have to hold

your ruler in a horizontal direction and move it from the top of the function to
the bottom.

"+ « A one-to-one function is a function where every x-value only has one y-value, but
the reverse is also true: every y-value only has one x-value.
A horizontal line will cut this type of graph only once.

One x-value to one y-value.
LE S

A horizontal line will unlj cut this upnnmtiql

greph once
rit it a one-te-one function.

Other Eruplu that are one-to-ohe functiong
are straight lined and hﬁptrhnlw.

Note that since a vertical line will alfo cut
these only once, they are classified as functions.

» » A many-to-one function is a function where every x-value only has one y-value
(otherwise it wouldn't be a function), but multiple ("*many”) x-values have one specific
y-value associated with it.

A horizontal line will cut this type of graph more than once.
Many x-values to one y-value.

A horizontal line cuts a parabola twice
it i2 @ many - to- one functionds.

A cubic graph with two unequal turning
points ir aléo a many-to-one function.

Note thot since a verticel |ine will alfo cut
these nnls once, they are clasdified as functiond.

| aiss Angler
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Let's talk about INVERSES!

An inverse of a function/relationship is the function/relationship that reverses the
process of the original.

It is also the graph that is found by reflecting the original graph in the line y = x.
Remember that when we apply this reflection to a point, the coordinates of the original
point swap around.

The rule is: (x ; y) becomes (y ; x).

This is what happens to the graph, as well as the equation of a graph when we find the
inverse.

To find the equation of the inverse:

Swap the positions of x and y in the equation of the original. Then make y the subject of
the equation. OR reverse the operations of the original equation, as well as the order in
which these operations take place.

Drisinul: f(x) = 3= -9 LyE 3z -1
Inverse: x=3y-9

®+9 = 3y

.'.H f'ﬁ".ﬁ*‘f

' (E)=TE+ 3

To find the coordinates of points on the inverse:
Swap the x and y-coordinates of peints on the original graph.

Points on f(z): (0;-93 (1;-6Y (3;0)
Points on £ (x): (-9;0) (-¢;1) (o33)

Range and domain:
The domain of the inverse = the range of the original
The range of the inverse = the domain of the original

Domain of url'Hl'rHIl: xeR; x#3 = Rangt of inverse: ye M y+#3
F.‘nnat of original : ye ® y#-1 == Doamain of inverge: TEM; L2~

Restrictions on the domain and range:
If there is a restriction on the domain of the original gragh, that restriction applies to the range of
the inverse.
Original : qlx) = %' ; x20
gine 3 i
Inverse: g (%) = t iz 7420  Becouse of the nature of this expression,
Log(x) = VI , x20 there is an additional restriction. If x <o,

this expresgion ir non-real
|I~liﬂ.nl.n|;|1ur
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Worked example (K + R + C)
The graph of f(x) = 37" is sketched below.
A is the y-intercept of [.

B is the point of intersection of f and the liney = 9.

Worked example (K)

1. Write down the coordinates of A,
’ A: y-intercept of ¥ ..make T =0 To find the H—inttrupt of any ﬂrqph:
y=3" or ys= ($)° Make % =0 in the equation
=10 = |
S ACop)

Worked example (R)

) + 2. Determine the coordinates of B.

B:y=9 B lies on the horizontal Nne y=9, so will have a H-Gmrdinutf.
3 * =9 of 9. It also lies on the graph of f(x), 50 we can calculabe
2% the m-coordinate of B by substituting y=9 into the equation
e =0=2 of .

w=~12
;. B(=-2;9)

3. Write down the domain of f~1.

ﬂnhﬂt of f: y>0 or ye (o;) The range of the original graph it the
* Domain of f': x>0 or e (o;®) game af the domain of the inverse.

|Migs Anglir
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Worked example (C)

,,_;l 4. Describe the translation from f to h(x) = z—:
f(x) = 37" to hix) = %‘ We need to rewrite the equation of h(%)
a7 o that we can gee which changed were
*® =nxy* made to the equation of f(x).
e 3¥xa® Remember that we have to describe either
= g~x+3 a translation or a reflection.

- a- (%9
% Translation of 3 units to the right

-e 5. Determine the values of x for which h(x) < 1.

flx)<1: >0 We can use the given graph of f(x) to determine for which
Shlxdei:x>3 values of x the graph hat y-velues gmaller than |I.

gince h(x) it the graph of f(x) shifted 3 units to the right,
we can do the fame with the x-velue found.

Question source: NSC Grade 12 November 2020 Paper 1

|I-'If“ angler
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- Worked example (R + C)
Sketched below is the graph of f(x) = k*; k > 0. The point (4; 16) lies on f.

H &
(yire)
‘___'F—-""'-‘
. # "
Worked example (R) *
1. Determine the value of k.
| >k The point (uil6) lies on the graph of £(x),

Sub in Cy;08): 16 = k¥ g0 we can calculate the value of k by
2% = k% gubstituting the point into the equation of
okl f(x) and then folving for k.

2. Graph g is obtained by reflecting graph f about the line ¥ = x. Determine the equation of g in

the form y = ---
flx): y=2% Reflecting o graph in the line y=2 i¢ how we obtain
glx): % =23 the inverse of that graph. Swap the positions of x and

> y=Rogy y in the original equation, and then make y the
subject of the equation by converting the equation
to Ios-#nrn.

3. Sketch the graph of g. Indicate on your graph the coordinates of two points on g.
4 To draw the graph of an inverse,

g3 16) éwap the coordinates of points on

the priﬂimi Eruph.

Co;1y = (1;0)

Cy;) — Cig;n)

You do net have to calculate new

points on the inverge.

You alte den’t have to draw your
groph o feale, but make jure that
draw o ¢mooth ocurve thot

tends towards the y- awis

|iss Angler
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Worked example (C)

4. Use your graph to determine the value(s) of x for which:

41 f(x)x g(x) >0
H-

f(x) xg(x)> 0"

The product of two numbers is
positive if both numbery are
positive, or both numbers are
nnﬂutiu.

There are no fections on these
grapht where they are both
negative, but both graphd are
positive o the right of x =|
fhighliﬂhbtd'}.

[

x> or %6 (1;m)

A graph is paositive if it has pasitive
y-values, so when it lies ABOVE
the x-axis.

v A graph is negative if it has
negative y-values, so when it lies
5 42.g(x)= -1 BELOW the x-axis.

¥ glz) = -1
Cy;1€) Even though the graph of g iz not
J drawn to feale, we Enow thet y=-|
liet below the =-axis, g0 we can
eitimabe where we think it could be.
Thiz makes it easier to visualize
whers the groph has y-valued equal
to or |ess than -|.

We now need to colculote the x-value
of the point with y=-|,

9(x) = Log, x

o -!'“3: T =-1 Rewrite in
™= expenential form.
T E

Lo0¢xsT or ;e (o;%]

We have to exclude =0 from the
solution af it it an agymptote.

We therefore ule a reund bracket

at 0.
Question source: N5C Grade 12 November 2019 Paper |

|Miss Angler
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FINANCE

In order to achieve maximum marks for this section,
you need to be able to:
+ Identify the formula that the question requires
« Find the correct formula on the formula sheet or combine the correct
formulae to suit the question
« Substitute the correct values into the formula
» Answer "time line" questions where multiple deposits and/or
withdrawals are taking place

+ Use your calculator effectively to calculate the final answer to a
question.

Let's look at a summary of the formulae that you need to be able to work with:

Simple interest / growth: Compound interest/ growth:

A=Plitixn) A=Pliedi)"

Simple decay { straight line depreciation: Compound decay/reducing balance depreciation:
A=Pli-4ixn) A=Pli=-4)"

where A = accumulated (final) amount

P = uriﬂinni amount invefted or borrowed
L = interest rate (a3 o percentags)
n = number of time Pe.n'nula
Future value annuities Present value annuities
e x [Gei) 1] P=m[|—(|+£‘1‘“1
i A
where F = future value of investment where P = prelent value of loan

p ]

rl

rtsulur payment
i = interect rote (a¢ o percentage)
n = number of payments

Miss Angler
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Euniu‘t-ina interest rabed: From effective to nominal
From nominal to effective

- Cl+E)™ = 1+ dgpe
14 depr = (148"

where Aep¢ = effective (annual) interest rate
= = nominal interest rate
m = number of interest calculations per year

Worked example (R)

Convert an interest rate of 14% p.a. compounded monthly to an effective interest rate.

