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HOW TO VSE THIS STUDY
GUIDE

PLEASE REMEMBER: This study guide does not replace your textbook or the instruction
of your teacher. Its purpose is to help make learning and revision EASY!

1. The Cheat Sheet is laid out in the same order that your final exam
will be laid out.

¢ Keep this Cheat Sheet next to you when working through past papers for
guided examples and explanations.

2. The pro-tips point out common PRO-T'P

mistakes you should be careful of
when answering questions.

3. QUESTION TYPES

Each question is labelled with its difficulty level (Look out for either K, R, C or P
next to each question!). This will help you identify the types of questions you need
to familiarise yourself with to achieve your goals and to help you prepare for your
assessments.

See the next page for a detailed explanation of the type of questions that each
difficulty level could entail.

Each section is broken up into the QUESTION TYPES that most frequently show up in
final examinations.

REMEMBER: ALWAYS USE THE EXAM GUIDELINE FROM YOUR SCHOOL WHEN
PREPARING FOR AN EXAM OR TEST!

|Miss Angler
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PAPER 2:
TOPICS & WEIGHTINGS

In your November examinations you should write two
3-hour papers for Mathematics, each out of 150 marks.

The 150 marks for Paper 1 should be split
as follows:

Statistics +20 marks
Analytical Geometry +30 marks
Trigonometry +50 marks
Euclidean Geometry & +50 marks
Measurement

EXAM TIPS

It's a good idea to write past papers under exam conditions to get used to the
time allocation. Use the mark allocations as a guide for how long you should
spend on each question. If a question is taking too long, leave it and rather focus
on completing other, easier questions first. There are quick and easy questions
and more time-consuming, complicated questions in each section. Make sure
you “bank” the easier marks and then see how much time you have left to spend
on the challenging questions. The more you practice, the quicker you will
become and the more questions you will be able to answer.

It is important to be aware that these guidelines are based off the CAPS document as
governmental papers are written at the end of your Grade 11 year. However, some
schools write their own papers and therefore their breakdown could differ slightly.

|Miss Angler
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EXPLAINING THE DIFFICULTY
LEVELS OF QUESTIONS

Any assessment you write for Mathematics should be divided into four levels of
questions according to the percentages below. Each category of question requires a
different level of understanding and approach to the question. In this guide you will
see the level next to each type of question in order to help you achieve your goals.

Knowledge (20%) - K: reading information from a diagram, identifying and substituting into
the correct formulae from the formula sheet, using mathematical facts and terminology and
reciting definitions.

Everyone should feel comfortable with this level of question. They are meant to be your
guaranteed marks so if there are any questions in this guide indicated as K (knowledge) that
you are unsure about, you are encouraged to familiarise yourself with the concepts required to
feel confident in answering all the questions of this level type.

Routine procedure (35%) - R: performing familiar procedures and simple calculations that
could involve a few steps, answering questions that are similar to those taught in class and
should be well practiced from homework and past papers.

If you are achieving less than 50% in an assessment, you need to focus on the questions marked
as K (knowledge) and R (routine) in this guide. Once you are confident in both these levels, you
can start to focus on the next level, complex procedure.

Complex procedure (30%) - C: multiple step calculations that require higher-order
thinking to solve. Being able to make connections between different representations of
information and integrating different topics.

If you are achieving more than 50% but want to achieve a mark closer to 70-80% you need to be
able to easily answer all the K (knowledge) and R (routine) questions quite quickly so you have
time to spend on the complex procedure questions. Practice all the C (complex) questions in
this guide to familiarise yourself with this type of question and write as many past papers (under
exam conditions) as you can leading up to any assessments.

Problem-solving (15%) - P: problems that are unfamiliar (unseen) but not necessarily
difficult. Questions that are asked differently from how they were in class, but can be solved
using existing knowledge on the topic.

These questions are aimed at the students achieving 80% or more and are for those trying to
achieve top marks in their assessments. You should only spend time on these types of questions if
you have confidently answered ALL the K, R and C questions in your assessment and have the
spare time to spend on these more out-of-the box style questions. If you aren't achieving 80%,
don't let these types of questions throw you off. They only count a small percentage of each
assessment.

|Miss Angler
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STATISTICS
\

o
In order to achieve maximum marks for this section, you need to
be able to:
» Be able to calculate the measures of central tendency (mean,
median and mode) of grouped and ungrouped data.
» Be able to calculate the measure of dispersion (range and
interquartile range) of grouped and ungrouped data.
o Find the values for the five-number summary.
« Draw and interpret histograms, frequency polygons and ogives.
e Calculate and interpret standard deviation of grouped data.
» Understand skewness and identify outliers.

There are three types of data groupings: ’ ‘ o
1.Ungrouped data - individual data values. LR °§°/°\o/
2.Grouped data - data values that are arranged into o\o/

intervals (usually of equal width). J
3.Bivariate data - data values that compare two — I I I

variables (regression lines are covered in Grade 12).

IMPORTANT: WORKED EXAMPLE KEY

K Knowledge: These are meant to be your guaranteed marks.

R Routine: Familiar procedures and simple calculations.

c Complex procedure: Multiple step calculations that
require higher-order thinking.

P Problem solving: Problems that are unfamiliar (unseen).

’Miss Angler
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Question Type 1:
Ungrouped Data

In ungrouped data we are given the individual raw data values as a list. The list can
be unordered or ordered from smallest to largest.

You need to be able to calculate the following measures of
central tendency and dispersion:

1.Mean - the average of all of the data values.

2.Mode - the data value that occurs the most (the value with the highest
frequency).

3.Median - the number that is exactly in the middle of all of the values, when
the values are placed in order (can be a data value or between data values)

4.Lower quartile - the value that is a quarter of the way from the minimum,
when the values are placed in order

5.Upper quartile - the value that is a three-quarters of the way from the
minimum, when the values are placed in order

6.Range - the difference between the maximum and minimum values.

7 .Interquartile range - the difference between the upper and lower
quartiles.

8.Standard deviation - the measure of how spread out the data values are in
relation to the mean.

| Miss Angler
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A box-and-whisker plot is a way to visually represent the five number summary
(minimum, lower quartile, median, upper quartile, maximum) and each section
represents 25% of the data (one quarter).

25% 25%

minin[um / I \ malmum

lower median upp?r
quartile quartile A note on notation:
¢ i Lower quartile = LQ or Q;
interquartile range Upper quartile = UQ or Q3
b ] Interquartile range = IQR
range

If data values are evenly spread, the box-and-whisker plot will be symmetrical but more
likely the data will be skewed. If the mean is greater than the median, the data is skewed to
the right. You can also compare the length of the box-and-whisker plot on the left of the
median and the right. When the data is skewed right, the right tail of the plot is longer from
the median to the maximum compared to the left tail (from the median to the minimum). If
the mean is less than the median, the data is skewed to the left and the left side of the box-
and-whisker plot is longer than the right side.

Symmetrical I |

mean=median

Skewed right

mean>median

Skewed left

mean<median

IQR = interquartile
LQ = lower quartile ~ range \ ( UQ = upper quartile

To calculate an outlier we use the following formula: (LQ — 1,5 X IQR; UQ + 1,5 X IQR)
If a data value is within these boundaries, it is NOT an outlier. If the data values is smaller
than the minimum boundary or larger than the maximum boundary, it is an outlier.

|Miss Angler
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Worked example

An ice-cream truck was interested in the age of its customers so they decided to record
every customer’s ages over a weekend. The results are recorded below:

32 | 34 | 33 |18 [ 28 [ 24 | 28 | 21 | 26 | 25 | 23 | 28 | 14 | 16 | 21

Determine the following values:

é E Mean

¢ 32+34+33+18+28+24+28+21+26+25+23+28+ 14+ 16 +21

15
371 o To calculate the mean, add all the numbers together and
T divide by how many data values there are.

o Always show the total of the sum before your final answer
= dhilc to get method marks if you make a mistake.

@% o Round off decimal values to decimal places.
Median

n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 n=12 n=13 n=14 n=15

14 | 16 | 18 | 21 | 21 | 23 | 24 @ 26 | 28 | 28 | 28 | 32 | 33 | 34

1541 o To find the median, first you need to order to data by
> n== rewriting the values from smallest to largest.

o Next, you need to find WHERE the median is (n).

n=8 o Add 1 to how many numbers are in the data set (15+1). then

divide this by 2. This is NCT the median, it is the location of

Median = 25 the median in the ordered data.

« Count until you have the 8" number, this is the median.
@% Mode o The mode is the value that appears most often in the data set.

o In this data set. all the numbers appear once except for 21,
which appears twice, and 28, which appears three times.
Therefore, 28 appears the most and is the mode.

o The range is the difference between the largest and smallest
34 — 14 values. therefore RANGE = MAX-MIN.

o Show the calculation to earn method marks in case you make a
=20 mistake.

| Miss Angler
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Worked example

A class of Grade 11 students are discussing how many pets they each have. The results
are summarised in the frequency table below:

Pets 0] 1 2 3 4 5 16

Freq 3 5 6 2 3 1 1

First. we need to understand how the frequency table works. The top row shows how many pets a
student could have and the bottom row show how many students have that number of pet. For example.
there are 3 people in the class who have O pets and 5 people in the class who have 1 pet. If we started
to write all the data values we would write a O three times, and a 1 five times: 0 0 0 11111...

Since the same number is repeated multiple times, it is more efficient to represent these values in a
frequency table to summarise the values but you need to understand how to convert the values into a

list if needed.
E E How many students are in the class?
& 345+6+2+3+1+1 o To calculate the total number of students, we add the
frequencies together.
= 21 students

é E What is the modal number of pets?

o The highest frequency is 6. therefore most students in

2 pets the class have 2 pets.

E E Calculate the mean.

Ox3)+(AIX5)+@2x6)+(B%x2)+“x3)+(5x1)+(16x1)

21
56 )
== o To calculate the total. multiply each value by the
frequency.
= 2,67 o Then, to calculate the mean. divide the total by the total
frequency

o Round off your answer to 2 decimal places.

|Miss Angler
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E E Calculate the interquartile range.

Interquartile range = upper quartile — lower quartile
=35-1
=25

o To calculate the interquartile range. first we need to find the upper and lower quartiles.

o For this is example, let's write out all the numbers to visualise the data set but if you are
comfortable with the frequency table. it will save a lot of time to skip this step.

o First. let’s find the median.

o There are 21 data values. therefore the median is in position (21+1)/2 = 1

o There are 10 values on either side of the median. To find the upper and lower quartiles, we
need to find the middle of these 10 vlues.

o Position = (10+1)/2 = 5,5

o To find the value in position 5.5 we average the values in position 5 and 6 for the lower
quartile and position 16 and 17 for the upper quartile (5.5 from the median or 5.5 from the
maximum is between values 16 and 17)

0.0.0.1.1.1. 1. 1. 2. 2.@ 2. 2. 2. 3.3, 4. 4. 4. 5,16

AT

lower quartile upper quartile
=1 =35
o For the lower quartile. halpway between 1 (n=5) and 1 (n=6) is 1. For the upper quartile.
halfway between 3 (n=16) and 4 (n=17) is 3.5.
o Now. we can calculate the interquartile range by subtracting the lower quartile from the
upper quartile.

E E Comment on the skewness of the data.

The data is skewed to the right. « We need to compare the mean and the median to
. determine skewness. Thankfully. we have already
calculated the mean and the median.
o Mean>median .". skewed right

| Miss Angler
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E E Represent the data set on a box-and-whisker plot.

0 1 2 3,5 16
) ) 4 3 8 10 12 12 16

o To summarise the data in a box-and-whisker plot we need the five number summary: minimum,
lower quartile, median. upper quartile and maximum

« We already have the lower quartile. median. and upper quartile from calculating the interquartile
range so we just need the minimum (smallest value = O) and the maximum (largest value = 16)

o Usually, in an assessment, you will be given a number line as a scale to use but if you are not
given one. you will need to draw your own.

o Draw vertical lines at each of the five numbers. Connect the lower and upper quartiles to
create a box and connect the box to the minimum and maximum.

o You must label the box-and-whisker with the five values above the plot.

Determine whether there is an outlier in the data set. Justify your answer with a

suitable calculation. o This is the formula to determine the

bounds of an outlier. If it is outside

these bounds. it is an outlier.
o LQ = lower quartile

IQR = interquartile range
{—2,75;7,25} UQ = upper quartile

o In our data set there is only one value
= Yes, the student with 16 pets is an outlier not within these values, which means
we have one outlier of 16 pets.

Outlier: {LQ —15XIQR;UQ + 1,5X IQR}

{1-1,5%25;3,5+15X 2,5}

E E What percentage of values fall within 2 standard deviations of the mean?

2,
“,
“
S

o See the next page for steps on how to calculate
Standard deviation = G the standard deviation (and an alternate method
to calculate the mean).

Two standard deviations from the mean = {¥ — 20; X + 20}

o« Now. take the mean we calculated earlier and
subtract two standard deviations and then
separately. add two standard deviations to get the
boundary values

o Count how many values are within these bounds.

o To calculate the percentage. divide the number of
values by the total frequency and100.

o Round off your answer to 2 decimal places

2 {2,67—2%3,29;2,67 + 2 X 3,29}
-~ {-3,91;9,25}

% x 100 = 95,65%

| Miss Angler
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@ If every student were to adopt 2 cats, without calculating the new values, how
would this affect the mean and the standard deviation?

The mean would increase and the standard deviation would stay the same.

o Since the total number of pets has increased. but the number of students has remained the

same. this will increase the mean.

o Standard deviation is a measure of how spread out the data values are from each other. If all
the data values increase by the same amount together. the data isn’t any more or less
spread out than before, so the standard deviation will stay the same.

@ If the students who has 16 pets were to give away 2 fish to a friend in another
class, without calculating the new values, how would this affect the mean and

the standard deviation?

The mean would decrease and the standard deviation would decrease.

o Since the total number of pets has decreased. but the number of students has remained the

same, this will decrease the mean.
o Since the value furthest from the mean is now closer to the mean (the student with the
most pets now has fewer pets, which is more similar to the mean). this will make the data

less spread out and decrease the standard deviation.

@ If one of the students who has 5 pets were to give all their pets to the student
who already has 16 pets, without calculating the new values, how would this

affect the mean and the standard deviation?

The mean would stay the same and the standard deviation would increase.

o Since the total number of pets has stayed the same. and the number of students has
remained the same., this mean will stay the same.

« Since one of the values that is closer to the mean (the student with 5 pets) is moving
further away from the mean as they will now have zero pets, and the largest value (16 pets)
is getting even bigger and therefore even further away from the mean. this will make the
data more spread out and increase the standard deviation.

| Miss Angler
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* Press [MODE] and then select the [STAT] option.

e Select [I: 1- VAR].

* Now type the data values in the "X" column. Press [=] after each value.

* If you have a frequency table, type the frequencies into the “FREQ" column.
* Press [AC].

* Press [SHIFT] then [ 1] and select [4: Var].

* To calculate the mean, select [ 2 ].

* To calculate the standard deviation, select [ 3 ].

In a frequency questions like this one, you can save yourself

time by having the frequency column turned on in your
calculator settings. PRO T,P

* Press [SHIFT] and then select the [SETUP] option. Double check you
¢ Press the down arrow to get more options. have typed in your
* Select [4: STAT]. data values correctly.
* Select [1: ON]. The answers from the
calculator don't have
Worked example any method marks.

@; Seven numbers, in ascending order, are given as:
7 x 10 13 15 y 24

If the mean is 14 and the interquartile range is 9, determine the values of x and y.

7+x+10+ 134+ 15 +y+24-_14
7 therefore we are given two pieces of information in
order to make two separate equations and solve

o There are two variables in the list of data values.

x+y+69=98
simultaneously.

~x+y=29
y o Since the mean is 14, we can create an equation with all the values
—x=9 added together and divided by the total number of data values (7)
y y=9+x and equate it to 14.

o By multiplying both sides by 7. we can simplify to get rid of the
fraction and add the values on the LHS.

« Simplipying even further, we have the variables on one side (LHS)
and the numbers on the other (RHS)

o At this point. we can’t do anything further with this equation so
we pivot to our other piece of information: the IQR. which is 9.

x+ (O +x)=29
2x =20
x =10 and y =19

o The IQR is the difference between the UQ and LQ. Since there are 7 values. the median is in the 4th
position. The middle of the remaining 3 values below the median is the LQ (x) and the middle of the 3
values above the median is the UQ (y). Now we have a second equation in terms of x and y.

o Choose a variable to isolate, here we have chosen to isolate y in the second equation.

o By substituting the into the other equation. we now have an equation with only one type
of variable and we can solve for x.

o Cnce you have the value for x, don’t forget to go back to the expression for y to find its value.

| Miss Angler

14

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

Question Type 2:
Grouped Data

In grouped data we do not have the raw data values as they have been summarised
into intervals. Usually these intervals are of equal width and the frequency of the
interval is given. Since we do not have the individual data values, most calculations
are an estimate.

There are two types of data:

Discrete data is counted and recorded as individual units e.g. number of
people or marks in a test.

Continuous data is measured and recorded as a range as the values are most
often decimals eg. distance or time.

Visualising_grouped data:
Grouped data can either be displayed as a bar graph (discrete data), a histogram or

frequency polygon (continuous data) or an ogive (both discrete and continuous
data).

Bar chart Histogram Frequency polygon Cgive

ol il |

Estimated mean:
To calculate the estimated mean, we use the midpoint of each interval (the
midpoint acts as the average of the interval):
« If the data is discrete, you only include one of the endpoints of the interval.
« If the data is continuous, you include both of the endpoints of the interval.

For example, the class intervalis 0 < z < 10:

If the data is discrete If the data is continuous
Midpoint = 1 —;10 Midpoint = 0+10
=95,5 =5
’Miss Angler
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Worked example

The table below shows the heights, in metres, of students in a Grade 11 class.

E E How many students are in the class?

 Total=2+4+15+7 +3

=31

E E What is the modal interval?

162 <h <168

Height (h) Frequency (f)
150<h <156 2
156 <h <162 4
162<h< 168 15
168<h<174 7
174<h <180 3

o Add the frequencies of each interval to get the total

number of students in the class

o The interval with the highest frequency is the modal

interval (modal is the adjective of mode)

@% Complete the table below and calculate the approximate mean.

Height (h) Frequency (f) Midpoint (m) fxm
150<h <156 2 153 2x153=306
156 <h <162 4 159 4x159=636
162<h< 168 15 165 15x165=247H
168 <h<174 Fi 1A #x171=1197
174<h <180 3 177 3x177=531

306+636+2475+1197+531

< Approx mean =

_ 5145

31

=16597m

freq

31

o First. complete the table. Since this is continuous data
(distance) we use both endpoints to determine the
midgoints e.g. (150+156)/2 = 153

o Multiply the frequency of each interval by its midpoint to

calculate the total of each interval
o Add the totals together and divide by the total frequency

to calculate the approximate (estimated) mean.

é E Draw a frequency polygon displaying the above data on the grid below.

150 156

o To draw a frequency polygon, plot each midpoint with the frequency

162 168

from that interval e.g. (153:2) and (159:4)

174 180

|Miss Angler
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Worked example

The table below shows the marks of 28 students for a recent Maths class test out of 80.

5

5

Mark (m) Frequency (f)
0=m<i16 1

16 <m<32 3
32<m<48 9
48<m <64 13
64 <m <80 2

How many students achieved an A (above 80%) in the test ?

. 80% of 80 = 64
e There are two students in the 64<m<80 interval

Complete the cumulative frequency column in the table below.

o The cumulative frequency is the

Mark (m) Frequency (f) (:l::::’:::’: running total of all the intervals
0<m <16 ] 3 up to that point.
16 <m < 32 3 % o The first cumulative frequency is
32<m<48 ) 13 always the same as the
A8 <m <64 13 26 frequency, the next cumulative
64<m <80 2 28 frequency is the total frequency

of both intervals, 1+3=4.

E ; Draw an ogive for the data on the grid provided below. * For the next cumulative

o To get the co-ordinates to draw an ogive. use the upper
boundary of each interval with the cumulative frequency up
1o that point. therefore list of co-ordinates is (16:1), (32:4).
(48:13), (64:26) and (80:28).

o The ogive must be grounded to the x-axis at the lower

frequency. take the current
total (4) and add the next
frequency. 4+9=13.

o Continue until you have the
total for all the intervals.

boundary of the first interval with zero, therefore (0:0).

e Cumulative frequency

28A
261 //
24
22 /
20

- // A

g i Your ogive must be a nice,
14

1 { smooth curve. You MAY
10 // NCT use a ruler o

8 A connect the coordinates.
6

4

21 =1

—
16 32 43 64 B Mark
|Miss Angler
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@% Use the ogive to determine the lower quartile, median and upper quartile.

Cumulative frequency
-\
d 26
24
2 /
20
16
14
12
10 i
Y
8 Ve
4-
2 r___,__/- .
16 32 L2 48 6L 5T 64 o Mark
Lower quartile = 42 Median = 52 Upper quartile = 57

o The median is halpway and since there are 28 students. halfway is at a cumulative frequency
of 14. Draw a dotted line across from the y-axis at 14 and once you connect to the ogive.
draw a vertical line down to the x-axis. Read off the value from the x-axis (in this case. 52).

o The upper and lower quartiles are a quarter of the way from the top and from the bottom of
the ogive. A quarter of 28 is 7. therefore draw a dotted horizontal line from the y-axis at 7
(lower quartile) and at 21 (upper quartile). Where these lines meet the ogive, draw a vertical
line down to the x-axis. Read off these values (LQ=42: UQ=57).

o Most likely, there will be a range of values accepted in any assessment as the values can vary
slightly depending on the curve of your ogive. This is why it is VITAL to draw the dotted lines

@ s0 your teacher and see how you've read off these values.

If the lowest mark was 12 and the highest was 78, draw a box and whisker
diagram for the data.

12 42 52 57 78
@% 10 20 30 40 50 60 70 80
Comment on the distribution of the heights of the learners.
o We don't have the value for the mean so we need to rely on the
Skewed left box-and-whisker plot to determine the skewness of the data.

o The left side is longer than the right (from median to minimum is
longer than from median to maximum).

o Calculate the pass mark by multiplying the total (80)
by 50%

o To read off the cumulative frequency. drawing a
dotted line vertically from the x-axis at 40 until the

C ifthe pass mark was 50%, how many
students passed this test?

50% x 80 = 40 line reaches the ogive. Now. draw a horizontal line to
\ 6 students scored less than 40 marks. the y-axis to read off how many students achieved
~ 28 — 6 = 22 students passed. 40 marks or less (6 students).

o Subtract the students who didn’t pass from the total
to determine the number of students who passed.

| Miss Angler
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ANALYTICAL GEOMETRY
/4

LX)
In order to achieve maximum marks for this section, you need
to be able to:

e calculate the gradient, distance and midpoint between two
points.

o determine the equation of a line though two given points

e determine the equation of a line through one point and parallel or
perpendicular to a given line

 calculate the equation of a median and altitude of a triangle, and
perpendicular bisector of a line.

o determine the coordinates of the fourth point of a parallelogram

« calculate the angle of inclination of a line to the x-axis

 use the angle of inclination to determine angles in various shapes

 calculate the area of various shapes

ytrintercept

’Miss Angler
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Question Type 1:
Determining the gradient, midpoint and distance

There are some basic formulae that you need to be able to apply. These formulae were
all taught in Grade 9/10 and are given on the formula sheet.

y
Gradient:

Voa—W
m:
X2 — X1

B(x2; ¥2)

Midpoint:

Xy X =
M(l 2 Y J’z)

A(X4;
55 (X1: Y1)

Distance:

d=(—x)2+ (7, — y1)?

Equation of a line:

y=mx+c OR y =y =mx —x)

We call points collinear when they exist on the same line. The gradients between the
points must be equal, and since they share a point, they will then lie on the same line.

Parallel lines stay the same distance from each other and will never meet, therefore
they have the same gradient.

Perpendicular lines meet at a right-angle, therefore they have opposite gradients

(called negative reciprocals). This means the product of the gradients will be -1.

/’
/'B/C B B
o« ./;/ o

’Miss Angler
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Worked example

Given the points A(4;-1) and B(-2;2):

é E Calculate the gradient of AB.
o To calculate the gradient of a line we substitute

/'/"'«,:( Vo=V3 the points into the gradient formula.

- My =" — o Here we have used A as coordinate 1 and B as

coordinate 2 but you would get the same answer if

2-(-1) you switched them around.

4B ™ _2-4 o Be careful not to switch halfway through your

3 calculation. if you have chosen A is coordinate 1

Myp = = when you substituted in the y-values, you can’t
now switch and use B as coordinate 1 for the

Myg = — = x-values.
2 o Always simplify your answer fully and write the

@ negative in front of the fraction.
Calculate the length of AB.

o To calculate length we use the distance formula.
", 5 5 o Substitute the coordinates of A and B into the
& d =0 —x:)* + (72 = y1) formula. Here we have used A as coordinate 1 and

B as coordinate 2 but just as with gradient. you

2
AB = \/(4' - (_2)) +(=2-1)? would get the same answer if you switched them

NG around.
AB = 3v5 o If the question does not specify. round off your
AB =6,71 answer to two decimal places.

E E Determine the coordinates of M, the midpoint of AB.

' . (Mm) o The formula for midpoint finds the average x-value
‘ 2 ' 2 and the average y-value using two points.
4+(-2) -2+1 o As with gradient and distance. here we have used
M ( 2 ' 2 ) A as coordinate 1and B as coordinate 2 but you
M (1; _ 1) would get the same answer if you switched them
2 around.

o Gradient = m (lower case) and Midpoint = M
Worked example (uppercase).

Prove A(—2;1),B(1;10) and C(5; 22) are collinear. « For points to be collnear. they

10-1 22-10 291 need to have the same gradient
¢ Myp = m Mpe =" Mae = m and share a point.
5 15 21 o You do not need to find all
== == == three gradients to prove the

points are collinear. any two of
the three is sufficient.
A, B and C are collinear since the gradients are equal and they share a point.

| Miss Angler
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@% Worked example

If D(—6;11),E (—1; 12—7) and F(8; k) are collinear, find the value of .

17
\  my, = s o Here we are told the points are collinear. therefore we
4 =1=(=6) can use that the gradients are equal to solve for k.
5 o First, we find the gradient between the two known
=2 points (C and E).
5 o Now. you can find an expression for either CF or EF. in
— terms of K (since E has a fraction it is easier o use D).
- o Set this expression equal to the gradient found for CE.
o To solve for k, we multiply by the denominator (x14).
S k-11  Now we can get the value for X by adding 11 to both
BF = 8=(=6) sides of the equation.
1_k-11
2 14
-7=k-11
k=4

@% Worked example

Given a triangle with vertices €(1;1), A(4; 3) and T(3; —2)
prove that ACAT is right-angled. o To prove a triangle is right-angled we
need two sides to be perpendicular.

% 3-1 —-2-3 -2-1
Y M, = — Moam = Mo, = o Either you can draw yourself a small
CA ™4 AT ™ 3_4 e g9
\ , 5 sketch to try and guess which two
Mey =3 Mmyr =5 Mre =— sides are more likely to be the ones
you need. but it's safer (and
Mgy X Mpe = —1 potentially quicker) to just calculate

all three gradients.
~- The triangle is right-angled at C. . ¢ +two lines are perpendicular, the product of their gradients
will equal -1 therefore CA and TC have opposite gradients and
will be perpendicular to each other at the point they share. C.
o Since the question said PROVE the triangle IS right-angled.

you cannot say this is false. If your calculations do not prove
Worked example two of the sides are perpendicular. you have made a mistake.

Given the points A(4; 6), B(—2; —2), C(x; —10) and D(—4; 2), determine the value of x if:

E E B is the midpoint of AC.

« Since we know B is the midpoint of AC. we can create an equation

G- =2 1o solve for x using only the x-values in the midpoint formula.
. o By adding the x-values of A and C (and dividing by 2). we know the
dt+x=—4 answer must be -2 (the x-coordinate of B).
& x =-8 « Now we can solve for x by multiplying by 2 and then subtracting 4.
|MissAngIer
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@% AB is parallelto CD.

/'/"'/, — _2_6
oA = 557
_4
Myp = 3
_ —10-2
mCD - x_(_4)
—
3 x+4
4(x +4) = —36
4x + 16 = —36
4x = —52
=-13

é E AB is perpendicular to CD.

m —E

-AB _3

m —E

cD — 4

3_~12

4 x+4
—3(x+4) =-48
—3x — 12 = —48
—3x=-36
ax=12

&2

AC = 265

2 AC= -7+ (-10-6)
2465 = Vx2 — 8x + 16 + 256

(2v65)” = (VxZ—8x + 16 + 256)

260 = x%2 — 8x + 272
0=x>-8x+12
0=(x-2)(x-6)
~2x=20Rx=6

Since AB is parallel to CD they will have the same gradient.
First, we calculate the gradient of the known coordinates, AB.
Then, we find an expression for CC. in terms of x.
Since the gradients are equal. we can set this expression
equal to the value we found for AB’s gradient.
Now we can solve for x. The easiest way to get x out from
the denominator is to cross multiply. You multiply the left
numerator by the right denominator and that will equal the
right numerator multiplied by the left denominator.
4 X—_lz Cnly cross multiply when you have
35 xt+4 FRACTION = FRACTICN

Now. multiply the 4 into the bracket by distributing.
Lastly to get x on its own, subtract 16 and divide by 4.