4 iete = (1o 8"
C1+ 38)0 )
0, 1393 ..

= 1y,93°7/ p.a.

bete

Calculate a quarterly interest rate that will provide the same return on investment as a rate
of 10,5% effective.

L1

|4+ Lyff

]

(14+ &)™
(14 4) = 140,105
1, 108

= Wi, 108

= |,0252...
= 0,0251...
= 0,l0ll...

= lo,h ¥ p.a.

| +

Lh e R 2

Balance on loan ofter m payments
= PLiad)™ - TE{H"'}M""J-

PRO-TIPS

N
= 'r.['i-fi-\»@i"{“"“]

g The formulae on this
where P = loan amount page are NOT on the
% = value of regular payment formula sheet, so
m = number of payments made make sure to
n = total number of payments to be made memarise them!

.+ N=M = number of paymenti remaining

;Hi:: anegler
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Dealing with deferred payments

Deferred payments are what we call it when you take out a loan but don’t make the first payment
at the end of the first time period. The first payment is only made a number of time periods later.

If the first payment of a loan is only made "m" time periods after the loan was taken out, follow
these steps when answering questions:

1.Add (m - 1) time periods’ worth of interest to the loan amount, using
the compound growth formula.

2.Use the present value annuity formula to calculate what you are
asked for, but make sure to decrease the number of payments by
(m - 1). You also have to use the answer to step 1 as the new present
value of the loan.

The final payment on a loan

The final payment on a loan is generally smaller than the other payments.
Follow these steps to calculate the value of this payment.

1. Calculate the balance on the loan after the last full payment. This
will always be one less than the total number of payments.

2.Now add one time periods’ worth of interest to the balance on the
lean, using the compound growth formula.

Calculating the amount of capital versus interest paid on a loan

If a loan has been paid in full, the CAPITAL amount paid is the same as the original loan
amount.

The INTEREST amount paid is the difference between the total amount paid and the
original loan amount.

Interest = total amount paid - original loan amount

If the lean has not yet been paid in full, it will require more working, follow these
steps:
1. Determine how much money has actually been paid.
Amount paid = regular payment amount x number of payments

2. Determine the balance on the loan. This is the CAPITAL amount that still has to be paid.

3. Determine the CAFITAL amount paid.
Capital amount paid = original loan amount - balance on loan

4. The INTEREST amount Is the difference between the actual amount paid (calculated In step 1)
and the capital amount paid (calculated in step 3).

Interest amount paid = actual amount paid - capital amount paid

|Miss Amgler

&2

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

Let's look at some typical exam questions!

Worked example (R)

A farmer bought a tractor for RY80 000. The value of the tractor depreciates
annually at a rate of 9,2% p.a. on the reducing balance method.
Calculate the book value of the tractor after 7 years.

A=POH-i)"
= qg0 000 (1- 0,092)"
= Ry9% 685,82

Worked example (C)

How many years will it take for an amount of R75 000 to accrue to R116 253,50 in an
account earning interest of 6,8% p.a. compounded quarterly?

A=Plr+i)"
6 253,50 = 15000 (1 +

85004 = (14 S
4n = f0g,, ageny 1,55008..

= 15,999...
h = &5 years

Lﬂ]m
g

Worked example (C)
Thabo wanted to save R450 000 as a deposit to buy a house on 30 June 2018.

I.He deposited a fixed amount of money at the end of every month into an account
earning interest of 8,35% p.a. compounded monthly. His first deposit was made
on 31 July 2013 and his 60th deposit on 30 June 2018.

Calculate the amount he deposited monthly.

F=2l040)" 1]

iy
14+ il"TI‘*I:I

By

311,25 = x [ (14 928
.- o = R6 0GB, 09

450 000 =

Miss Angler
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#1 2. Thabo bought a house costing R1 500 000 and used his savings as the deposit.
He obtained a home loan for the balance of the purchase price at an interest rate of 12% p.a.

compounded monthly over 25 years. He made his first monthly instalment of R11 058,85
towards the loan on 31 July 2018.

2.1. What will the balance outstanding on the loan be on 30 June 2039, 21 years after the loan
was granted?

Methed |:
Balance after 21 years (21x12 =281 puHmtntﬂ
= 1050 000 (1+ &2)2% _ 1 ose,a5 [ (1+52)™ -1]

= Ryl9 952,39

Methed 2: L

Balance with 4 years remaining (4x12 = 48 payments)

- nossas[i- G+ 2) ") . | /
s . S 0

= Ry 9y8, 22

2.2. Caleulate the interest Thabo will have paid over the first 21 years of the loan.

Actual amount paid

= monthly payment x 252
Il 06§, 86 X 252

R1 786 B30, 20

Balance on loan ( capital amount still owing)
= Ryl19 952,39

Capital amount paid

= priginal loan amount - balance on loan
T | 050 000 - 419 957, 39

= R630 o7, 6

Interest amount paid
= actual amount paid — capital amount paid
= 1786 830,10 - 630 047, 6!

= R2 156 782,59
Cluestion source: NSC Grade 12 Mathematics Paper 1 2021

[Miss Angler
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Worked example (R + C)

A company purchased machinery for R500 000. After 5 years, the machinery was sold for
R180 000 and new machinery was bought.

I. Calculate the rate of depreciation of the old machinery over the 5 years, using the reducing

balance method.
A=pPlr-4)"
180 000 = 500 ooo(1-i)®

0,86 = (1-4)°
o3 = 1-4

o,8IS1... = |-4

- 0,184... = -

& = 0,184 Only round off in your final answer!
= I8, 4t p.a.

% 2. The rate of inflation of the new machinery is 6,3% p.a. over the 5 years. What will the new
machinery cost at the end of 5 years?
A=Pi+i)"
= 500 ooo {1+ 0,063)"
= RE78 35,1

“ 3. The company set up a sinking fund and made the first payment into this fund on the day the
old machinery was bought. The last payment was made three months before the new
machinery was purchased at the end of the 5 years. The interest earned on the sinking fund
was 10,25% p.a. compounded monthly. The money from the sinking fund and the R180 000

from the sale of the old machinery was used to pay for the new machinery.

Calculate the monthly payment into the sinking fund.

e ‘Is".i"‘_
First pagment made at the beginming of the first month _ ,.i-iﬂﬁ Tt
', add an extro interest brackeb to the formula .
If the lost pagment wad made at the beginning of the last month (go ons menth o
before the end of the & years) there would have been 5X11 = 60 payments. &
The last payment it mode three months before the end A
%2 months earlier, So there are 58 Hm;nh,
e.xl0+id"-1]
&
1
G678 635,11 - 180 000 = L[fl‘*mﬁj -1]
[F)
4259174 = w0+ 2F™ -]
%= Re 678,62 Question source: NSC Grade 12 Mathematics Paper 1 May/June 2022
Miss Angler
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PRO-TIPS

REMEMBER:
WORKED EXAMPLE KEY

[Miss Angler
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Use the following formula te answer this question:

() = m _('.H-h'l = §(x)

This question always counts 5 or & marks, and is classified as routine because you
simply have to follow the same steps every time.

Worked example (R)
Determine the derivative of f(x) = 3x2 by first principles.
flx) = 3x*
flz+h) = 3(z+h)* First determine an expression for £{Z+N) by replacing

= 3(x*+2%h + h) % in the original function with (X+h). Multiply the
= 3%+ Gxh + 30*  brackets out and gimplify the expression.

i) = lim  Flx+h) - f(2) This formula iz given on the formula
h=s0 h
fheet.
= Lim 3x*+ ihh-tgh - (3x")  Substitute the expressions for £(x) and
h~o £(xc+h) into the formula.
& ﬁﬂ 5=_h Simplify by subtracting like termd.
= dim + 3h Take out h as a common factor.
hotd Now cancel out the h in the numerptor
= .Em (ex+3h) and denominator.
2 IF b tends to 2ero, then 3xh alio tend;
= 6T to 2ero.
PRO-TIPS

Miss Angler
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Question type 2:
The Power Rule
The power rule is very easy to apply.
However, you have to have good knowledge of Grade 11 exponent and surd laws, as
well as a good understanding of general algebra concepts.