Since AB is perpendicular to CC. their gradients will be
opposites (and the product of their gradients must equal -1).
We already have the gradient for AB and an expression for the
gradient of CO from the previous question so there is no need
to calculate them again

Now we can set the expression for CC equal to the opposite
gradient of AB.

To solve for x, we cross multiply again, as we did in the
previous question.

Finally. to get x on its own. we add 12 and divide by -3.

o We have been given the length of AC. therefore we
will use the distance formula and substitute in the
coordinates from A and C.

o To get rid of the square roots. we square bhoth
sides. Be careful to square the ENTIRE left hand
side. ,

« Since the equation is quadratic. we move eVerything
to the same side, in this case the RHS as  will be
positive, and the other side (the LHS) is zero.

o Factorise the trinomial to get the two factors to
solve for x.

o Without any further information. there is no way to
eliminate either of the values of x.

| Miss Angler
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Worked example

Given the points A(-3;3) and B(1;6):

E E Determine the equation of the line AB.

) 6-(3) o To determine the equation, we need the calculate the
T Myp = 1-(=3) gradient (m) and the y-intercept (c).
: o First, we substitute the coordinates of A and B into
== the gradient formula.
o To calculate the y-intercept. either we can substitute
y= %x +c a point into the standard form (y=mx+c) or into the
point-slope porm ( vy —y1 =m (z — 1)),
3 | I
6= 2(1) +c o Make sure to write your answer in standard form,
s this means you need y on its own as the subject.
T4
3 21
y= Zx + T
OR

y—y =mlx—x,)

3
y-6=,(x-1

c 3, 3
yTO=3rT,
T

Y=3 +4

E E Determine whether AB is parallel to the line 3y + 6 = 4x.

.
<

3y=4x—-6 o To identify whether the lines are parallel, we need to
y= 9 compare their gradients.

= o To read the gradient off this line. we need to rewrite
No, the lines are not parallel since it in standard form.
their gradients are not equal. o First, get the “y” term on its own by subtracting 6.

« Now we need to coefficient of y to be 1. not 3,
therefore we divide everything by 3.

| Miss Angler
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G

Find the equation of a the line, which is parallel to AB, and passes through the
point (2; %)

D y = Ex te o Since the line we want is parallel to AB, they will
4 have the same gradient.
1_ E(Z) P « We already know the gradient of AB=3%. now we
2 4 need to find the y-intercept (c).
1_ §+ z o To calculate c. we substitute a point for x and y,
2 2 leaving only ¢ as a variable.
c=-1 « Don't forget to write the full equation as your

= gx _1 final answer.
4

Find the equation of a the line, which is perpendicular to AB, and passes through the
point (6;-5).

4 o Since the lines are perpendicular. their gradients
y=—-x+c . : R .
3 will be opposite (opposite in sign and opposite
_ 4 fraction). You can also use that the product of the
D= 3 (6) +c gradients will be -1 to find the perpendicular
—5=—-8+c¢ gradient.
o Next, we need to find ¢ so we substitute in a point
c=3 dusoh :
for x and y so have ¢ as the only variable.
Ly = _fx +3 « Don’t forget to write the full equation as your
3

final answer.

O o
B | Miss Angler
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Question Type 3:
Determining the equations of lines in triangles

There are three special lines that can be found in a
triangle: perpendicular midpoint
e The altitude is perpendicular to the base, and Altitude \/ X
passes through the opposite vertex (it does not .
pass through the midpoint of the base). P Bieector \/ \/ X
¢ The perpendicular bisector is perpendicular X \/
to the base, and passes through the midpoint of
the base (it does not pass through the opposite
vertex).
¢ The median passes through the midpoint of the
base, and passes through the opposite vertex

opposite
vertex

median

(it is not perpendicular to the base). - =
A A
i b, D id :

8 H # c B C B c
The median from vertex A The median from vertex B The median from vertex C
which bisects the opposite ~ which bisects the opposite which bisects the opposite

side BC. side AC. side AB.
A

B D c B C B C
The altitude from vertex The altitude from vertex The altitude from vertex
A, which is perpendicular B, which is perpendicular C, which is perpendicular

to BC. to AC. to AB.

A A
E
D
0
L : d
B # | # cC B cC B C
E
The perpendicular bisector  The perpendicular bisector  The perpendicular bisector
of BC, which passes through of AC, which passes through of AB, which passes through

the midpoint and is the midpoint and is the midpoint and is
perpendicular to BC. perpendicular to AC. perpendicular to AB.
’Miss Angler
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Worked example

Given AABC with A(—6;5), B(4; 3) and (C(2; —3), determine the following:
y

A(-6;5)

B(4;3)

C(2;-3)

E E The midpoint of AC.

o To find the midpoint of A and C. we substitute

” (_6+2 _ 5+(—3)) those coordinates into the midpoint formula.
g \ 2 2 « We aren’t told what to call the coordinate of the
M(-2;1) midpoint so we can call it M since there isn't

already an “M" in the diagram.

E E The gradient of AC.
o To calculate the gradient of the line passing

“ _5-(=3) through points A and C. we substitute both
S Mye =

-6—2 coordinates into the gradient formula.
—_1 o Don’t forget to simplify your answer as much as
Myc = .
possible.

@% The perpendicular bisector of AC.

o To find the equation of a perpendicular bisector you

2,
.
<
&

y=1lx+c need to gradient of the line AC to then find the

5=1(=6) + ¢ opposite gradient (perpendicular gradient) and you
need the midpoint of the line.

e + We have already calculated the gradient of AC, so

~y=x+11

we can go straight to using the opposite gradient
(opposite gradients are formally called negative
reciprocals and will have a product of -1).

« We have also already calculated the midpoint of AC
as M(-6:5) so we can substitute this coordinate
into our straight line equation to solve for c.

o Don't forget to write the full equation in standard
form as your final answer.

| Miss Angler
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@% The altitude of AC. o The altitude of a line will be perpendicular and pass
) through the opposite vertex (in this case B is the
y=1lx+c opposite vertex).

g « Using the gradient we already calculated for AC we
can say the perpendicular gradient is 1 (as we did in
the previous question).

~y=x-1 « Now we substitute the opposite vertex, B(4:3), as

x and y to solve for c.

3=1(4) +c

c=-1

o Don’t forget to write the full equation in standard
form as your final answer.
o The altitude of a triangle can also be called the

verpendicular height. which is useful for calculating
the area of the triangle.
s
E The vertical height from the base of a mountain to its peak
<
/ / is often called its altitude. It is the perpendicular height.
/
@% The median of AC.
“, a1 o To find the median we need to find the equation of
Y myp= D the line through the midpoint of AC and the
1 opposite vertex, B.
myp = ; o This means we need to calculate a new gradient.
1 MB. by substituting the coordinates of M and B
y=3% +c into the gradient formula.
1 « Now. to find c. you can either substitute M or B as
3= 5(4) e the values for x and y. Either way. you will get the
5 same answer for c.
€=3 o Don’t forget to write the full equation in standard
1 5 orm as your final answer.
“y=3x + = f gour ¢

1 1 C

| Miss Angler
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Quadrilaterals Family Tree

Quadrilateral

Kite Trapezium

« Interior angles add up to 360°

o . « 1 pair opposite sides parallel
o 2 pairs adjacent sides equal Parallelogram

« Diagonals perpendicular. with one
diagonal bisected

2 pairs opposite sides parallel
o 2 pairs opposite sides equal
« Diagonals bisect each other

Rhombus « 2 pairs opposite angles equal
Rectangle
o Interior angles are right-angles
o All sides equal Square « Ciagonals are equal in Iength
« Diagonals bisect each other at -

right-angles
« Diagonals bisect interior angles

>
|Miss Angler
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To prove lines are parallel — equal gradients
To prove lines are perpendicular — product of gradients = -1
To prove lines bisect — prove same midpoint

To prove equal lengths (sides/diagonals) — prove same distance

To prove a quadrilateral is a trapezium:
¢ The quadrilateral has one pair of opposite sides parallel

To prove a quadrilateral is a kite:
* The quadrilateral has two pairs of adjacent sides equal
* One diagonal bisects the other diagonal at right angles

There are five ways to prove a quadrilateral is a parallelogram:
* The diagonals bisect each other
* Both pairs opposite sides are parallel
* Both pairs of opposite sides are equal in length
¢ One pair of opposite sides are equal and parallel
Both pairs of opposite angles are equal

To prove a quadrilateral is a rectangle:
* A parallelogram with one interior right angle.
* The diagonals of the quadrilateral are equal in length and
bisect each other.

To prove a quadrilateral is a rhombus:
* A parallelogram with a pair of adjacent sides equal
* All four sides are equal in length
¢ The diagonals bisect at right angles

To prove a quadrilateral is a square:

* The quadrilateral is a parallelogram with one interior right angle and a pair of adjacent

sides equal.

* The quadrilateral is a rectangle with one pair of adjacent sides equal
* The quadrilateral is a rectangle with diagonals bisecting at right angles.

* The quadrilateral is a rhombus with an interior right angle.
¢ The quadrilateral is a rhombus with equal diagonals.

Property pairs - if your quadrilateral has one of
these properties, it will also have the pair property.

Adjacent sides equal < diagonals perpendicular

Sides perpendicular < diagonals equal in length

| Miss Angler
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To find the fourth vertex in a parallelogram we use the method of inspection. If you have a
parallelogram called ABCD, to get from point A to B you will follow the same path as from
D to C (or from B to C is the same path as from A to D) .". we can use the known path to find
the missing vertex.

Take note of the order of the letters in naming the parallelogram. Consider points A, B and C
drawn below. If you need to add point D to make a parallelogram, depending on how the

parallelogram is named, D could be in one of three positions. 5

ol I o e G e N & O
AN SRV DN N A

These questions are usually marked as answer only, which means there are no marks
awarded to the working out. If you accidentally place the vertex in the wrong position, you
will get zero for the question so double check the name of the parallelogram before you
commit to your answer.

Worked example

The points S(5;8), Q(9;5), R(6;1) and E(a;b) are the vertices of a parallelogram.

é ; Find the coordinates of E if SEQR is a parallelogram.
E(8:12)

y E
S(5;8)
y Q(9:5)
// ]
// !
; R(6;1)
// Illl
s 1

’Miss Angler
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E E Find the coordinates of E if SREQ is a parallelogram.

E(10:-2)

y \‘
S(5;8) “

~ |

L L Q(9;5)

R(6:1)

NE-
|\\\

o Now. the coordinates have been named in anti-
clockwise order with E between R and Q.

o To find E. we will copy the same pathas S = R =
Q—E

o You always want to head towards the unknown
coordinate (in this case. E).

« From S to R we move 1right and 7 down

o Therefore, take Q's coordinate and do the same

o E(9+1:5-7) .. E(10:-2)

o Youcould alsouse S > Q=R —E

E E Find the coordinates of E if SERQ is a parallelogram

E(2:4)
N y .
‘ . S(5:8)
I Q(9;5)
//
A R(6;1)
/’ \\ X
/// .

f; / &
Is SERQ a parallelogram, rectangle, *
rhombus or square?

_ 5-8
mSQ T o-5
_ 3
ms-Q = - Z
_1-5 '
Mer =g
4 ]
mQR = 5

s mSQ meR = _1 e SQ J- Q‘R

SQ =/(5-9)% + (8 — 5)2

SQ=5 )
QR=(9-6)>+(5—-1)2

QR=5 ’
~5Q=0QR

SERQ is a square (parm with adj sides
perp and adj sides =)

« These coordinates are also named in anticlockwise
order with E between S and R.

o Here weareusingQ >S=R—>E

o The path from Q to S is move left 4 and up 3

o Therefore from R, we also move left 4 and up 3

o E(6-4:1+3) .".E(2:4)

e You could alsouse Q > R=S = E

We already know SERQ is a parallelogram. so we don’t
need to prove this but we do need to decide if it's a
more specific parallelogram (a rectangle. rhombus or
square) or just a basic parallelogram.

To prove whether or not it is a rectangle or a square, we
can check whether the sides meet at a right angle.

To determine if the sides are perpendicular. we find the
gradients of any two adjacent sides.

Now. check whether the product of their gradients is -1,
since it is. the parallelogram is now either a rectangle or
a square and definitely not a rhombus.

To check whether SERQ is a rectangle or a square we
can check if the sides are equal in length. The opposite
sides will already be equal (since it is a parallelogram) so
we need to find the lengths of any two adjacent sides.
Since the adjacent sides are equal in length (have the
same distance). the quadrilateral is a square.

You could also have proved the diagonals were
perpendicular (which would make the quadrilateral either
a rhombus or a square) and you could check whether the
diagonals are equal in length (which would make the
quadrilateral either a rectangle or a square).

| Miss Angler
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Worked example

Given H(4;0), E(-1;2), A(-3;7) and R(2;5) are the vertices of quadrilateral HEAR, prove that
the quadrilateral is a:

é ; parallelogram

y
Tws o (272
09 (1)
E(-1:2) Mz (52 25)
Aoy Mes (i3)

.. HEAR is a parallelogram (diags bisect each other)

E E rhombus

AR = /(-3 -2)2+ (7 - 5)2

AR =+/29
RH =\/(2-4)2+(5-0)2
RH =+/29

~ HEAR is a rhombus (parm with adj sides =)

OR
7-0
Myy =———
AH = 3,
My = —1
5=2

Mgg = 2—(-1)

Mg = 1
S My Xmeg = —1

- HEAR is a rhombus (parm with diags perpendicular)

’Miss Angler
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Question Type 5:

Finding the angle of inclination

The angle of inclination of a line is the angle between that line and the positive x-axis.

See the images below for examples of angles of inclination.

%
A
Z

m >0 .. Bis acute

To find an angle that is not on the x-axis (usually an angle in a triangle):
o First find the gradients of both the lines that meet at that angle
e Then find the angle of inclination of each of the lines (usually we label these

as a and PB).

 Lastly, you need to combine these two angles to find the angle you want.
Sometimes you need to subtract both the angles (a and B) from 180, or

I\
_ .

m <0 .. 8is obtuse

y

subtract them from each other.

Remember that in order to solve for the angle, you have to type [SHIFT] and

then [tan] into the calculator.

Worked example

Determine the size of 8 in the diagrams below:

@% A(-3;-T) and B(1;4)

y

/ B(1;4)

4
1
: A
mAB:; A N

5 7
tan @ = Z A(-3;-1)
5
_ —1 {2
6 = tan (4)
8 = 51,34°

’Miss Angler
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We use the following formula to
calculate the angle inclination of a line:

tan @ = m, where m is the gradient
and 0 is the angle of inclination.

If m >0, 0=tan"! (m)

If m < 0,0 =180°—tan"* (m)
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@% A(-2;3) and B(4;-3)

_3-(-3)
T =2=(4)

mAB = _1

.,
<

Myp

A(-2;3)\

¥

tang = -1

8 = 180° — tan~1(1)
0 = 180° — 45°

@ =135°

@E A(-3;2), B(1;3) and C(2;-2)

y

A(-3;:2)

B(1;3)

2-(=2)
-3-2

Myc =

_ 4
Myec =—3

4
tana——g

4
a = 180° —tan™? (g)

a = 180° — 38,65 ...°
a=14134..°

3-(=2)
1-2
Mmge = =5
tanf = -5
B = 180° — tan~1(5)
B = 180° — 78,69 ...°

Mpe =

I

C(2;-2)

g =101,30..°
6=a-4 (ext £ of A)
6 =141,34...°—101,30...°

6 =40,03°

A(-3:2)

o Here. we do the same method as the
orevious question except this gradient is
negative, therefore O will be an obtuse
angle.

o To calculate 6. we still use “SHIFT” and
“tan” of the gradient. but we make the
gradient positive to get an acute value.

o Then, since tan is negative in Q2 we use

the Q2 reduction of 180-(acute angle).
B(4;-3)

The angle of inclination only determines angles
between the x-axis and the line. therefore we
need to use these angles to calculate 6.

First, you need to find the gradients of both the
lines that meet at O (at C).

Cnce you have the gradients of AC and BC. you
need to find each of their angles of inclination. It
is helpful to assign some new values in the
sketch. Here, we have used a as the angle for AC
and [3 as the angle for BC.

Now. calculate the values of both a and (3 using
“SHIFT" and “tan” of each gradient. Keep in
mind both gradients are negative, therefore you
need to use 180-(acute angle) having used the
gradient as positive.

In the diagram below the exterior angle of the
triangle has been highlighted in pink to help you
visualise the relationship more clearly.

We can place [3 inside the triangle using vertically
opposite angles.

Since a=0+3 then 6=a-3

y

B(1;3)

| Miss Angler
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Question Type 6:
Calculate the area of a figure

You can be asked to find the areas of various shapes, most often triangles and quadrilaterals. To
find the area of a triangle, you first need to establish whether it is right-angled or not as this
determines which of the two formulae you can use. If you need to calculate the area of a
quadrilateral you are not familiar with, you can rather break it down into two triangles and add
the two triangles’ areas together.

2 .2 _.2 1
a“+b® =c Area = E(base) (height)
C 1
- Area = —ba
2
S = —af
= rea = 5 a

To find the area of a right-angled triangle, use the lengths of two sides that meet at the
right-angle (do not use the hypotenuse). It does not matter which is considered the “base”
and which side is the “perpendicular height” as long as those two sides meet at 90°.

B
c Area = Eab sin C
1
@ A Area = Ebc sin A
b 1
Area = —acsin B
C 2

To find the area of a non-right-angled triangle, you need the lengths of two sides and the
angle between those sides. It must be the included angle.

PRO-TIP

Most often, you will have
already calculated some of the
lengths or angles needed before
being asked to find the area. Do
not recalculate them. You may
use information you already have
and only calculate any missing
information if you don't already
have everything you need.

|Miss Angler
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Worked example

RECT is a rectangle with RE||TC||x-axis and RT||EC||y-axis. Points Q, U, A and D lie on the
sides of the rectangle.
y

Q27)

2

Y R(=47) E47) C4;—-2) T(—4;-2)
s~ Area RECT =8x9

= 72 units?

Calculate the area of rectangle RECT.

E ; Calculate the area of the shaded quadrilateral, QUAD.

Area QUAD = 72 — Area ADRQ — Area AQEU — Area AUCA — Area AATD
> il 1 1 1
—72~(Ex3x2)—(5x6x5)—(5x7x4)—(5x1x6)
=72—3-15—-14-3
= 37 units?

y

D(-4;4)

T(-4:-2)  A(-3:-2) C(4:-2)

é ; If A is reflected in the line RE, determine the
coordinates of A'.

A(-3;16)

|Miss Angler
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Worked example

AABC is drawn with vertices A(-4;10), B(3;1) and C(x;y). F is midpoint of AB and G(0;-1) is the
y-intercept of AC. The angle between BC and the axis is 68, 2°and the angle between AC and

y

the x-axis is 0.

A(-3:5)

| (a]

B(3;1)
68,2°

é E Determine the coordinates of F.

P

F(0;3)

G(0;-1)

C(xy)

@% Determine the magnitude of 8, correct to one decimal place.

5—-(-1)
Mye = 3.0
My = —2
tanf = —2

6 = 180° — tan~1(2)
0 = 180° — 63,43°
9 =116,6°

; Determine the equation of BC.

my; = tan(68,2°)
my; = 2,50
y=25x+c¢
1=253)+c
c=-6,5
~y=25x—-65

’Miss Angler
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" BC=J&x-32+ -1

5

“,
“
S

=

“
<
<
§

V29 = /(x — 3)2 + (2,5x — 6,5 — 1)2

29 = (x —3)? + (2,5x — 7,5)? ’
29 =x% —6x+9+ 6,25x> —37,5x + 56,25 -
0 = 7,25x% — 43,5x + 36,25

—(—43,5) +,/(—43,5)% — 4(7,25)(36,25)

2(7,25)
x=1lorx=5 .
y=25(1)—-65 )
y=—4
c(1;-4) '

AC = J(—s -1+ (5- (-4)
AC =97

C Hence, given BC= /29, show the coordinates of C are (1;-4).

Given the length (distance) of BC we can substitute the
coordinates of B and C into the distance formula (with C's
coordinates being x and y since we don't know their values
yet).

We can set the value of the distance to V2%ince we
were given the value in the question.

We can also replace the y-value with the equation we found
in the previous question as this was the equation for the
line BC therefore the y-value of the coordinate of C and
the y-value of the equation are the same y.

We are now solving this equation simultaneously using the
substitute method.

Simplify the bracket and square both sides to get rid of the
square roots.

Simplify the equation by moving all terms to the LHS and
collecting like terms.

Use the quadratic formula to solve for x. Since C was left
of B in the diagram. the x value should be less than 3,
therefore we choose x=1.

Now substitute x=1into the equation of BC to solve for y.
Double check you have the same values as you were told to
show in the question.

Determine the length of AC. Leave your answer in surd form.

o Using the coordinate of C we found (or given in
the previous question) and of A, we substitute
these values into the distance formula to find
the length of AC.

o The previous question was far more complicated
than this question. This is a reminder that if you
find a question challenging. don’t give up on the
question that follow. They might be much easier!

Given ABDC is a parallelogram, write down the coordinates of D.

D(7;-8)
The letters of this parallelogram have been labeled
25 in clockwise order with C between B and C.
Either we can use the path fromA —>C=B— D
or we can use A = B = C — D (here we are using
the first option).
- To move from A to C. we move 4 right and 9 down
T~ therefore from B we do the same to get to D.
C(3+4:1-9) .".C(7:-8)
D(7;-8)
= =~ ~
\ ~
|MissAngIer
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E ; Determine the area of quadrilateral FBCG.

A(-3;5)
F(0;3)

o

fo

B(3;1)

.&&4‘,0(1 -4

ACB = 116,6° — 68,2° (ext zof A) °
ACB = 48,4°

Area FBCG = Area AABC — Area AAFG :

Area AAFG = > (4)(3)
= 6 units?

Area AABC =>(97)(v29)sin(48,4°) -
= 19,83 units?

Area FBCG = 19,83 — 6
= 13,83 units?

| Miss Angler
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To find the area of the quadrilateral we
need to find the area of the larger
triangle ABC and subtract the smaller
triangle AFG.

To find the area of triangle AFG we can
use FG as the base (3--1=4) and the
perpendicular height from FG o A is 3.
To find the area of triangle ABC, we
need an angle (since the triangle is not
right-angled).

Using the information we already have. it
will be easiest to find angle C. therefore
we need the lengths of side AC (already
calculated) and BC (given previously).
Substitute these value into the Area
rule fpormula.

Now. subtract the area of the smaller
triangle from the larger triangle to find
the area of the quadrilateral.
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TRIGONOMETRY

In order to achieve full marks for this section, you
need to be able to:

» prove trigonometric identities

« simplify a trigonometric expression using reduction formulae

« draw a right-angled triangle using given information

« use a right-angled triangle to write expressions for
trigonometric ratios

« solve trigonometric equations

« work with special triangles to simplify expressions without
using a calculator

There are 6 typical questions to
expect in any assessment on Trig:

1. Simplifying a trigonometric

expression

2.Constructing a triangle

3.Proving a trigonometric identity

4.Solving a trigonometric equation

5.2D Trig

6.Trig Graphs

We will look at each of these types
of questions separately, but let's
first look at some revision of basic

information that you need to know.

The definitions of the trigonometric ratios

In Grade 10 we defined three ratios in a right-angled

triangle using an angle, 6, and the sides (either the

Hypotenuse, Opposite side or Adjacent side). If you

H are struggling to label the sides correctly, remember
o the hypotenuse is always opposite the right angle and

B is always between the hypotenuse and the adjacent

/¥ 1 & SOHCAHTOA
A sinez% cosez% taneg%

|Miss Angler
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Question Type 1:
Simplifying trigonometric expression

Special angles:

There are 3 special angles that you can be used with one of the Trig ratios and you need to
be able to find these values without the use of a calculator. These 3 special angles are shown
in the special triangles below and if you can remember the special triangles, you can use
them to write all the Trig ratios.

45° i o Take note of the three fractions that have
2 30 been'highlighted. These fractions all have roots
V3 (surds) in their denominator. which means
when you type them into your calculator. your
450 I— 600 [ calculator will simplipy these fractions and give
1 you an answer that looks different. but has

the same value (it has been rationalised to

0 30° 45° 60° make the denominator a rational number).
. 1 1 3 o All the other fractions you can get from your
sind 2 V2 2 calculator without using the special triangles,
V3 1 1 but these three are different. Some schools
cos6 - NG 3 might not award full marks if you use the
i values from the calculator for these three. so
tan@ — 1 V3 olease check with your teacher if you need to
V3 memorise them.

« Some questions are also made easier bg using
Worked example the values in the table. rather than the values
on the calculator., so it is useful to know them.

@% Simplify the following, without the use of a calculator:

sin 60°.tan 45°

tan 30°
V3 o First, we use our special triangles to determine
2 (T) (1) the numerical value of each Trig ratio.
‘ == 71% o Next, in order to divide two fractions we keep the
(ﬁ) first fraction the same, swop the divide to
V3 3 multiply. and flip the second fraction over.
=5 X7 « When multiply two square roots together. either
3 we can say that a root and a square cancel each
-2 other out. v3 x v3 = (v3)" = 3 or we can say

‘/§X\/§:V3X :‘\/623

|Miss Angler
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Reduction formulae:

Quadrant i Quadrant|
: =7 Y
sing = > © sinf =2 (D
—-X X
cosQ—T @ cosB—; @
tan9=_1 @ tan@-% @
s sin @ ~ALL
Quadrant Il Quadrant IV
i _ "y : -y
sinf = " @ sinf = - @
—-X X
cosB—T @ 0059—; @
tan6=:—y @ tanB—Ty@

~tan@ T C . cos@O

The Cartesian Plane is divided into four quadrants. In all the quadrants, a right-angled triangle
is drawn from a co-ordinate that lies on a circle. The radius of the circle (r) is positive in all
quadrants, the adjacent side (x) is positive on the right of the y-axis and the opposite side (y)
is positive above the x-axis. The diagram is often referred to as the CAST diagram as it shows
which trigonometric ratio is positive in each quadrant: Q1 = All, Q2 = Sinx, Q3 = Tanx, Q4 =
Cosx.

The purpose of the CAST diagram is to reduce any trigonometric ratio with an angle greater
than 90° to an acute angle in the first quadrant since they have the same value, once taking
into account whether the ratio should be positive or negative.

Worked example

é E Simplify the following:

C05(18(§?’2— 6) o First, look at the angle and decide which quadrant
= —cos O the ratio is in.
o Use the CAST diagram to decide whether the ratio
Q1 is positive or negative in that quadrant.
tan(360° + @) « Reduce the angle to B and write the correct sign
=tan@ with the ratio.
|MissAngIer
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Worked example

@% Simplify tc%e following:

cos(180°+6) sin(180°—-0)

cos(360°-0)
Q4

_ (—ces)(sin @)
(ces?)

= —siné

Q3 Q4
cos(180°+x) tan(360°—x)

sin(360°+x) cos(180°=x)
Q1 Q2

(=cosx)(=tan x)
(sinx)(—ces¥x)

sinx |
= = Sinx

COS X T

Sinx 1
= — X =

COS X sSmwx
_ 1

COos X

y
Q2 (\ Q1
180° — 0 6
s ‘A 360° + 0
> X
180° + 6 360° — 0

First we use the reduction rules for each quadrant to
determine whether each ratio will become positive or
negative when we simplify each angle to 6.

Once all the angles are simplified. we can identify ratios
that are identical in the numerator and denominator and
cancel them.

The goal is to simplify as much as possible, hopefully to a
single Trig ratio if we can.

Take note of how many negatives there are in the
question. If there is an even number. the answer will be
positive and if there is an'odd number of negatives. the
answer will be negative.

Cften identities need to be used to further simplify the
answer. Here, the tan identity was used and rather than
having a fraction in a fraction. we write the denominator
separately.

Now. we can tip and times the denominator. Remember
you can always write a fraction over 1in order to flip it.

Knowledge: These are meant to be your guaranteed marks.

Routine: Familiar procedures and simple calculations.

require higher-order thinking.

E%Complex procedure: Multiple step calculations that

Problem solving: Problems that are unfamiliar (unseen).

|Miss Angler
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Negative angles: y
When an angle is negative, it means it is rotating around the Cartesian
plane in the opposite direction (i.e. a positive angle rotates anti-
clockwise whereas a negative angle is clockwise). You can also add 6 X
360° to a negative angle to make it positive. We'll look at both options N/
in the examples below.