Let's recap the laws of exponents:

L a™ x @" = gmx"
ﬂa.i“ X ¥ = g
The base of your andwer i the
game aa the baded that are
hl-'iﬁﬂ multiplied.
3. a™ = q" = ™"
5'3 3'#1 & alt - 3‘
The base of your andwer ie the
game a4 the baled that are
btl'na divided.

3 (a™)" =™
EE' {'ji"}l - ill

g, (ab)™ = a™b™
£g- f3115}3 7111‘33

Working with negative

exponents is very important, so
let's look at some examples:

I
Rule: a=" = m

-3 3 .
E,H. Ja = =y

(3a)™" =

[
Hat

!Hlu fumvgler

48

- =1
A (.8

s (§)) -

7. a™

5 a*

m

Eﬂ{jq’ _E"_

a™ x b™ = (ab)™

0. 1% x §* = 8%
I¢ two (or more) powers have
the gfame exponents, you can
multiply the bases together and
Eeep thet same expenent.

n Ta

o= (F)"

eg. 11% + §® = 3%

If two powers have the gfame
sxponenty, you can divide the

bases and keep that jome exponent.

=1
eq. [Ex’HT el
31-13. = Ex'.l

You also have to be able to write a
surd expression in exponential form
in order to apply the power rule:

o™ = oW

A

eq. 4L =’
ar = gt

¥

Jo¥ = g%
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The Power Rule

If $(x) = ox™, where o and n are constanty,
then £'(x) = n. ax""'.
.- Multiply the coefficient of o by the exponent, PRO-TIPS

and then gubtroct | frem the exponent,

You CANNOT apply the power
rule to a fraction with a variable
in the denominator, or to

unsimplified brackets. You first

Let's look at some typical exam questions! need to rewrite the expression
in the correct form.

Worked example (R)

Determine the derivative of y = 4x° — 6x* + 3x.

y= gx? - gx%+ 3% Since each term i in the form ax", we con apply the product rule.

&

5.2 - g-cx™' & 1.3%""  You do net have to ghow thid &bep. You can do the
'."[ﬁ:l:.‘-'}..:.‘l-a multiplication and gubtraction Jtrﬂ'iﬂht away.

Worked example (R)

Determine :
3 z
VE 1
D l'?* & l

Dy [_’ii £ (ﬁ)‘] 'Ihi-l _nﬂtifﬁfun 1EJ used very p'!:tﬁl"'n. The "Dy means
2 derivative with respect to = of the exprefsion
= Dy [_ J:‘W*l' #] in brackets.
Before we can apply the pewer rule, we have to uge
= Dy [_ 41-:'-*"' 4_,;4] exponent and surd law: to write each term in the

form ax".
i ...L-:“i' = ,i_:-.! You have to keep writing "Oxl..d in every line
s before upplﬂina the power rule.
| ! . : B
- s s Make dure to write your angwer with pogitive
ext 9%

exponents. You don’t have to write your answer
in $urd form.

Question source: Grade 12 MSC Movember 2021 Mathematics Paper 1

|I-'|In Angler
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Worked example (R)

Determine:
-6Yx+2
D, 3
Da |- -¢¥x +2 ] This expredgion iz not derivative -ruudH as it's a fraction
x4 with a variable i the expenent.
= b -ig* + A Write the Jurd in exponential form and 2plit the numerator
R x

gp into two termi You cen only do thiv if there iz only one
term in the denominator.

D;[-i‘!niﬂ' +‘II!I'-"“] Then apply exponent laws $o get rid of the variable in
Dy [-Gm'* + 2x7%] the deneminabor.

= 9% ¥ - g You can then apply the power rule.
2 . & Leave your andwer with positive exponentd.
':% x®

Qwestion source: Grade 12 NSC May/June 2022 Mathematics Paper |

Worked example (R)
: r - 25 4xri-9
Determine  f'(x)if f(x) = —.
£x) = bx'-9 This expression is not derivative - ready a3 thee b a
hx +6 variable in the denominator. Sinte the denominator hay
= (%4 2(1%-2) two terms, we hove to fimplify this fractien by factorising.
2(2w+3)
= 2%x-3 Now that there ir one term in the denominator, we con
2 eplit the fraction up and Furthe simplify if poascible.
=2 _3
2 2
a2
= X -9 We con now apply the powsr rule.

The dii-ntiu of a conitont i olways ®ero, becouis
W) = '&‘ =3 %", ond when you apply the power rule, you
get oxt x* , which iz Rero.

Question source: Grade 12 NSC Movember 2020 Mathematics Paper 1

|Miss Angler
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b
3 Drawing a cubic graph
Standard form:

— -inte :
y= axd+ bx+ cx +d ’ fn;dw

o he sign of a influenced the shope.
I‘.I'-'?ﬂif\) urf’ aco: V), m-"\,

* %x-intercepts: make y=0 and Solve for %
ax¥+bx’+cx+d=0

* Turning point (&) : make ﬂ =0 and Jolve for T
substitute x-value(s) into the
equation to find the y-coordinate (£)

+ Point of inflection: make “o¥ =0 and colve for
tubstitute x-value(s) into the
equation to find the 5-cmrdinnl‘-=fﬂ

ee———— TN

PRO-TIPS

One TP: {J or H

Two TPe:the Pol is exactly
halfway between them

one TP:the Pol it the some
point

"
‘;::‘ “Pal” is an abbreviation for "point of inflection™.

[Miss Angler
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Worked example (C)

Draw the graph of f(x) = x¥ — 6x* + 9x — 4, showing all intercepts with the axes, turning
points, and inflection points.

ot b el il thas U tx with 1 ;

FUaD = 33 eute wmy— T

2-intercept (£): make y=o
2 -fx'+ 9% -4 =0 Thiz it a cubic eguation.
(z-)(x*-5%+y)=0 To get the firet bracked, subrtitute m-values into
= the a.:lruutinn ekl you get one that maker the
1 equation true (= o). Start with T =1, then x=-|,
and -x* -85x! = -gx? =9 T==1 and S0 On.
1f =, is the firet value that works, then (T-T)
it the first brackeb.
We then ufe the first brocket to determine what will be in the fecond bracket.
Firgt termg: what must we multiply % by to get x*?
Laxx*=x? I x? it the fireb term of the gecond bracket,
Last terma s what mudt we multiply -1 by to get -y
=1 Xl ==4 . +4 iz the latt term of the fecond bracket.
Middle term: look at the x'-term in the cubic equation, - gx2.
If we were to multiply out the two brackets, we would geb an z'-term
by multiplying the last term in brocket | by the first term in brockes 1.
-1 x % = -2
Ne need -6x?, 30 we need anobher - S5%.
The other product that will result in on *-term iz the first term in
bracket | and the middle term in brocket 2.
What must we mulbiply = by to get -5x*?
xx (-8%) = -5x 2 -5% is the middle term of the second brackeb,

f‘:-l}{!:-'-'ﬁmi-ﬂ =0 MNow factorize the gecond bracket os well.
(-NT-1NZ-) "0 Tf %-1=0, then %=1, and i T-i =0, then T=y.
=l or Tl Notice that there are two (=-1) brockets.
L (o) (y;0) We con call the x-intercept (i;0) a DOUBLE
T~ intercept, which meand that it v alio a
turning point.

Miss Angler
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MNext, caleulate the coordinates of the turning point(s):

Turning poirt (£): £(%) =0 Find the derivative of the original equation
x'-11%x +9=0 and folve for . You can do thid b:ﬂ Fu:t.nrf-uing
xl-px+3 =0 or h3 ulir‘-a the quadratic formula.

(x-33x-1N =0
=3 or W=l Mow subititute these valued into the r,q,uatinn

H""I' Y=o to calculate the H—Lmrdlhntu of eath t-urnin&
8-y (00 point.