Worked example

Simplify the following:
e o
cos(—x)
=CosX
\‘ OR

= cos(—x + 360°)
= c0s(360° — x)
Q4

= CosXx

R ..
sin(x — 180°)

%  =-—sinx
OR

= sin(x — 180° + 360°)
= sin(x + 180°)
= sin(180° + x)
Q3
= —sinx

2 a
tan(x — 360°)

) =tanx

OR
Q1

= tan(x — 360° + 360°)

= tanx

Shown alongside each answer in black is the
alternative in green by adding 360°to get
positive angles instead.

X is an acute angle, since it is negative, we move
clockwise. therefore it's in Q4. where cos is

CR. you can add 360°to -x. 360°-x is the
reduction for Q4. where cos is positive.

x-180°irst starts with a positive acute angle
(QM) but then goes backwards (clockwise) by 180’
s0 it lands in Q3. where sin is negative.

CR. you can add 360: which results in 180" +x.
which is the normal reduction for Q3. where sin is

You can add or subtract 360°
as many times as you like, it
won't change the value of

the expression.

« Here. it we add 360° it cancels with the -360°

|Miss Angler
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Co-ratios:

If we have one of the angles in a triangle is 8, we can find the other angle by using the fact
that angles in a triangle add up to 180°. This makes the other angle 90° — 6. Using the triangle
shown below, we can see there is a special relationship between sin® and cos@® when using
a complementary angle. This relationship is called co-ratios.

sing =2 and cos(90° —0) = b
a a
cosf@ =< and sin(90°—8) =<
a a
4 A4 N ™
[ cos(90° — 8) = sind } sin(90° — 0) = cosf | |cos(270° — B) = —sind| | sin(270° — 8) = —cos6
L. J F,
N\ ' B
[c05(90° +0) = —sinﬂ} sin(90° + @) = cosé cos(270° + @) = sin@ | |sin(270° + §) = —cosé
~ .9 J P
PRO-TIP
Worked example Rather than trying to memorise all
the options for co-ratios, rather
Simplify the following: decide what sign the original ratio
would have in that quadrant, then
@% Q1 switch sin—cos
cos(90° — x)
sin(90° + x)
Q2 o Both of these angles are co-ratios so we switch cos <ssin
_ sinx « 90"-xis in Q1. so the ratio is positive (since ALL Trig
cos x ratios are positive in Q1)
= tanx « 90 +x is in Q2. where sin is positive so even though the
sin switches to cos, it stays positive.
Q1 Q4

c0s(90°—x)—sin(360°-x)

sin(90°—x)—cos(180°+x)
Q1 Q3 o First, decide which quadrant each of the angles lies

sinx — (—sinx) within
o Next, determine whether the angle is a reduction
(ratio stays the same) or a co-ratio (sin < cos)

" cosx — (—cosx)

Zsinx
=Zcosx o Simplify by collecting like terms
=tanx o Now that there is only one term in the numerator,

and one term in the denominator, cancel the 2s.
o Use the tan identity to simplify to one Trig ratio.

|Miss Angler

46

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

sin 120°.tan 300° « Remember. negative angles rotate
cos(—60°) . tan 315° in the opposite direction (clockwise)
(sin 60°). (— tan 60°) to positive angles (anticlockwise).
- (cos 60°). (—tan 45°) 6 x

(?)

(3) D com s
2 « Reduce each angle to an acute angle, keeping in mind
2 whether the original value would be positive or negative
2 in that quadrant.
_1 o In order to determine the value of a Trig ratio without a
2 calculator. either the angles must be special angles or
- _ E X — E they must cancel out.
2 1 o In order to divide by a fraction, we convert to multiply
== and lip the fraction over (tips and times!).
Question source: EC November 2023 Grade 11 Paper 2
Q3 Q1 Q4
tan 240°.cos 73°.sin 300°

cos120°sin17°

o As with the previous question, we reduce each angle to
Q2 Ql an acute angle, keeping in mind whether the original value
would be positive or negative in that quadrant.

_ tan60°.cos 73°. (—sin 60°)
- (—cos 60).sin 17°

o Some of these angles aren’t special angles so they must
cancel out.

(mw (_‘/Tg) o The angles 73° and 17° aren’+t special angles but they are

complementary angles, which means we can use co-ratios

1
(-2)
32
=—3%=3
=3

CQS’%( to convert them to matching ratios that will cancel out.
o Either we convert cos 73° to sin 17° or we keep cos 73° in
the numerator and swop sin17°to cos73°
o You must show converting to the co-ratio before you
cancel them.

Knowledge: These are meant to be your guaranteed marks.

Complex procedure: Multiple step calculations that
require higher-order thinking.

6% Routine: Familiar procedures and simple calculations.

Problem solving: Problems that are unfamiliar (unseen).

|Miss Angler
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Worked example

&2

. cos(540° — x) tan(x — 180°)
; 1 —sin2(270° + x)

Simplify the following, to a single trigonometric ratio:

First. we can simplify these angles into angles which are less than 360:
we are more familiar with. This isn’t necessary. but it does make the
question easier.

cos(180° — x).tan(180° + X) . The first ratio has an angle more than 360" therefore we can subtract

1 - (=cosx)? 360 to get an answer more easily recognisable in one of the four
(—cosx)(tanx) quadrants. This angle is in Q2. where cos is negative.
1—cos?x « The second ratio has a negative angle. We can add 360°to make the
p—— sinx angle positive (or start moving anticlockwise by an angle of x. then move
— LO5% clockwise by 180°). Either way. you end up in Q3. where tan is positive.
_ sm‘ & o The third ratio has a square. which means regardless of whether the
—surX . . . . o B
— ratio ends up being positive or negative. once it is squared. it will be
Sm-x positive. You MUST SHOW whether the ratio is positive or negative
v BEFORE it is squared. Here, 270°+x is in Q3. where sin would be
sinx

negative but it is also a co-ratio, so sin switches to cos.

o Now. we can use our identities to simplify the answer. In the numerator
we use the tan identity and in the denominator we use the square
identity.

« We can cancel ratios that appear in the numerator and denominator.

« Since have have one ratio is negative, the final answer will be negative.

If you have a squared ratio,
you MUST show whether the
reduced ratio is positive or

negative BEFORE you
Worked example square it.

&

tan 225° — sin(180° + 6) cos(6 + 90°)

sin 6 .sin(360° + ) + cos 8.cos(—0) brackets to show what each reduction becomes.
/ 4 _p . o You must show each reduction and not simplify in
 — (tan 45°) — (= sin 6). (—sin 6) this first step, otherwise you will likely lose marks.

Simplify the following, without the use of a calculator:

Reduce each Trig ratio to an acute angle. using

sin@ .sin 6 + cos 6 .cos 6 o Simplify each term in the numerator and
1-—sin?6 denominator. You cannot cancel while you have
" sin2 0 + cos? 6 separate terms.
cos2 0 o Use special angles to replace tan45° =
=1 o Use the square identity to replace the numerator
5 with a single term and simplify the denominator to 1.
= cos“ 6

Question source: GP June 2024 Grade 11 Paper 2

|Miss Angler
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Question Type 2:
Constructing a triangle

When a question states that it should be done without using a
calculator, that often points to one of three methods:
1. Working with special triangles to determine the values of special angles (see
page 42)
2.Constructing an acute-angled right triangle where the ratio is a variable
3.Drawing a right-angled triangle on the Cartesian plane

When you are required to draw a triangle, you will be given a trigonometric ratio
and information about the angle to determine which quadrant to draw the triangle.
The triangle will ALWAYS be right-angled and the hypotenuse is ALWAYS
positive.

Either the angle will be a variable with a value as the ratio, or the ratio will be a
variable and the angle is a known value.

You will be given enough information to find all three sides of the triangle and all
three of the angles, either as a value or in terms of the given variable.

Remember the definitions of the Trig ratios:

When given the value of a Trig ratio, we can equate the
opposite y numerator of the ratio to the side of the triangle that

sin @ = hypotenuse = ; corresponds to that relationship.
For example, if sinf = 5 the side opposite to 8 would
adjacent x be 1and the hypotenuse would be 2.
cosO = =—
hypOtenuse 4 If the ratio doesn’t have a denominator, write the ratio
) over 1.
tan @ = opposite _ X For example, if cos§ = m, rewrite the ratio as cos§ = %
adjacent X then the side adjacent to 8 would be m and the

hypotenuse would be 1.

PRO-TIP

If you have two sides of a right-angled triangle, you can find the third side using

Pythagoras (don't forget to write the reason Pythag) and if you have one other

angle in the right-angled triangle, you can calculate the third angle since all the
angles must add to 180" (don't forget to write sum of Zs in A).

’Miss Angler
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Given cos 32 = p:

Q Represent this information in a sketch.

.
p

Q Determine the value of the following:

i) sin32

Y,
“
S

1 2

:

p

1

J1-—p?

cos 58

1
Vi w

if)

i) 1—tan?32
2
_q_[¥1=r
p
_, 1P
= =
_p*=(1-p?)
- =
pz — 1 + pz
2p? —1
p?

We need the given ratio to be written as a
fraction in order to match the definition of the
ratio for cos.

adjacent
cos 32 = P_ J

1~ hypotenuse

Now we can assign the given sides to the triangle
and use Pythagoras to find the missing side.
Lastly. we complete the triangle by finding the
missing angle = 180° —90° —32° = 58°

|Miss
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Using the constructed triangle. we can read off the
sides needed to find these ratios.

Remember. if your answer is a fraction over 1, we
simpliy by only writing the numerator (all numbers
are over 1 unless told otherwise so keeping the 1in
the denominator is not necessary and is considered
unsimplified so you can lose marks).

When applying the square to the fraction, you need
1o square the numerator (which cancels out the
square root) and square the denominator.

Then. we combine these two separate terms by
using their LCD of p2.

Don't forget to write your numerator in a bracket
to apply the minus throughout the expression.
Collect the like terms

You cannot cancel the p?since you have more than
one term in the numerator (you can only cancel in
fractions when both the numerator and
denominator are only one term or when everything
is being multiplied together).

These questions only have
triangles in Quadrant 1,
therefore all the sides are
always positive.

Angler
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Worked example

Use the sketch below to determine the values of the following, without the use of a calculator:

AR

10

o Using the sides in the given triangle. we use

;; k
Pythagoras to find the missing side.

k? = (10)% — (—6)? tha

(10)7=(=6)"  (pythag) « Since we are finding one of the shorter sides
Vk? =v64 (not the hypotenuse) we subtract the squares
of the other sides.

k=418
« Remember. when you root a value, it could be a
k=-8 positive or negative number.
« Keeping in mind our triangle is in Q3, both the
@ ) opposite (y) and adjacent sides (x) will be
sin 6 negative so we choose k=-8.
_ 8
T 10
_ & y
-5

6 K\ o Replacing k with -8 on the

diagram. we can read off the
opposite side and the hypotenuse
10 to write the value of sin 6.

; cos@ Xtan@ Adjacent

o First we read off the sides for cos6 =

Hypotenuse
__ Opposite
» 7_6 __8 and tan = Adjacent
T 10T =6 « Since there is a -6 in both the numerator and
8 denominator. they cancel to simplify
=710 o Always simplify your answer as much as
4 possible
~ 5
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Worked example

If 7tan® = 3 and cos 8 < 0, use a sketch in the correct quadrant and without the use of a
calculator, determine the value of: siné + cos@

2siné
@% tanf = § = __3 o First, get the Trig ratio isolated.
v = o The only quadrant where tan is positive and cos is
b r2 = (=7)% + (-3)? (pythag) negative is Q3
r2 =58 o In Q3 both the opposite (or y value) and the
r =+/58 adjacent sides (or x value) are negative therefore
we write the fraction with both a negative
numerator and negative denominator.
o Using pythag we calculate the length of the
hypotenuse (called r. which is ALWAYS positive).
¥
VAL -
- * sing = P2 =¥ c:osE)=ﬂ=f tzn'|9=£r?=Z
hyp r hyp r adj x
IGE

_ V58 ' V58

(-
10

With a calculator. skip
straight from here to
the final answer.

(-7:-3)

)
&/

58

o Using the sides of the triangle. we can write down the
values of the Trig ratios.

o Simpliry the numerator into a single fraction (the
denominators are already the same).

o Simpliry the denominator by multiplying the fraction by
the coefficient of 2.

o Divide by the fraction in the denominator by converting
to multiplication and lipping the fraction over.

o Cancel the roots and simplify your answer.

o If you are allowed to use a calculator. skip from the
substitution straight to the answer.

Question source: EC November 2023 Grade 11 Paper 2

PRO-TIP

The hypotenuse is often called r for
radius. It is the radius of a circle that
would pass through the point with the
coordinates (x;y) to correspond with the
ratio. Since the radius is a length, The
hypotenuse is ALWAYS POSITIVE.
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Worked example y
N
In the diagram alongside, A is a point on the Cartesian )
plane such that AOT = a with OA = 4. P(k;m) is a P(k;m)
point such that OP = 6 and AO 1L OP. 6
A(b;1)
12 4
C Determine the value of b. o T
0 i
b* = 4% — 1% (pythag) N
bZ =15 P(k,m)
b=-v15 A(b:1 5 o By constructing two right angled
il) o triangles we can use the coordinates
| 4 of A and P 1o fill in the values of the
o T sides.
® - 3 x .
—\fﬁ 0 I o Using pythag. we can calculate the

value of b. Don't forget to say
“oythag” and to root your calculation.

C Determine, without the use of a calculator, the value of:

. aaj
) tana sina hyp cosa = m tana T
tana = — 1 « Reduce both the Trig ratios using negative angles.
V15 o Use the sides in the triangle to write both the
Q2 Q4 values for the Trig ratios.
i) sin(—a — 180°) + cos(—a) o Simplify your answer by combining the fractions
into a single fraction - they already have the same
=sina + cosa denominator.
_ (1) + (—_\/ﬁ) o Either you can visualise the angle —a —180° as
4 4 going anti-clockwise as shown in the image. or you
1-V15 can add 360°to get a positive 180° —a

4

]

P —180°K|>k 0
Without the use of a calculator, determine the values of k and m.

cos(a — 90°) =§

_k
S]Ill&‘.'—6
1 k
4 6
k—6
T4
k_3
T3

. L
sin(a —90°) = 6 o The angle in the triangle on the right

m QM isa —90°

—Ccosa = — . .
6 « Using co-ratios we can reduce these

15\ m ratios and find their values using the
- (T) =6 sides of the triangle in Q1.
o Equate the values found previously
6_\/E = using the triangle in Q2 to the values
found using the triangle in Q1.
3V15 o Isolate the variable in each equation.
2 Question source: GP November 2022 Grade 11 Paper 2
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Question Type 3:
Proving trigonometric identities

The Tan Identity The Square Identity
- 2
. . opp 2 adj
tan® = ﬂ sin 6 _9pp adj sin?@ + cos?® = (%) + (m)
adj cosO hyp = hyp ovn?  adf?
ovp _ opp® + adj’
B Ej hyp?
=tan®0 _ hypz
- tan® = sin O I
" cos 0 —1

~sin?0 + cos?0 =1
Take note of the following tips when proving an identity:

You have to use the correct layout. Choose one side of the identity to work on and
label your first line with that chosen side. Use “LHS" for the left-hand side of the identity,
and "RHS" for the right-hand side of the identity. You MAY NOT work on both sides
of the identity at the same time. You may, however, work with each side separately,
and show that both sides simplify to the same expression.