N double x-intercept

Lastly, if the question specifies, calculate the coordinates of the point of inflection:

Point of inflection: f'(z)=0 This i¢ ons methed for finding the point of inflection.
6xT-11 =0 The other methed i¢ to Tind the poinb utﬂbﬂlj
6x =11 halfway between the two turning peints, (1;0) and
x=2 (3;-1), which iz [2;-7).
®=3

s [5-2)

You can now draw the graph. You do not have to draw it to scale but you do have to label
each point that you are plotting with both coordinates:

g4 PRO-TIPS

If you are struggling
to visualise the graph,
draw a double circle
around the turning
» points as that will
remind you that the graph
has to turn at those

points.
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Worked example (C)

Draw the graph of g(x) = —x* + 6x% — 12x + 16, showing all intercepts with the axes, turning

points, and inflection points.

Start by calculating the intercepts with the axes:

§-intercept :

—
gtt".l = -4 G -1+ 16 Co;16)

w-intercept (¢) : make y=o0
-+ ex-122+16 =0
2 -gx'+ 12z -16=0
(%-p)(=*-22+4) =0
i i ]
=
= -6x?

The first x-value thot moked the equation true
W m=y s.the firet bracket iz (T-y).

The second bracket hoi no golution.

A=bt-pac = (-220-u0008) = =12 , and we
know that if A<o, the equation hot non-real
rootd . no real gelution.

%=4 or no real golubion There is only one -intercept.

o (y;0)

Next, calculate the coordinates of the turning polnt(s):

Turning point (s): g'(x) =0
-3%'+ 12%-11 =0
rl-yx+y=0
(e-1)(%-2) =0
w=1
=8
v [2;8)

Moke Sure to find the derivative of the
ORIGINAL funttion, not a simplified verdion

of it.

Jince we are Eatt-l'nﬂ two (x-1) brackets,

Wt un13 have one Wrniﬂﬂ point. It 14 a double
turning point 20 it will be the point of
inflection ad well.

Remember to substitute T=2 inte the nrisinnl
equation to get the y- coordinate.

Lastly, if the question specifies, calculate the coordinates of the point of inflection:

Point of inflection: 3“ (z)=0
=g+ 1i=s0
-gx=-11
x=1
y=t
{258

A predicted, the point of inflection v olio the
turnin.a point. You don't have to de these
calculations if you realized thiz durinﬂ the
turninﬂ point calculation.
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You can now draw the graph. You do not have to draw it to scale but you do have to label
each point that you are plotting with both coardinates:

PRO-TIPS

Since this graph only has
one stationary point

(turning point and point of

inflection), we draw a short flat
section on either side of that

point to indicate that the

concavity changes at
3 % that point.

|Mizz Amgler
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Discussing first and second derivatives of
cubic graph equations

First derivative

The first derivative of any equation is equal to the gradient of that equation at a
specific point.

It is therefore directly related to whether the corresponding graph is increasing, decreasing
or has a stationary point (a turning point where the derivative is equal to zero).

Let’s think of a straight line:
It the gradient (m) is positive, that line is increasing.
It the gradient (m) is negative, that line is decreasing.

The same concept can be applied to any graph.

In the case of a cubic graph, as shown below, in the section(s) where the first derivative
{(m) is positive, the graph is increasing.

In the section(s) where the first derivative (m) is negative, the graph is decreasing.

Where the first derivative (m) is equal to zero, the graph has a turning point.
It the graph has two turning points, the one with a higher y-coordinate is called the "local

maximum turning point”, and the one with a lower y-coordinate is called the “local minimum
turning point”.

Local
maximum
TP
f'(z)=0

nnr.ru-rin3

Increasing £ lx)<0

f'ilxd>»0

Incrn:ina
f'(x)>0

f'lx)=0

Local
minimym
TP

To test whether a turning point is a local maximum or minimum, you can use the first

derivative test:

If the first derivative is positive on the left-hand side of the peoint, and negative on the right-
hand side, it is a LOCAL MAXIMUM TURNING POINT.

If the first derivative is negative on the lefi-hand side cf the peoint, and positive on the right-
hand side, it is a LOCAL MINIMUM TURNING POINT.

Miss amgler
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Second derivative

The second derivative of a function is related to the concavity of that function.

A function is concave up where the second derivative of that function is
positive.

A function is concave down where the secoend derlvative of that function is
negative.

A function has a point of inflection where the second derivative of that
function is equal to zero.

A point of inflection is the point where a graph changes its concavity, which means
that the graph is concave up on the one side of the peoint and concave down on the
other side.

If a graph has only one turning poeint, that point will also be the point of inflection.

In order to show that, make sure that you draw a short flat section on either side of the
paint of inflection.

To remember:
Concave up like a CUP

Concave down like a
FROWN

There is therefore ancther way of testing whether a turning point is a local maximum or
minimum turning point:

If the second derivative Is positive at the x-value cf the turning point, that means that
the graph is concave up, so it would be a local minimum turning point.

If the second derivative is negative at the x-value of the turning point, that means that
the graph is concave down, so it would be a local maximum turning point.

Miss amgler

77

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

Comparing the graphs of a cubic, its derivative and its

second derivative

*., Note the following:
If f(x) is a cubic function, then f'(x] is a quadratic function (parabela)
and f'(x] is a linear function (straight Lline).

You have to be able to relate the three functions to each other, and to answer
questions about all three even if only one of the functions are given.

Here is a summary of how the three graphs are related to each other:

Cubic Parabola Straight line
f(x) =0 | x-intercepts
f(x) >0 pogitive
f(x) <o pegative
fllx) =0 |turning peintd | %-intercepts
f'(x) >0 intreaging pogitive
£'{x) ¢ o —W nqnl:.i'm
f*(x) =0 |pt of inflection] turning point | x-intercept
f'(x)>0 concave up Inmg;i_rg pogitive
f"(x) <0 | concove down | decreaging pegative

From the graphs drawn alongside, we can see
that:
« The cubic graph has turning points at x = -]
flx) and x = 3, where F(x) = 0. This is also where
the parabola has its x-intercepts.

= The cubic graph has a positive shape. That
rmeans that the parabola also has a positive
shape, and the straight line also has a
positive gradient.

» The cubic graph has a point of inflection at x
= |, where f(x) = 0. This is also where the
parabola has a turning point (remember that
we can find the turning point of a graph by
making its derivative equal to zera). This is
also where the graph of (x), the straight
line, has its x-intercept, where f"(x) = 0.

X

The cubic graph is increasing where the parabola is positive (above the x-axis), where x
<-larxs 3.

The cubic graph is decreasing where the parabola is negative (below the x-axis), where
lex<d.

The cubic graph is concave down where the parabola is decreasing and where the
straight line s negative [below the x-axis).

The cubic graph is concave up where the parabola is increasing and where the straight
line is positive (above the x-axis).

|Miss Angler
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Finding the equation of a tangent to a curve

A tangent is a line that touches a curve at only one point, called the point of contact.

There are two types of questions that are frequently asked in the final exams:
|.Finding the equation of a tangent to a curve at a given point.
2. Finding the equation of the tangent to a curve with maximum/minimurm gradient.

when finding the equation of a tangent to a curve, and the equation of the curve is

given, follow these steps:

1. Find the derivative of the equation of the curve. This will give you the gradient of the tangent to
the curve at any point.

2. Now substitute the x-value of the point of contact into the derivative. This will give you the

actual
gradient of the specific tangent.

3. Now substitute the x- and y-coordinates of the point of contact into the straight line equation in
order to find the full equation.

Worked example (C)
Find the equation of the tangent to f(x) = 2x? + 3x? — 12x at the point where x = 2.

flx) = 1+ 3x'-11x

F'lx) = 63*+ 6T - 12 Firet find the derivabive of the funotion, then substitubs

m={(1) the =x-coordinate of the point of contact into the
= g3+ 6f2) =12 derivative to Hit- the valug of the 3-"mziznt of the tangent
L 'IHI_

e 3 HE'Jq.'.l'.--I-i: pr H-H. :'J.lq.l':']:r-tﬂ Now Subsbitute the point ef contact
Sub in (2;4): Sub in (2;4): into either one of the ttraight line
= 2ul2) +c y-4 = 24(=-2) formulae and write the equation of
G =-hy y = T = g the tangent

oY -y

The tangent to a curve with the maximum/minimum gradient is the tangent at the point of
inflection.

If a tangent is drawn at this point, that tangent will have the steepest possible gradient.

+ For an increasing line (a line with a positive gradient), the steepest gradient will be the highest
value, in other words, the steepest gradient will be the maximum gradient.

For a decreasing line (a line with a negative gradient), the steepest gradient will be the smallest
negative value, in other words, the steepest gradient will be the minimum gradient.

In these questions, the point of contact will not be given. You will have to remember that
the point of contact is the point of inflection.
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Worked example (K + C + P)

The graph of g(x) = ax® + bx* + cx, a cubic function having a y-intercept of 0, is drawn below.
The x-coordinates of the turning points of g are -1 and Z.

H..l

’ %
Worked example (K) ¥
1. For which values of x will g increase?
: -lex<] This graph i¢ increasing between the turning points.

or =1£% £2 If the question simply gags " increading” , you can
decide to either include or exclude the turniﬁﬂ points.
If the question gaid "striotly increasing”, we would
have to EXCLUDE the turnih‘j points.

2. Write down the x-coordinate of the point of inflection.

=1+32 : '
ak fince we don’t have the equation of the graph, we can

'!' unl& find the %-value halfway between the ‘t-urning points.

x

‘ 3. For which values of x will g be concave down?

T > i' This Hru-ph 1§ concave down on the ri_ﬂht—h-und Jide of the
point of inflection

Worked example (C)
< 4.1f g'(x) = —6x* + 6x + 12, determine the equation of g.
5'[1'} = -6x'+6x+12 The derivative of g is given,and we
g'(%) = 3a%* + 2bx + € gan alfo find the derivabive of the

equation of g(x) = ox? + bx?+cx.
30=-6 and 2b=6 and G=i2 These two expressions for g'(x) are

a=-1 b=3 equal, Jo we can equate the coefficienty
of the same terms to <olve for a,b
® i
Yogle) = -2%% + 3%’ + 122 and G.
|I-'|Inﬂ.n-|;|llr
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T

Worked example (P)

' 5. Determine the equation of the tangent to g that has the maximum gradient. Write your answer
in the form ¥ = mx + c.

- g'lm) = -gxt+ 62412

=

ety
B = + G + 11
A

Point of contact: -‘i’

y: _-?:_l () +3(H)+ n(d

w

The gradient of the tangent is the derivative
of the curve at the peint of Conbact.

The tangent with the maximum Ernditht- is

at the pomt of infleckion, which is at = = 4.1'

;%)

We don’t have the y- coordinate
of the point of inflection, fo we
have to subsbitute =T into

Ghe equabion of the cubic graph.

Now gubdtitube the pont of contack
nto either of the straight line
uq,uutr'nn.t to find the equabion

of the tangent.

Gluestion source: Grade 12 K5C November 2020 Paper 1
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There are two different forms of a cubic graph equation, standard
form and x-intercept form.

If the x-intercepts are given, you need to use the x-intercept form.
Your final answer should always be left in standard form.

—intercapt:
Standard form: y= ar’ +bxt+cx+d” ¢ (0;d) i

- intercept form: y = a(®-xz)(x-%2)(2-xs)
(x,;0), (x3;0) and (Xy;0) are T-intercepts

Worked example (R)

Determine the equation of the cubic function shown below, if it has x-intercepts of (-3, 0) and
(2; 0) and passes through the point (3; —6).

H= ﬂ[ﬂ--‘lﬂfﬁ-ﬁ;ﬁfﬁ-ﬁ]} Both T-intercepts are siugnl 0 wWe uie I-intnt.-l't.g:pt- form.
= al z+3)(z-2)(z-1) Since (2;0) it olso o turning point, it is o doubls -inbercept

Lowe will have two (2-2) brackebd.
Sub in (3;-6):

-e=al3+3)(3-103-2) Now tubstitute the other point inte the equation and

-&= o solve for a.

sa = =1

LyE- (m+2)(%-2)(x-2) Make sure thot you multiply the brackets out go
= (-x-2)(x" -2+ ) thet you can leave your aniwer in standerd form.

= - ol gzt e -3+ 12212
y=-xt+ot + iz

Miss Angler
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Worked example (C)

¥ = x' + bx* + cx + d has turning points at (0; 4) and (2; 0).
Determine the values of b, c and d.

{o:n)

& / (o) )

-
-ﬂ-int:fﬂjﬂ’l s dz= g The y-coordinate of the y-intercept it the d-value.
» y = w4+ belrewt
At turnin’ pointd : % =0 We hove one x-intercept only,fo we con't use

Ix*+ab +¢=0  :-intercept form.Since we have both turning
points, we con use the dervative
Remember that the derivative it a.q'yul to Fero
at the tumins pointd,

Sub in Cojud: 3(0)*+2blod+c=0 Now gubstitute the coordinabes of the turning

¢x0 points into the “derivative = 0" formula.
Lys xd + bty In this case it wasn't necesiary, but you might
have o JSelve equabions simultaneoudly.
fub in (2;0): 0= (23} + blaY'+ y we will look at thi¢ in the exam type questions.
=12 = 4b
b=-3

ey = xt-amte g

Miss Angler
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Let's look at some mixed exam-type questions!

Worked example (P + R + C)

Sketched below is the graph of f(x) = x* + ax® + bx + c.

The x-intercepts of f are at (3; 0) and M, where M lies on the negative x-axis.

K(0; —3) is the y-intercept of f.

M and N are the turning points of f.

Worked example (P)

I

. 1. Show that the equation of [ is given by f(x) = x — x* — 5x — 3.

fle) = 23+ ax+ bx +¢
T-intercept form:
4= (- (x-3)
Sub in (o;-3):
-3 = (0o-kY (0-3)
-3 = -3k?
- k2 =l

k=ti
M hai a ntﬂut-iu x-value
s M(-150)
Lys= (c+1)? (2-3)

= (x*+ 2%+ 1)(x-3)

=l -3 + 1 -6 + -3

flx)s d-2'-5%-3

Two =-intercepts are given, one of which 4 a
wrning poinb, §0 a double x-intercept.

We can ute the x-intercept form and introduce
another variable to represent thot =-intercept.
NMow subrtitute the other point given, point K,
and felve for that wvariable.

We are geting twe possible solutions for k, but
gince it it given that M ha: a negative w-value,
we need %o felect x=-L

NMow substitute that x-intercept into the
%-intercept form and multiply the brackets out.

Miss Angler
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Remember that even if you weren't

Worked example (R) able to answer question 1, you can
: still use the given equation for fin
. 2. Caleulate the coordinates of N. the following questions!

N: humina point
(%) =0:
axt-1x-5=0

N it a turnina pnint- Jo we have to maka
the derivative of the equation esqual to
#ero and golve for @

(e+1)(3%-5) = The z-value of M s -1, $0 the x-value of
%=-| or m= Nis
N:% = Substitute that 2t-value into the equation
] 1
ys t'!' - (*} -!(‘i’) -3 1o Et.'h the H-cnurdinut—c of the point.
=

:.H-f‘i:; :%

" 3. For which values of x will f(x) < 0?

flx) <co: The graph is ncﬂntfﬂ where it liet BELOW the T-axis.
%<3 jXF-1  We have to exclude point M where = =-|, a5 the graph
i# EGUAL to zero at that peint.

4. For which values of x will f be increasing?

-
o

f incru.:ina-. The graph is increasing where it has a positive slope.

TE=l or TH> You cen decide to include er exclude the turning points.
OR -] or XZ 3

v* 5. For which values of x will f be concave up?

f concave up: This Hruph i¥ concave up on the riaht-—hﬂnd
Point of inflection ot f"(x)=0: side of the peint of inflection,so we first
6x-1=0 have to calculate the =-value of the point
bx =1 of inflection.
'I,.‘l

A o
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Worked example (C)

6. Determine the maximum vertical distance between the graphs of f and f' in the interval

-1<x<0.
Distance between graphs The distonce between two grophs can be found
= xd-nl-5x-3- (32'-1%-5) by subtracting the equation of the one graph
= 33 x?-Ex-3-3% 422 +5 from the other.

= ml-q:p‘- iT+1

Maximum disbance: D' =0 To maximite / minimite a quantity, make the
3z -8x-~3=0 derivative of the equation of that quantity
(x-3)(3x+1) =0 equal to zero. Then ¢olve for 2.