The point is to show that the expressions on each side of the given identity are equal to
each other, and then conclude at the end "LHS = RHS".

Look out for opportunities to use the square and tan identities. Simply applying these
identities should earn you a mark.

Look out for opportunities to factorise expressions, either by taking out a common factor,
factorising a difference of two squares or factorising trinomials.

If an expression consists of multiple separate fractions, and the other side of the identity
consists of only one fraction, make sure to write the separate fractions as one by finding
the lowest common denominator of the separate fractions. When dividing by a fraction,
remember to tip and times.

There are often multiple ways of proving an identity, so just try something! Even if you

are unable to prove the identity, you could get some marks for applying any of these tips.

keep change tip
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Worked example

Reminder:
@% Prove the following identity: 20X-€0S¥ _ 4 L o284 coetB =1
sinx cos O
sinx cosx ¢ First we chose the LHS as it is sin8 =1 —cos?0

“ LHS _cosx” 1 the more complicated side
SinX . Using the tan identity we change
sinx tanx to 3

= — co

SX
siax o Since cosx is being multiplied by

cos?0 =1 —sin?9

— a fraction, it is easier to write it
over 1 so they are both fractions PRO_T'P
= RHS o Looking at the two fractions in

the numerator, the two cosx’s
It is easier to start working with

the more complicated side of the
identity and simplifying it to match
the other side.

cancel [eaving just sinx
o Now the sinx is in the
numerator and the sinx in
denominator cancel out.
o Remember, anything You don’t need to work with one side
divided by itself is 1. the whole way. You can simplify each
side as much as needed to get them

Worked example to match each other.

1
cosf

@% Prove the following identity: cos 8 (1 + tan? §) =

sin” 6
“LHS =cosf|1+ =
cos? 0

. ) . 5 sin@\? sin?@
o Starting with the LHS first convert tan®6 = ( ) =

29 4 sin? = o526
= cosf (w) o Combine the two fractions using an LCD

cos 6

cos* @ o Use the square identity to simplify the numerator
_cos 9( i ) o Write the cosB in front of the bracket over 1 to
1 \cos?6 multiply the fractions together more easily.
1 o Multiply the fractions by cancelling out cos®
= 050 o Con't forget to conclude LHS=RHS
= RHS

You MUST work with the LHS and RHS as two separate expressions and
prove that these expressions have the same value. You CANNOT treat these
questions as an equation or you will not get marks for these questions.

You can work with the LHS all the way until you have the RHS, you can work
with only the RHS until you have the same expression as the LHS or you can
work with each for a bit (separately) until you end with the same expression on
each side.
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Worked example

2
@C Prove the following identity: 2Sin"x*—1 _ sl - cas%

LHS

2 sin? x—(sin? x+cos? x)

sinx — cosx

o Here we replace 1 with the square identity since

sin x—cos x sin?x + cos?x =1
sin? x—cos? x « Don't forget to write the identity in brackets as the

sinx—cosx
(Sin X—COS x) (Sin x+cos x) negative that was with 1.

identity needs to be multiplied through by the

(sin x—cos x)
= sinx + cosx

= RHS

Worked example

C C Prove the following identity:

o LHS

RHS

o Collecting like terms in the numerator, we now have
two square terms separated by a minus. In order to
cancel we need to factorise.

o In the numerator we factorise by CCTS and since
the denominator cannot be factorised. we place it in a
bracket to become one term.

o Cancel identical brackets in the numerator and
denominator.

o Don’t forget to conclude that LHS=RHS

cos? x — cos x — sin® x 1 1

2sinxcosx + sinx tanx sinx

cos? x—cosx—(1-cos?x) . Starting with the LHS we use the square identity to
sinx(2 cos x+1) swop out sin® x in order to have the numerator only
cos? x—cos x—1+cos2 x in terms of cosx. Be careful to use brackets so you
sin x(2 cos x+1) don’t mess up your signs.
5 eoel w=posa=1 « We also factorise the denominator by taking a

sinx(2 cosx+1)
__ (2cosx+1)(cosx—1)

common factor of sinx.
o By collecting like terms. we now have a trinomial that

sinx(2 cosx+1)

we can factorise. The denominator is hint of what
you'd hope one of the trinomial’s brackets will be as

cosx—1 )
—_— we are hoping to cancel a common bracket.
—— « Cnce we have simplified the LHS as much as possible,
" q we can switch to the RHS to see it we can get both
— — — expressions to simplify the same.
BINX  sinx
cos xsinx g o On the RHS we use the tan identity and then simplify
+ ter the fraction within a fraction by converting divide to
cosx sinx , - .
i 1 multiply and flipping the fraction around.
e « Now we have an LCD of sinx so these two fractions
sinx sinx
cos x—1 can be combined resulting in a matching expression to
Sim s our LHS.
LHS

Question source: EC November 2023 Grade 11 Paper 2
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é C For which value(s) of x is the identity undefined if x € [0°; 180°]?

) cos’x—cosx —sin*x 1 1
2sinxcosx +sinx  tanx sinx An identity could be invalid (undefined or
) non-real) in three scenarios:
2sinxcosx +sinx =0 * You have asymptotes (tanx) — undefined
sinx (2cosx+1) =10 * You have a fraction (denominator cannot
sinx=0 OR cosx = —% equal zero) — undefined
x = 0° 180° x = 120° * You have a root (you cannot root a
) ' negative) = non-real
[ tanx = 0 Etanxiasgmptotesé ‘% 1/ negative
x = 0°; 180° : : '

tanx is undefined

x =90°

» We have three areas of concern for the identity
r— potentially being undefined: each denominator could be
- 0:. 180°: 360° zero, and we have tanx, which has asymptotes.

o For the denominators, make each equal to zero and
solve for x.
s~ x = 0°90° 120°; 180°

o For the first denominator) we ractorise out the common factor of sinx (as we did when proving the
identity in the previous question). Now we set sinx equal to zero. and the bracket equal to zero.

o For sinx to equal zero. we need to x-intercepts of the sinx graph. which happens at x=0°and then
every 180°in both directions. These are the same answers as the {third denominator equals zero.

o For the bracket to equal zero, we solve for cosx and use [SHIFT] and [cos] on our calculator to
find the reference angle (RA). Since cosx equals a negative ratio. we place the RA in Q2, where cosx
is negative (it would also be negative in Q3 but we only want values of x between 0"and 180°).

o The@econd denominator has two potential issues, tanx cannot equal zero, since it's in the
denominator. but tanx also has asymptotes so we need two lists of values.

o For tanx = O. we need the x-intercepts of tanx. which starts at x=0"and reocurrs every 180°(the
period of tanx).

« tanx has asymptotes at x=90°and every 180’ (the period of tanx)

« We have now tackled each problem individually. and we have four separate lists of values for x that
would make the identity undefined. We compile the lists into one single list of values between O°and
180" ignoring any duplicate values.

o The question asked for the values of x where the identity IS undefined, therefore we say x does
equal these values to make the identity undefined.

o If you are struggling to grasps some of the concepts discussed here. come back apter you are
comfortable with the Trig graphs and Trig equations sections as these sections overlap in this
question.
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Question Type 4:
Solving a trigonometric equation

When solving a Trigonometric equation, we are finding where two graphs
intersect and since the Trigonometric functions repeat forever, there are
infinitely many solutions to any Trigonometric equation. In order to save
ourselves from writing a list of solutions that never ends, we either write our
answer as a General Solution or we are given a region within which we can
provide a list of Specific Solutions.

The General Solution resembles the general formula for a pattern and uses the
period of the graph to provide a rule to find any number of solutions to an
equation. Unlike in a pattern, where n is a natural number, in a General
Solution, n is an integer as the graph repeats in both directions. We can
then use this rule to find Specific Solutions within a provided region by
substitutingn=-1, 0, 1, etc.

Below is an example of a graphical representation of the equation cosx = .
This is where the blue graph (y=cosx) has points of intersection with the pink

graph (y="%).

Notice that there are two solutions for each repetition of the period.

In this given domain, there are already four solutions and the graphs continue in
both directions indefinitely.

We therefore use the general solution to write a formula for each unique
solution, which can be used to find all the solutions within a given domain.
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There are five types of general solution questions:

a) Basic

b) Factorise

c) Tan identity

d) Co-ratio

e) Square identity

We will practice at least one of each type. You need to be able to
identify the type of general solution in order to solve it. Once you have
the general solution, you can be asked to find specific solutions. We will
tackle finding specific solutions later in the Trig Graphs section.

Worked example - basic

é E Solve for x given: 2sin(x + 20°) = V3

sin(x + 20°) = ?
" RA =60°

Q1
x + 20° = 60° + n.360°
x=40°+n.360° n€eZ

Q2

x + 20° = 180° — 60° +n.360°

x =100°+n.360° n€Z :
Worked example - basic .

é ; Solve for x given: cos 2x = —0,737

cos2x = —0,737
RA = 42,52°

Q2

2x = 180° — 42,52° + n.360°
2x = 137,48° + n.360°

x =68,74°+n.180° n€Z

Q3

2x = 180° 4+ 42,52° +n.360°
2x = 222,52° + n.360°
x=111,26°+n.180° neZ

o First, isolate the trig ratio by dividing both sides by 2

We find the reference angle (RA) by doing RA = sin™? (j?
To get sin~* on your calculator press [SHIFT] and [sin
to calculate the angle. although this is a special angle so
a calculator is not strictly necessary.

Since the ratio was positive, we choose the quadrants
where sine is positive (Q1 and Q2).

Do not solve for x until you have placed the RA in the
correct quadrants, with the relevant reduction and
period.

The RA is an acute angle so it's the same as the Q1
angle but for Q2 we use the reduction of that quadrant
(180~-angle).

Simpligy to solve for x in each quadrant.

Since the period of sine is 360°we say +n360"to get all
the possible solutions.

Con't forget to say n € Z at least once in your solution
(some schools use k.360° k € Z, which does the same
thing).

o To find the reference angle (RA) we always use a
positive value .. RA = cos™(0,737 ) = 42,5235 ...

« Since the ratio is negative. we use the negative
quadrants for cosine (Q2 and Q3)

o The reduction for Q2 is 180°- RA and Q3 is 180°+ RA

« When we divide by 2 to isolate x, we divide everything
by 2. including the period.

o Do not divide the RA by 2 until you have placed the RA
in the correct quadrants. with the relevant reduction
and period.
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Worked example -factorise

é% Solve for x given: 2 sin x cos x = cosx

2,
v,
<
S

Yn

1

0.5

2sinxcosx —cosx =0
cosx(2sinx—1)=0

cosx =10 or
RA = 90°

o

x=90°+n.360° neZ
Q4:

x = 360°—90° + n.360°

\x=270°+n.360° ne Z}

Y
x=90°+n.180° n€eZ

99

2sinx =1

sinx=%

RA = 30°

01:

x=30°+n.360° neZ
Q2:

x = 180° — 30° + n.360°
x=150°4+n.360 n€Z

o In order to factorise, all terms need to be on the same side
of the equation.

e cOsX is a common factor. which gives two sets of answers
(one for the common factor and one for the bracket).

o Looking at the solution for you can either consider
O to be positive (Q1 and Q4) or negative. the final answer
will be exactly the same.

o The two quadrants can also be summarised into a single
general solution by visualising the x-intercepts of the cosx
graph. as shown

o For the 2sinx=1 solution, first isolate the trig ratio before
calculating the RA (here the RA is a special angle so this
entire question could be done without a calculator)

o The ratio is positive so we use the positive quadrants for
sine (Q1 = RA and Q2 = 180-RA).

Question source: DBE November 2016 Grade 11 Paper 2

Worked example - Tan identity

@% Solve for x given: 3cosx —sinx =0

“,
\‘<

3cosx—sinx =0
3cosx =sinx

3 =tanx
RA =71,57°
Q1

x =71,57°+n.360° n
Qs

EZ

x =180°+ 71,57° + n.360°

\

x = 251,57°+n.360° n €

4

Y
x =71,57° +n.180°

nez

o You can identify this is a “tan trick” question because
there are only two terms, one with “cos” and one with
“sin” and their angles are identical.

o By dividing by cosx. we convert sinx to tanx.

o For tan, either you can write both the positive quadrants
(Q1 and Q3) with a period of 360°CR you can do one
quadrant (Q1) and use a period of 1807 The solution you
get from Q3 is the first repetition you'd get from using
the period of 180’ (using n=1).
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Worked example - Co-ratio

“x

sin(x + 12°) = cos 2x

sin(x + 12°) = sin(90° — 2x)
Q1:

x+12°=90°—-2x

3x = 78°+n.360
x=26°4n.120° ne€Z

Q2:
x + 12° = 180° — (90° — 2x)
x +12°=90° + 2x

—x = 78° + n.360°
x=-78—-n.360° ne7

C Solve for x given: sin(x + 12°) = cos 2x

o You can identify this is a “co-ratio trick”
question because there are only two terms. one
with sin and one with cos but unlike the “tan
trick”, the angles are different.

o By using co-ratios we can get the ratios to
match, which means the angles are equal. Cr
think of canceling out sine on both sides.

« DC NCT SCLVE FCR x before moving the angles
to the correct quadrant.

« When using a reduction, don’t forget to use
brackets otherwise you could make mistakes
with the signs.

 Don't forget to divide everything when isolating
x: both the angle and the period.

Worked example - Square identity

&

3cos?x —5sinx =1

3(1 —sin?x) —5sinx =1
3—3sin?x—5sinx—1=0
—3sin?x —5sinx+2=0
3sin®x +5sinx—2=0
(3sinx —1)(sinx+2)=0
sinx =§ or sinx # —2
RA = 19,47°

Q1:

x =19,47° + n.360°

Q2.

x = 180°—-19,47° + n. 360°
x =160,53°+n.360° n€Z

O

Solve for x given: 3cos?x —5sinx =1

You can identify this is a “square identity trick” question
because there are three terms. one trig ratio is squared.
one isn’t and you have a constant. It has the format of a
trinomial but you cannot factorise it yet because the Trig
ratios are different.