=3 or =" Choose the correct =-value based on the
but -j<%<cg %= "!‘ cendition ﬂiwr.n.
> Maximum distanoce Mow gubstitute the correct x-value into

= f"l‘)‘-u('ﬁ'-af-#}u the formula for the diftance between the
= units two graph: to determing the moximum
or 2,52 units distance.

This question is an application question, under the topic of
Optimisation.
We will Look at more of these types of questions in the next
section.

Question source: Grade 12 NSC November 2022 Paper 1
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Question type 4:
Applications of Calculus

There are three types of application questions that can be asked:
1. Optimisation (maximum or minimum values)
2.Rate of change
3. Calculus of motion

These three types of application questions are often mixed together, and are also
mostly tested in unseen/problem-solving contexts, which makes it quite difficult to
prepare for.

We will simply summarise the basics and then work through a few examples so that
you can see how this section has been tested in the past.

Optimisation

Optimisation is the process of using derivatives to find the maximum or minimum values of a
certain quantity.

These questions often require you to do the following:

1. Interpret givern information to determine a formula for the quantity that is being

optimised.

2. Make the derivative of this formula equal to zero and solve for the variable in the formula.

3. Substitute the value of this variable into the original equation to determine the actual
maximum or minimum value of the quantity that you are working with.

Rate of change PR.O"TIPS

« Sometimes the first part of the
question is a "show that” question,
which is meant to help you.

* The examiner is essentially giving you

The rate of change of any quantity with respect to
another, is equal to the derivative of that quantity.

For example, the rate at which the volume of a the formula in the question, so that,
tank of water is changing over time, is equal to the even if you are unable to get to that
derivative of the volume with respect to time. This formula, you are still able to use it in
means that, in the formula for volume, the variable the next part of the question.

will be "t", for time.
To find the rate of change at a specific time, you

would have to substitute that specific time into the
derivative expression.

K};‘This section is not often tested in final exams.

|Mliss Amglar
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Calculus of motion
Any questions relating to displacement (distance from the starting point), velocity
(speed) and acceleration are classified as "calculus of motion” questions.

Displacement is calculated using a formula that is given in the question.
VYelocity is the first derivative of the displacement formula.

Acceleration is the first derivative of the velocity formula, or the second
derivative of the displacement formula.

Even if you are finding a negative value for any of these, you do not have to explain why
the answer is negative.

Worked example (P)
Given f(x) = x?,

Determine the minimum distance between the point (10;2) and a point on f.
10 Caltulate The QHTARCE DETWEEN TWO pankl, We Nead the coordnoted of thole pombd

and the dirtance formula.

fince they didn't give ui the Coordinabes of the fecond point, we have to work with a
Sm:fa'.lud expresgion for the coordinater of any point on the function flx)=x3

If the z-value of any poink on thia function i3 T, the y-valus will ke o, af vhat i the

equation

Distance between (0;2) and (x; FUxd)

= (2 22)
D=4 (0= 4+ (228" We now write @ formula for the diztonce between
= 100 - 20% + %" + llr-l.i!l:i-r-'-'l-‘ theie two peints uiing the dirtonce formula.
= (2% - 3% -20% + oy
b* = 2% - 3% -20% + oy fince we aore Hu.ir-g to find the derivative of this
expredaion, we need %o square both fidw to get rid
of the Sgquare root.
We can do thisr becouie the x-value thet will reqult
in the minimum (distonced® will alio redult in the
minimum diftance.
Minimum 0* ¢ (D*) =0 For maximum /minimum: make the derivabive
4P+ 6x-20 =0 of the txpression for dittance =0 and Jolve
12 -3%-10 =20 for %

(z-2Y(2x* + yz +5) =0
=7 or A=y-u(2Xs)
B -‘]H.
. na real golution

«. Minimum dictance
= 4 7% - 3(2)" -20(2)+ oy Then substitute that x-velue into the dirtance
= 3417 wnits or &,25 units formula,

Cuestion source: NSC Grade 12 Movember 2022 Paper 1
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Worked example (P)

O is the centre of a semicircle passing through A, B, C and D.

The radius of the semicircle is (x — x*) units for 0 < x < 1. 2
AADB is right-angled at O.
B
D c
0
":} 1. Show that the area of the shaded part is given by:
4 n-2
Area = (T:I f.t" - 2x* +I=}
r= (x-%*) units , 06X, The sector of the Jemitircle that
Shaded area = area of segment - area of A includer the fhaded area it § of
= 5 = T O a full circle a4 9" is & of a fun
= ‘:'I'r‘ -%n 360" revolution . i x wr?

The area of a & it f! base x L hr.ight.
The bate and L height are both equal
to the rodius,

. E_r‘ (w-12) Replace r with the given radius,

= ¥ (x-2t)* (m-2) - and toke out JE ai a common
= TI‘;] fm_.:'l}’- tactor.

. (l'rl [(x*-22"+ x*) Then rewrite the expression ro tha¥ it is

squal to the given expredpion.

I'\-

%’} 2. Determine the value of x for which the shaded area will be a maximum.

Maximum area '%_“:t{l A'=0:

Remember that —§ is a number. We could have multiplied it into the bracket in the
formulo for area, then derived each term separately, before then dividing each term by
the common factor.

We would £6ill have been 1eft with the derived :Egreniun in brackets.

The quicker method iz to leave the condtant ﬂT outside the brackets and gimply
find the derivative of the terms in brackets.

(E2) (- awrerad o

hxi-63'+ 21z =0 Divide each term by 2 to simplify the equation.

923 -3%'+ T =0 Mow factorize the equation and determine the three pessible
w{1x!-3%+1) =0  solutions.

% (2% -1)(x-1) = 0

T=0 or *.l:-='h' or £=1 Jince we were told thot % i between 0 and |, but
bub o<oe<i L= not equal to O or |, we have to exclude those

values from our folutions.
Question source: NSC Grade 12 May/June 2021 Paper |
Miss Angler
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Worked example (C)

After flying a short distance, an insect came to rest on a wall. Thereafter the insect started
crawling on the wall. The path that the insect crawled can be described by:

h(t) = (t — 6)(—2t* + 3t — 6), where h is the height (in cm) above the floor and ¢ is the time (in
minutes) since the insect started crawling.

1. At what height above the floor did the insect start to crawl?

h(#) = (t-6)(-2%* +3%-6) When the insect just starts growling, no time has
h(o) = (o-6)[-2(0)'+3(0)-6] possed i make t=0,
= 3gcm This is alse calied the initial displacement / height.

o 2. How many times did the insect reach the floor?

hit) =0 When the insect reached the Floor, the height
(t-e)(-2%8*+3t-¢) =0 gbove the floor i¢ Ocm.
t=6 or -2*+3t-c:=0 ~-Make the height equal to zero and Jolve
A= (30 - yl-2d(-8) for ©.
= =39
. no real solution
One solution

o« Tht insect reached the floor once.

3. Determine the maximum height that the insect reached above the floor.

h(t) = (t-e)(-2t*+ 3t-¢) Thit expression iz not derivative -ready,
= =26 + 3t - 66 + 126% - 186 + 3¢ Multiply the brockets out firet and
= -2+ 156" - 248 + 36 gimplify the expreddion o thet we can
apply the power rule
Maximum height: h'(t) =0 For maximum /minimum: make the derivative of the
-6t +30b -2y =0  expression for height =0 and Jolve for ¢
t1-5t+ =0
(t-w)(t-1) =0
t=y or t=I

h(l:l-=-‘.'lfh'fl"+|5[ﬂ'—iqfﬂ+ﬂ Logic thould tell usr that if the ingect iz walking

= 51cm up the wall, it will be higher up ofter i seconds
h(D = =20 +15(10* - 2400+ 36 than | second.

= 16¢m If you are met Jure, you can gybstitute both
- Maximum height = 52cm valued into the formula for height and then

Jelect the maxmum huishl;.