Replace the squared cos ratio using the square identity.
Now the Trig ratios match.

When solving for x in a quadratic equation we bring all the
terms to one side so we have EVERYTHING = O

Divide everything by a negative, to get make the trinomial
easier 1o factorise.

Now factorise the trinomial to get two factors each = O
Solve for x in each factor.

The factor (3sinx-1) has a solution in Q1 and Q2 (the
positive quadrants for sin)

¥4 /\
1 .....................................

You can see from the sinx graph, that the fminimum of
sinx is =1 so there isn't a value for x that will result in
sinx=-2, therefore the factor (sinx+2) doesn’t have a
solution.
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2

& cos(2x + 30°) = — cos(90° — x)

Q2:

2x + 30° = 180° — (90° — x)
2x+30°=90°+ x
x=60°+n.360° neZ

Q3:

2x + 30° = 180° + (90° — x)
2x + 30° = 270° - x

3x = 240° + n. 360°
x=80°4+n.120° neZ

Worked example

sin6+2_a
sinf—1 b
125 b+
C Prove sind = a
a—>b

bsin@ + 2b =asinf —a
2b+a=asinf® — bsing
2b+a=sinf (a—b)

2b+a
a—>b

=sind

Worked example - Negative co-ratio

Solve for x given: cos(2x + 30°) = —sinx

o Since we have two terms with different ratios. and
the angles are different, we use co-ratios to get
the ratios to match.

o In this question. one of the ratios is negative, so we
use the negative quadrants for cos (Q2 and Q3).

o Don’t forget to use the reductions for these
quadrants BEFCRE you solve for x.

o When isolating x. if you divide by a value. divide the
period as well.

For a general solution we need to
say n € 7 at least once during the solution.
You will likely loose marks if you leave it out.

Since n is an integer, you can add or subtract
the period as many times as needed to get a

list of values if asked for specific solutions
(n=...-2,-1,0,1,2,..)

o Toisolate sinB. we cross multiply the fractions.

o Next, we move the letters together on the left and
the sinB terms together on the right.

o On the right. we take out sinB as a common factor.

o Now. divide by the bracket to get the same equation
as given in the question.

E ; Hence, determine 0 if S0 - = _15 and 6 € [90°; 270°].
sing — 1 17

a=-—15andb =17

o Using the previous question. we allocate the numerator as “a” and

2(17) + (=15) the denominator as “b”.

b sing = (=15) = (17) . Now we can substitute the value of a=-15 and b=17 into the
. 19 equation we proved in the previous question.
sinf =-23 o Use your calculator to simplify the fraction.
RA = 36,42° o To solve for O we need the reference angle (RA).
o Use [SHIFT] and [sin] of the ratio as a positive value to get an
Q3: acute angle for the RA.

6 = 180° + 36,42°

o Since sinB equals a negative ratio, we are in Q3 or Q4 but the

question speficied B was between 90°and 270°(Q2 or Q3)

6 = 216,42°

therefore the only quadrant that is true for both is Q3.

o We use the reduction of 180"+ RA to get the answer for 6 in Q3.
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Question Type 5:
\ 2D Trigonometry

\\

In order to achieve full marks for this section, you need
to be able to:

e Use the trigonometric ratios to calculate the lengths of
sides or sizes of angles of a right-angled triangle.

e Use the sine rule to calculate the length of a side or the
size of an angle of a non-right angled triangle.

e Use the cosine rule to calculate the length of a side or the
size of an angle of a non-right angled triangle.

» Use the area rule to calculate the area of a non-right
angled triangle.

e Prove the three triangle rules.

We can use trigonometry to solve both right-angled and non-right
angled triangles.

"Solving triangles" means to calculate the lengths of sides, and the
sizes of angles, of triangles.

To solve right-angled triangles, we use the trigonometric
ratios, as explained in the previous section.

To solve non-right angled triangles, we use the triangle rules:
the sine rule, cosine rule and area rule.
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THE SINE RVLE:

To calculate a side:
_ b
sinA sinB sinC

a C

To calculate an angle:
sinA _sinB _sinC
===

a Cc

To use the Sine Rule. we need a pair of a
known side opposite a known angle. We can
then find an unknown side opposite a known
angle, or an unknown angle opposite a known
side.

To make the calculation easier: if you are
looking for a side, use the formula with sides
on top. and if you are calculating an angle,
put sin(angle) on top.

THE COSINE RVLE:

To calculate a side:
a? = b? + ¢% — 2bc.cosA
b?2 = a? + ¢2 — 2ac.cosB

c? = a? + b? — 2ab.cosC

To calculate an angle:

. b*+c*—-a?

cosA=————
2bc

. a®+c%-p?

cosB=——"-—"—
2ac

P a? + b? — 2

cosC =————
2ab

We use Cosine Rule if we can’t use Sine

Rule. This will either be because you have
SAS (two sides and the included angle) or
SSS (all three sides and no angles).

Start by identifying which angle you HAVE
or which angle you NEEC. The side opposite
this angle is the subject of the Cosine Rule.

You can learn both the “side” and “angle”
versions of the Cosine Rule. or you can use
the “side” version and manipulate the
equation to solve for the angle.

THE AREA RVLE:

To calculate the area of a non-right angled triangle:

1 .
Area = Eab.sinC
1 -
Area = 5 bc.sin A
1 A
Area = Eac. sinB

|Miss Angler
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To calculate the area of a non-right angled
triangle you need the lengths of two sides
and the INCLUCEC angle.

The highlighted formulae are the ones
given on the formula sheet (see page 135).

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

There are several proofs you need to know in preparation for your
exams. There are 3 proofs in 2D Trig: the Sine Rule, the Cosine Rule
\ and the Area Rule proofs.
o
°
The given triangle might be slightly different (labelled with different letters or in
a different orientation) but the method of the proof remains the same. You must
understand each proof to be able to adapt them to the given triangle. All the
Trigonometric proofs start with the same construction to create two right-angled
triangles. If you do not do the construction correctly, you will likely not receive
any marks for your proof.

A PROVING THE SINE RULE:
: Required to prove:
c | b b c
: sinB  sin(
|
M Construction:
& | D | C  upiBC
| a |
Proof:
In AABC: In AACC:
. AD . AD
sinB =— sinC = — . A
c b Since AD = c.sinB and AD = b.sinC. then
AD = c.sinB AD = b.sinC c.sinB must be equal to b.sinC (both = AD).

. infB in If we want to prove the fractions where the
~ c.sinB = b.sin
b p sides are in the numerator. we divide both sides
B = — \ by sinB and sinC. On the left, the sinB will
SIn sinC cancel, leaving sinC in the denominator and on
the right. sinC will cancel, leaving sinB in the
denominator.

c.sinB - b.siC
\ sinl?.sinf_sing.sinf

c b
sinC  sinB

As shown in this example of the
proof, you will only ever be
asked to prove two fractions Then we switch left and right to match the

are equal, of the three fractions order of the fractions in the “required to prove”.

in the Sine Rule.

|Miss Angler
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PROVING THE COSINE RVLE:

A
|
|
c I b
|
|
|
5 ||
| D
| a
Proof:
In AABD:

c2 = AD? + BD?  (pythag)
ButBD = a— DC

& c?2 =AD? + (a—DC)?

c¢2 = AD? + a? — 2a.DC + DC?

In AACD:

b? = AD? + DC?>  (pythag)
. DC

AndcosC = T

~»DC =b.cosC

c2 =a?+b?—2a.b.cosC

Required to prove:

c?2=a%+b%—2ab.cosC

Construction:

AD 1 BC

For the Cosine Rule proof, we do Pythagoras in both the
right-angled triangles. We also use the ratio for cos to
find a ratio in terms of the angle in the Cosine Rule. in
this proof that is cosC.

Side a = BD + DC., therefore'BD = a = DC. We then
expand the square bracket (you can write the bracket
and FOIL if you aren’t comfortable going directly to the
next step).

Using Pythagoras in the right-hand side triangle. we find
an equation for b’ in terms of AD and CC. and for CC.
in terms of the angle C. which are the pieces of our
current equation that are missing.

We replace AD"+ DC with(B'and replace B0 with b.cosC:

A PROVING THE AREA RVLE:
|
| Required to prove:
c | b

: Area AABC = % ab.sin €
|

B EI Construction:

| AD 1 BC
a
Proof:

Amamwc=§axAD

In AACD:

s _AD
Sin = —
b

AD = b.sin €
~ Area AABC = % ab. sin C

Area = V2 base x perpendicular height

We can replace AD with an expression of
the same value using the ratio for sin in the
right-hand side triangle.

lMiss Angler
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Worked example

Quadrilateral ABCD is drawn with BC =7,91cm, AC =16,16 cm and CD =17,5 cm. ltis also
given that BCA = 42,4° and ADC = 67°.

B

16,16 cm

C
D
é ; Determine the area of AABC. o To use the Area rule, you need two sides and the angle
) ) between them. In triangle ABC we have everything we
"':::3 Area = E(AC) (BC)sinC need and can substitute the values straight into the

—1(16,16)(7,91) sin(42,4°)  2rea formula
2 o Don’t forget to write your answer rounded to 2

- 2
=43,10cm decimal places and use cm squared as the units.
é E Determine the length of AB.
o Since you don’'t have any pairs of
AB? = AC? + BC? — 2(AC)(BC) cos ACB sides with their opposite angle,
= (16,16) + (7,91)? — 2(16,16)(7,91) cos 42,4° you cannot use the Sine rule,
VAR = VT359757 therefore we use the Cos rule.
AB =11 62‘cm o The length that is the subject of the formula is opposite the
angle for the calculation.
o Don't forget to square root the value to obtain the length. and
@% . . . round to 2dp.
Determine the size of DAC.

inDAC _sinADC
St =cn o In triangle ACC. we have a pair with a known angle (C) opposite

be AC a known side (AC), therefore we can use the Sine rule.
sinDAC  sin67° o The Sine rule can either have the sides in the numerator, or the
175 _ 16,16 angles, depending on which you wish to calculate. Since we want
. an angle, we chose to have the angles in the numerator.
sin DAC = sin 67° x 17,5 o Substitute the side opposite the unknown angle (CC) and the
le:le pair with both known values into the formula.
sin DAC = 0,99 ... o To solve for the angle, make it the subject by multiplying by the
denominator of 17.5 and then isolate the angle by using SHIFT
DAC = sin"1(0,996 ...) and SIN of the ratio.
DAC = 85,44°
|Miss Angler
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Worked example

>
a% ADEF is drawn with DE = 8, EF = 11,75 and FD = 15. Calculate the size of E.

E
8
11,75
» ) D
152 =82+ 11,75% — 2(8)(11,75) cos E
15
152 — 82 — 11,752 = —2(8)(11,75) cos £ F
152 — 82 —11,75% _ £
-2(8)(11,75) €os « Since we don’t have any angles, we can’t have a known pair to
use the Sine rule, therefore we need to use the Cos rule.
_ 200 = cosF o Ir we want angle E. we need to use the side opposite E (OF) as
3008 the subject of the Cos rule.
~ 367 o To get the angle isolated. first we subtract the separate terms
E =cos™* (— m) and then we divide by the coefficient of cosE.
 Now. we use SHIFT and CCS of the ratio to calculate the angle.
E =97° Since the ratio was negative, the angle will be an obtuse angle.

Worked example

6 C AJKLis drawn with JL =4,1; JK = 5,2 and JKL = 48°. Calculate the size of L.

J
4,1
52
L
. sinL _sinK 48
JK L i
sinl _ sin48°
52 4,1 « We have a known pair (angle K and JL) therefore we can use the Sine rule.
o To calculate an angle, we choose the formula with angles in the numerator.

=t 48° %59  * Since the angle we need is opposite the larger side. it must be the larger

4,1 angle, but since Sine is positive in Q1 and Q2. the angle could be acute (Q1)

or obtuse (Q2). This is called the ambiguous case.
o There is not enough information in the question to choose between the two
I = sin~1(0,9425 ...) possible values for L, therefore we write both answers.

sinL = 0,9425 ...

L =7048° or [ =180°—70,48°=109,52°

| Miss Angler

68

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

Worked example

A cameraperson is stationed at the top of a vertical tower (TG), where TG = h. She films a cat
starting at A, where the angle of depression of T to A is §. The camera follows the cat as it
walks (in the same vertical plane) a distance of & metres horizontally to B, creating angle £.

[:)
«®
R

é E Determine B, in terms of #and f3, with reasons.

W A=0 (alt 2s; TK||GA)

-

G

~By=B+6 (extsofA)

C Showthat x =

hsin S8

sin(@ + B) sin@

sin(f +0) = TB
h
o= sin(B + 6)
AB _TB
sinBTA  sind
h
x _ sin(B+0)
sin § sin@
h 1

sinf8

Jt=sin(ﬁ+6)>(sin|9><

B hsing
x= sin(f + 6) sin@

1

« Since TK and GA are horizontal lines. they are parallel to

each other. Using alternate angles, we can say KTA=A.
The exterior angle of a triangle is equal to the sum of
the opposite interior angles.

Starting in the right-angled triangle TGB. we use
sin(B1) to find side TB (hypotenuse) using the given side
TG (opposite).

Now working in the non-right angled triangle TBA, we
use the Sine rule to find an expression for side AB (x).
Substitute the expression found for TB into the Sine
rule equation.

Isolate x by multiplying by its denominator of sinB.

We now have a fraction within a fraction, so to simplify
we can use the “tip and times” rule by converting the
division of sinB into multiply by ﬁ

Multiply numerators by numerators and denominators
by denominators to fully simplify and match the
expression given in the question.

Determine the distance the cat calked from A to B, i.e. x, if the tower was 20 m high,

6 = 65°and f = 37°.

20sin 37°

* = Sin(37° + 65°) sin 65°

x=13,58m

o Substitute h=20, 6 = 65°. and 5 = 37° into the given

formula for x.

o Even if you did not complete the previous question, you

can still get full marks for this question using the given
information.

Question source: Grade 11 GP November 2022 Paper 2
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Worked example

INAPQR, QR = 3 units, PR = x units, PQ = 2xand PQR = 6.