Question saurce: NSC Grade 12 November 2019 Paper 1
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COUNTING PRINCIPLE &
PROBAGILITY

In order to achieve maximum marks for this section, you need to
be able to:
+ Use the counting principle to calculate numbers of combinations, as
well as the probability that certain combinations will occur.
» Use the basic formula for probability to calculate the probabilities
of single or compound events.
» Be able to differentiate between "and" and "or" questions.
+ Use the probability identity to calculate probabilities, and to
determine whether events are independent and/or mutually exclusive.
+ Complete Venn diagrams using given information and calculate
probabilities using those Venn diagrams.

Probability is the last section in your exam, and also one of the smallest
sections.

It is very difficult to fit all of the content into 15 marks, so this section is
usually split up into two questions:
1. & question testing basic probability knowledge, using the probability
identity or Venn diagrams.
2. A question testing the counting principle.

Let's look at the basic knowledge that you need to have and be able to apply for this
section!

Calculating the probability of a specific event occurring:

If we are calculating the probability of event A occurring, we must use this formula:

p(A) = NCAY - _ number of outcomes in event A
n($) number of outcomes in sample space

eg. If we are rolling a six-sided die, what is the probability of the die landing on an
odd number?
There are 3 outcomes in the event (1; 3; 5). This is n{A) = 3.
There are 6 outcomes in total (1; 2; 3; 4; 5; 6). This is n(S) = 6.
The probability is therefore 3 over 6, or 0,5, or 50%.

Miss Angler
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Applying the Probability Identity

The Probability |dentity is an equation that is always true, which is why it's called an
“identity”.

This equation provides a method for calculating either the NUMBER of items in the union of
two events, or the PROBABILITY of randomly selecting an item in the union of two events.

The union of two events is the same as the "OR" section, in other words, the probability of
either one OR the other event occurring.

This identity also provides a method for calculating any of the other values in the identity, if
the other three values are known.

The Probability Identity is as follows:

NUMEBERS
n{A or B) = n{A) + n(A) - n(A and B)

PROEBABILITIES
P(A or B) = P{A) + P(B) - P(A and B)

To make sense of this identity, let's lock at the visualisation of the identity in the

Venn diagrams below.
A 8 A 8 A 8 A 8
ALK DIMIC INICD,

AorB A B Aand B
(all items in (all iterns in A (all items in B (this intersection
both A or B highlighted, this highlighted, this was added twice,
highlighted) includes the Includes the so must be
intersection of A intersection of A subtracted to
and B) and B) equal the "or"
section)

PRO-TIPS

If a2 question states more
than one probability
value in decimal form, you
are most likely going to
have to use the probability
identity.

|Mizz Amgler
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Working with Venn diagrams

You need to be able to do the following types of Yenn diagram questions:
« Complete a Venn diagram using given information
« Calculate missing information from a partially completed Venn diagram

« Interpret a Venn diagram to determine whether two events are mutually exclusive
or independent

« Do probability calculations bazed on a completed Venn diagram

In order to do these questions, you have to know how to describe certain sections
of a Venn diagram.

Here are some examples of shaded sections along with their descriptions.

o

AorB A and B
A only B only Meither A nor B Not A
A B A B A e
¢ c c
AorBorC Aand B and C B and C but not A
PRO-TIPS
Instead of writi ot A),
A riel m:‘tg, :{{L I Mow let's look at some examples of
The dash on the outside of the questions that require this knowledge!
brackel negates everything inside
the bracket.

Mate the difference:
P{not A or B) = P(A’ or B)
P{neither A nor B) = P{A or B)

|Mizz Angler
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Question Type 1:
Probability basics, Probability Identity and Venn diagrams

Worked example (R)

The school library is open from Monday to Thursday. Anna and Ben both studied in the school
library one day this week. If the chance of studying any day in the week is equally likely, calculate
the probability that Anna and Ben studied on:

3 1. The same day

P ( same lluﬂ',l |
= P(Mon and Mon) + P({Tuei and Tues) + P(wWed and wed) + P(Thurs and Thur.r:ln‘!')

(FxDD+G*PD+(HFxHD+(Fx D
3

non

i
*

P (same day) = _:L

e
-
}

o
d-l-'

" 2. Consecutive days
: P{ consecutive duﬂﬂ

= £
e

_ 3

]
Questian source: NSC Grade 12 November 2017 Paper 1 PRO—TIPS

Mutually exclusive events
are events that cannot occur
at the same time, so the two

Worked example (K) events CANNOT overlap.

Given: P(A) = 0,45;P(B) =y and P(AorB) =0,74.
Determine the value(s) of y if A and B are mutually exclusive.

Mutually exclusive .. P(A end B) =0
P(Aor B) = P(A) + P(®)
0,74 = 0,45 + 5
H = ﬂ'TI Cluestion source: NSC Grade 12 November 2018 Paper 1

Miss Angler
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Worked example (C)

Events A and B are independent. F(A) = 0.4 and P(B) = 0, 25.

"
“:— a i = : . a
% 1. Represent the given information on a Venn diagram. Indicate on the Venn diagram the

probabilities associated with each region.

P(M) =04 and P(B) =05
Independent events the two event
> PLA and B) = P(A) x P(R) bhid
= 0,4 %X 0,15 ¢ ;
= 0,1

A B

)

0,45

If two events are independent,
then the fallowing is true:
P(A and B) = P(A) x P(B)

x'} 2. Determine P(A or NOT B).

an

‘* PRO-TIPS

A B PCA or not B)
@ Sl We have to include all the
=08 values in A, as well as all the
0,45 values in NOT B.
These values are all highlighted
in the Venn diagram.

Cluestion source: NSC Grade 12 November 2019 Paper 1
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Worked example (C)
An organization decided to distribute gift bags of sweets to a Grade R class at a certain school.

There is a mystery gift in exactly i of the total number of bags.

Each learner in the class may randomly select two gift bags of sweets, one after the other.

7

The probability that a learner selects two bags of sweets with a mystery gift inside is T

Calculate the number of gift bags with a mystery gift inside.

P(gift and gift)
= P(gift at first draw) x P(gift at gecond drow)
= J.; x P(gift at second draw)

¥
= 'k X P(gift at second draw) = Tt
Plgift ab second draw) = 5%

. PLgift ot firet drew) = TE:'

< There are |6 bags with a mg;':-l.r3 aih- ingide.

Cwestion sowrce: Grade 12 N3C MHovember 2018 Paper 1

PRO-TIPS

This question seems very complicated at
first, as Is the case with many probability
questions.

Make sure that you are able to Identify the
relevance of the information given, and
then try to think about how the information
can be used to get to the answer.

[Miss Angler
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Worked example (C)
A and B are independent events. It is further given that:
P{Aand B) = 0,3 and P{only B) = 0, 2.

& 1. Are A and B mutually exclusive? Motivate your answer.
PCAand B) =0,3 and Plonly B)=0,2

A ond B are not mutually exclusive.
P(A and B) 2 0

Two events are mutually exclusive if they
et '

cannot occur at the fame time

Thi¢ means that P{A and B) = 0.

? 2. Determine Plonly A).
P(A and B) = 0,3 and P(only B) =0,2
LP(BY=03+02
= 0,5

To get PCA), we first need to find

]
5 B i = - & - P
FLE) fo that we can then wuie the foct

" | |- 1 B ¥ . 2 r
B are independent eventd

A and B are independent events that A and
% PCA and B) = P(A) x P(B) PC®) = Ponly B) + PCA and B)
0,3 = P(AY x 0,5 '
PCAY = 0,6

2. PCA only) = P(AY - P(A and B)
= 0,6 -0,3
= 03

E 3. Determine P(not A or not B).

1f you are .3.truﬂglmr5 te vidualite a question, it con help to drow
fdither A mar B

a Venn diagrom
B B PCrot A ﬂI: not E".' e - Ehe i;rah:l:.;-:_t_ .r:.l_t]idl the
e = P(not AY+ PCnot B) = P(not A and not B) W cifoled
= (0,24 0,2) + (0,34 0,2) - (0,2)
0,2

" neither A nor B8

"MNot A" is made up of "B only” and
“neither A nor B

"Not B" is made up of "A only” and

Question source: NSC Grade 12 November 2021 Paper 1

Miss Angler
o7

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

Worked example (R)

A, B and C are three events. The probabilities of these events (or any combination of them)
occurring is given in the Venn diagram below.

If it is given that the probability that at least one of the events will occur is 0, 893, calculate the
wvalue of:
1. ¥, the probability that none of the events will occur
P(at least one event) = 0,893 Plat leatt one event) - P{none of the
I-§ = 0,893
H = 0,107

'h:..
,}} 2. x, the probability that all three events will occur

%=1-005-05-0050-0,1-01-0,I83~-0,10T Lf only onhe valus in the Venn diagros
= 0,16 it unknown, that value can be

e T

E 3. Determine the probability that at least two of the events will take place.
v

A

i i
o § i o T ; .
M ThRe YERN olaC m and i i |

jireogy calculateda

P(at least two events) ‘At least two events”
= 0I5 +0,1% 0,2+ 016 include the gections where

8,167 = 0,6l two events overia

Miss Arglar
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D 4. Are events B and C independent? Justify your answer.

Two eventd are independent if P(B and C) = P(8) x PLC).

P(B and C) = 0,l6+ 0,2 These are the probobilities in
= 0,36 the Jection where B and

overiap.
P(®) x P(C) = p,643 X 0,56 PLBY = 0,14 0,16+ 0,2+ 0,183
= 0,36 PLCY = 0,15 + 0,05 + 0,16 + 0,2
2.PLB and Y = PLB) x PLC)
..B and C ore independent events

Qwestion source: Grade 12 N&C Movember 2022 Paper 1
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The Fundamental Counting Principle is a rule that we use to calculate the total
number of possible outcomes for a certain event.

If there are m ways of doing something, and n ways of doing another
thing, then there are m x n ways to do both of these things.

Eg. if you have 3 pairs of pants, 4 shirts and 2 pairs of shoes, you will have
3 x 4 x 2 = 24 possible outfits (combinations of pants, shirts and shoes) to choose
from.

When using the Fundamental Counting Principle, it is useful to use the SLOT
METHOD.

1. Identify how many slots there are and draw a line to represent each slot.
Eg. if you are told to make a 3-digit code, there are 3 slots - each slot represents a digit.
In the example above about outfits, there were also 3 slots - pants, shirts and shoes.

If you are told to arrange & pecple in a row, there are & slots - each slot represents a seat
in the row.

2. Identify the number of options available for each slot.
Eg. In the example about outfits above, there were 3 options for slot 1 (pants), 4 options
for slot 2 (shirts) and 2 options for slot 3 (shoes).
You would have to consider any specific conditions set on the scenario in this step, for
example, if you are told that the first digit of a code may not be a 0, as that will influence
the number of options available for that slot.

3. Multiply the number of options of all slots together.
This will give you the total number of outcomes for the specific event.

You might have to consider the following:
+ Whether items may be repeated or not (this is important when creating codes,
passwords, telephone numbers, etc.)
« When certain items have to be grouped together, and therefore form a set or unit.
+ When asked to calculate probability instead of the number of items, remember the
formula for probability that we have worked with before.

|Mizz Amgler
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Let's look at some typical exam-type questions and how to solve them!

Worked example (R)

Given the digits: 3;4;5:6;7; Band 9.

"-H
:;:, 1. Calculate how many unique 5-digit codes can be formed using the digits above, if the digits may

" be repeated.
7 435;6;7;8;9 7 digits to choose from

3
2L L Lk

+1% = 16 807 codes

%,

:}’;f 2. Calculate how many unigue 5-digit codes can be formed using the digits above, if the digits may
v not be repeated.

16543

LAIXEX5X4X3 =152 codes

3

=

ﬂ":c 3. How many unique 3-digit codes can be formed using the above digits, if:
>

o

= Digits may be repeated
* The code is greater than 400 but less than 600

* The code is divisible by 5

12731 Lax71x2 =18 codes

Cluestion source: NSC Grade 12 Movember 2018 Paper 1

|Miss Angler
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Worked example (R)

In a certain country, 10-digit telephone numbers with the following format were introduced.

Fnrl_'nat Arg_a code Em_:_ha nge :th _h_lumhe_r
Number of digits 3 digits 3 digits 4 digits
[Example 1801 |44 1230

»,  Digits may be repeated.
‘;} 1. How many possible 10-digit telephone numbers could be formed?

Jo jo 1o 10 lo jo 1o jg 1o lo The digite may be repeated , so there are |
2 10"™ or D 000 DOO 000 codes for cach of the 10 Jlots

j‘f 2. Certain restrictions were placed on the groups of digits:

* Area code: must be 3 digits and the first digit can NOTbe Dor 1
* Exchange code: must be 3 digits and the first and second digits can NOT be O or 1
*  Number: must be 4 digits and the first digit MUSTbe a0 or 1

1} 2.1. How many valid 10-digit telephone numbers could be formed by applying the given
4 restrictions?

Area code: £ 10 10 The first digit can't be O
Exchange code: & £ o Agiggadn:
Nwber+ 2 0.0 10 The #iat digh swast Ba €
T ke b wikim Sor- Sl

= | 094 000 000 codes

?‘} 2.2. Determine the probability that any randomly chosen 10-digit telephone number would be a
r valid phone number.,

PCvalid phone number)
- li ohe number
no. of possible 10-digit codes

E*x2x10° .- 1024 000 00O

0" 10 000 000 00O
B4 o 0,10
a5 , 102

Cluestion source: MSC Grade 12 Movember 2020 Paper |
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Worked example (R)

A teacher has 5 different poetry books, 4 different dramas and 3 different novels. She must

arrange these 12 books from left to right on a shelf.
T,

*; 1. Write down the probability that a novel will be the first book placed on the shelf.

a

P(novel first) = -;51-

%

E

s

;3 2. Calculate the number of different ways these 12 books can be placed on the shelf if any book

4 can be placed in any position.

ny 109 3765 4 3321

12! = 479 ool soo We see factorial notation here far the

first time.
n=nxn-NVxn-NYx ... xIx2x]

B

ﬁ"} 3. Calculate the probability that a poetry book is placed in the first position, the three novels are
V placed next to each other and a drama is placed in the last position.

L L AL b Aa Lk

P[p“try firss, drama last, noveld together)
_5xe!lxyxi3!
!
%
"

1]

Cluestion source: NSC Grade 12 November 2021 Paper 1
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Familiarise yourself with the placement of the formulae that are given on the
information/formula sheet by using this labelled formula sheet.

= —BIeb- quadratic formula
2a
Az=Pli+ni) A= PLr-mi) e PLI-AY" Ac=pli+i)"
simple growth simple decay/seraight bine :-n-npﬂni de .-"rtilim,j compound growth
depreciation belance depreciation
To = a4 (n-d Sn= ¥ [20+ (n-0d]
arithmeticr term formula arithmefic: sum formula
aLrh -l a
‘1.=.rn-r $.=_(Fli”” -E-"ITT. '._-l-tr:l
!tﬂnttﬂh“rm Formula am;tri::nm farmula sum Th infiniby

t!;l-fl-ii.'.'l-']
F = iLfl"':l-}.'il P =

dr
£ predent valis annuities
futurt walut anfaitied

'F{'*"‘:}‘F derivative by first principles

F'lx) = lim
h=0
d = (Tn¥s (o gy n(Sfh; Ath)
dirtance formu midpoink formula
= mx+C y-4 = miz-2) m;H M= tane
straight kine squations gradient fermala angle of inclination

(x-a¥ + l'.'..,-h']' =r'  pquation of o circle

InDABC: Tok  TE TG 0= b+ -2bc.cas A area AABG = T ab. gin C
Sine rule codine rule area rule
gin (4 f)= ginw. cof p + cos =. din P gin (=-BY) = ginw ot p - cot «. &in P
cos (% +B) = cos =. cos B - sine. gin B cos (= -p) = cos =.cos p + sin=. gin §
trig compound angle identities
Codiv = gintwm
ok 9w = ] |-25inta &in Qe = 7 Sino o = trig double angle identitied
1 coslat -
R Dl o R v gom
fﬂ- -
PAY = DRy Probabiley of PCA or B) = P(A) + PB) - P(A and B)

probability identicy

yrasbx “mr*?"::“ﬂ:‘:;ﬂﬂ“m = 2(x-%Wy-7) gradient of least squares
‘.E{bﬁ*" regression line
|Miss Argler
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