= z
C Showthatcos@ = 222

x? = (2x)* 4+ 32 -2(2x)(3)cos B

x%2 =4x24+9—12xcos#

12x cos@ = 3x2+9

= 3x2+9
cosf = ———
o 362+3)
cosf = ———
x2 43
g =
cos i

e E If x = 2,4 units, calculate 6.

a (24)?%+3
cosf = 229

73
cosf@ = 80

73
— -1
6= cos (80)

0 = 24,15°

To get cosO as the subject. we will use the Cos rule.
The side opposite B (x) will start as the subject.
Substitute all the values into the Cos rule. making sure
1o use brackets so the terms are squared correctly.
To make cosO the subject. move the term to the LHS
and the 22 to the RHS and simplipy the like terms. This
also means everything is now positive.

Civide both sides of the equation by 12x to get cosB on
its own

By factorising out the common factor of 3 in the
numerator. we can cancel with the denominator to get
the same fraction as given in the question.

Even though the previous question was Complex (C). this
question is Routine (R) since you can use the answer
given in the previous question and substitute x = 2.4
into the given expression to determine the value of cos6.
To solve for B we use SHIFT and COS to calculate the
angle using the ratio.

Round your answer to 2 decimal places (dp) unless told
otherwise.

| Miss Angler
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I E Hence, calculate the area of APQR.

o Area =1(PQ)(RQ)sinQ + Using x = 2.4 we can find the length of PQ = 2(2.4)
y and substitute RQ = 3 (given) and the value for ©
=1(4,8)(3)sin 24,15° calculated in the previous question.
2

« The question used “units” so this answer is in units”

= 2,95 units?

é ; Calculate the values of x for which the triangle exists.

x+2x>3 AND x+3>2x AND 2x+3>x

x>1 x<3 x>-3

~1<x<3 . . i
o For a triangle to exist. the sum of any two sides must be greater than the

third side.

 We can create three inequalities using this fact to find a range of values for x.

« Since x > 1 we can ignore the last inequality (x > -3) since the values greater
than 1 will be greater than -3 already.

o Usually with inequalities we say OR but in this case. all three inequalities have
1o be true at the same time. therefore we say AND.

OR o Since x > TAND x < 3. then x is between 1 and 3.
Sincex >0, 0 <cosf <1 « x must be positive since it is the length of one of the side’s
of the triangle (PR). 23
x?+3 « Looking at the equation given for cos6 = T2 the
0< <1 4z
4x numerator of that fraction must be positive (a square

number is either zero or positive and then add 3 will

2
*+3<4x definitely be positive) and the denominator is positive (since
X2 —4x+3<0 X is positive) therefore cosB is positive but cosO has a
maximum of 1 (picture the maximum turning point of a cosx
x-3)x—-1)<0 graph). o
o This means 0<cosO<1 and since cos 0 = . then
1<x<3 2+ 3
0< <1

o Usually we cannot multiply by x. since we don’t know if it is
positive or negative, therefore we don’t know whether to
swop the direction of the inequality signs. but here we do
know x is positive so we can.

o Now. move all the terms to the same side since the
inequality is quadratic and factorise the trinomial.

o The critical values are 1 and 3. and the values of x that will
make the inequality negative are between the critical values.

Question source: DBE Grade 11 November 2017 Paper 2
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Question Type 6:
Trigonometric functions

In order to achieve full marks for this section, you need to be
able to:

« draw a sine, cosine or tangent graph with all parameter changes on
any given domain (max 2 parameters at a time)

« determine the equation of any given graph

 interpret and make deductions from a given function (period,
amplitude, domain, range, asymptotes, max/min values etc.)

« perform a transformation (translate/reflection) on any
trigonometric function.

The parameters of the three trigonometric graphs:

y =asinb(x —p) +

horizontal stretch ¢)

y =acosh(x —p) +

.. 360°
Period = —
b

y = atanb(x —p) +

Pariod = 180° J
7 . b

’Miss Angler
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Terminology

Maximum value: the highest y-value on a sin or cos graph found at the maximum turning

point. The tan graph does not have a maximum y-value.

Minimum value: the smallest y-value on a sin or cos graph found at the minimum turning

point. The tan graph does not have a maximum y-value.

Domain: the domain is the x-values that exist on the graph. Since the graphs continue

indefinitely, the given domain is a snapshot of a section of the graph.

Range: the domain is the y-values that exist on the graph, from the minimum y-value to
the maximum y-value. The tan graph doesn’t have a maximum or minimum so the range is

always yER (y is an element of real values, therefore y can be any real number).

Amplitude: the amplitude is a measure of the graph'’s height. To calculate, find the total
height (height = Max - Min) and divide by 2. Since the tan graph doesn't have a maximum

or minimum, it also doesn't have an amplitude.

Asymptotes: the tan graph has asymptotes between each repetition of its curve. An

asymptote is a line that the graph tends towards but will never touch or cross.
Period: the degrees it takes for a graph to repeat itself. All three of the trigonometry

graphs repeat indefinitely and one cycle of the wave is called the period. The basic sin

and cos graphs have a period of 360 and the basic tan graph has a period of 180.

maximum asgmptote
y / y y i \j
v

| |
[ [
AR o | TN\ Vi / \
/ 5 \ y=sinx = \ y=cosx / y=tanx /
/ E %'z '> tz / // /
/ \ x n / o - x
%% / LI) za‘ ,' 4//7' /
' / & \
P \_
_ = | ‘\
I i
H —_—
domain = x-values L
. period = degrees
minimum
’Miss Angler
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The basic trigonometric functions

‘;u“ —18 E)
il
g
Y = COSX
24
—3;0’ 90 m:u" 70¢ 3.«;::°
i
2
y = tanx y
o) [e) o] o)
o o o o
0~ > = N
! | I <
| [ 8 :
1 9 . &
)
x
—360 —Zﬂl]v 0 27P°

=183

-

Period: 360°
Amplitude: 1
Range:—1<y <1
Asymptotes: none

Period: 180°
Amplitude: none
Range: y € R
Asymptotes:

x = —270°% —90°;
90°; 270°

As you can see, the sinx and cosx graphs are very closely related, whereas the tanx

graph has different features.
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How the parameter “a" affects the graphs

u_n

Since “a" is a vertical stretch, it will affect the amplitude and range of the sin and cos
functions. It also, importantly, dictates whether the graphs are positive or negative. It does
also stretch the tan graph, but since tan doesn’t have a maximum or minimum value, it
doesn’t have an amplitude and its range will remain the same. Instead, for tan, we look at
what is called the anchor point. The anchor point is used in place of turning points and is
found at (45;1) in the basic tan graph.

The basic graph has been drawn as a dotted grey line for you to more easily compare and visualise the

u_n

difperent afrects of “a”.

y = —sinx ,
P sb’i_‘ 7 d B0, ; 3&
L Period: 360°
_____ N Amplitude: 1
Range:—1<y<1
Asymptotes: none
y=2cosx ,

The “a” value here is 2. therefore
the graph is positive (first TP is a
maximum) but the graph is double
the height of the basic graph.

Period: 360°
Amplitude: 2
Range: -2 <y <2
Asymptotes: none

The “a” value is now 1/2,
therefore the graph is still positive
(tan is increasing) but its anchor
point is now at (45; 1/2). The
asymptotes remain the same.

Period: 180°
Amplitude: none
Range:y € R
Asymptotes:

x = —270°% —90°%90° 270°

Y

| Miss Angler

75

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

How the parameter “b" affects the graphs

The “b" is a horizontal stretch, it will affect the period of all the graphs. The value of “b" is
how many graphs fit in the usual period (360 for sin and cos and 180 for tan).

y = sin 2x y

Period: 180°
Amplitude: 1
Range:—1<y<1
Asymptotes: none

y =tan-x
z = —180° g z = 180°
4 A s o 4 A i
L
TH0 a0 a0° is 270 X
Period: 360°
il Amplitude: none

Range: y € R
Asymptotes:

: ; . j x = —180° x = 180°

- v v 2V i v i

Since the “b" is % we can fit half one full graph in the same space we would usually fit 1 for

0
7~ = 360°, The easiest way to read off

the basic tanx graph. This means the period is now
the period is to look at the asymptotes. Since the asymptotes are now z = —180°and z = 180°

there is 360° between them. which is one period.

| Miss Angler
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How the parameter “p" affects the graphs
The value of “p” will shift the graph horizontally. If p > 0, the graph will shift right and if p < 0
the graph will shift left. The shape stays EXACTLY the same.

y = cos(x — 30°) " y =acosh(x —p)+ ¢

2L
\¥a p > 0 shiftright

30°right p < 0 shift left

je—>

Period: 360°
Amplitude: 1
Range:—1<y<1
Asymptotes: none

Here. the “p” value is +30 (remember the formula has a minus). therefore the graph has
translated 30° to the right. Every co-ordinate has shifted. which keeps the shape exactly the
same.

y = tan(x + 45°)
x = —315°

A4

,—560" -210°

.‘ ‘ . Period: 180°

| 1 Amplitude: none
il ;.,-" Range:y € R

i " Asymptotes:

x = —315°% —135°%
45°; 225°

24

-
P

v v V

4’ r '1:

Here. the “p” value is -45 [V = tan(x — (—45°))], therefore the graph has translated 45° to
the left. Every co-ordinate has shifted. including the asymptotes, which keeps the shape exactly
the same.

| Miss Angler
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How the parameter “q" affects the graphs

The value of “q" will shift the graph vertically. If g > 0, the graph will shift up and if g < 0
the graph will shift down. The shape stays EXACTLY the same.

y =sinx +1 ,

4> X
A60”

Period: 360°
Amplitude: 1
Range:0 <y <2
Asymptotes: none

y=tanx — 2
x = —270°

Period: 180°

Amplitude: none

Range:y ER
Asymptotes:
x = =270° =90°

90°;270°

Since “q" value is -2, the graph has translated 2 units down. Every co-ordinate has shifted

downwards. which keeps the shape exactly the same.

| Miss Angler
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Sketching trigonometric graphs

To draw a trigonometric graph, it's best to visualise the basic graph and the affect each
given parameter will have on the graph. If in doubt, you can use the TABLE function on
your calculator to give you a list of co-ordinates to help you sketch the graph.

0066
eee®
L)
I 1 + O

* Press [MODE] and then select the [TABLE] option.

* The screen should now say “f(X)=". Type in the equation of your graph using
[ALPHA] then [ ) ] to type X. Press [=].

¢ The screen should now say “g(X)=". If you are drawing two graphs, you can type

the other equation in now. If not, press [=] to skip.

* The screen should now say “Start?”. This is the x-value where the domain begins
(e.g.-360 or 0). Press [=].

* The screen should now say “Ends?”. This is the x-value where the domain stop
(e.g. 180 or 360). Press [=].

* The screen should now say “Step?”. This is the the gap you want between the co-
ordinates. It's best to use the width of the values on your x-axis (e.g. 30 or 45 for

a co-ordinate every 30 or 45 degrees). Press [=].

* The screen should now show you a table of values. The first column is the
numbering the co-ordinate (1, 2, 3, etc.), the second column is the x-coordinate,
the third is the y-coordinate (and if you entered two graphs the fourth column is
the y-coordinate of the second graph). Press the down arrow to see all the values
in the table.

¢ If your calculator says “Insufficient memory”, either you need to shorten the

domain (start later or end sooner) or make the step wider to get fewer co-

ordinates.

|Miss Angler
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Worked example

E E Draw the graph of y = 2sinx — 1 on the set of axes below for the interval x e [-90°;270°]
Label all intercepts, start and endpoints.

y =sinx

y = 2sinx

4l

> x 4 + fox
¥
< 21

4

u_n

First. picture the basic y=sinx graph on the ——— Now. apply the effect of “a” to the basic graph.

given domain.

y=2sinx—1y

2

Since a=2, the graph is stretched vertically to 2x
the height.

The green arrows show the effect of the “q”
value. Since q=-1, the graph will shift down 1 unit.

Startpoint

4+

Calculator steps:

Endpoint

F(x)=2sin(X)-1
Start? -90 [
2 92
E:d.’)23r(()) 2 0| 2R Most often, you will be given
tep: 3 -30 -2 a grid to use for drawing your
Z o = trig graph(s), in which case, use
0 3 o 5 the width of the blocks along
::: G . — the x-axis as your step. If not,
000 - _ - 1 use the period of the graph
00 - - and divide it by 4.
lMiss Angler
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Draw the graph of y = —tan 2x on the set of axes below for the interval x € [-180°; 180°].
Indicate and label all asymptotes and intercepts with axes.

y =tanx y y = tan 2x y

/
B

First, picture the basic y=tanx graph on the —— Now. apply the effect of “b” to the basic graph.
given domain. Since b=2, the graph is compressed horizontally to
fit 2 repetitions of the graph in the usual period.

(io. - - T . y
R —
I

8 ' ‘ Lastly. we reflect the tan graph

u_n

over the x-axis since the “a

y = —tan 2x

"

z = 45°

value was negative. You can also
e ' ' ‘ w  look at the affect of “a” first
' ' ' ‘ and then “b” as all the

\ _ (2=2, 5% —1)\ _ parameters act independently.

Calculator steps:

L

F(x)=-tan(2X) X 00
Start? -180 ] -50 0
End? 180 p 75 »
Step? 45 3 75 | EROR
4 -225 1 /\
° 5 o o When you see “ERRCR” in the table. it means
::: x - = - your graph has an asymptote at that value,
90O ~ . S therefore x=-45 and x=45 are the asymptotes
e - - for y=-tan2x.
|Miss Angler
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Worked example

! E Draw the graph of y = cos(2x + 90°) on the set of axes below for the interval 0° < x < 360°.
Indicate and label all asymptotes and intercepts with axes.

Before we can visualise the parameters, we need to rewrite the equation in standard form. To do this. we
take out 2 as a common factor from the bracket to have the coefficient of x=1, to match standard form.

u_n

Now we can also see the true “p” value is 45, not 90.

, Y =cosx , y = cos2x

2T P

e | S BN P

2t 1 21

First, picture the basic y=cosx graph on the ———  Now, apply the egfect of “b” to the basic graph.
given domain. Since b=2, the graph is compressed horizontally to
fit 2 repetitions of the graph in the usual period.

y = cos(2x + 90°)
= cos2(x +45°) ¥

[

After rewriting the
equation in standard form,
we can see the graph has
{ shifted horizontally 45"to
the left.

-90° 90°

A

Looking at this graph, you could easily think it was a negative sinx graph rather than a shifted
cosx graph. This is how closely related the sinx and cosx graphs are and why they are co-
ratios of each other. Here, since the “b" value is 2, a shift of 45 degrees horizontally has the
same effect as shifting the basic sinx or cosx graphs by 90 degrees.

| Miss Angler

82

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

Determining the equation

Worked example

In the diagram below, the graphs of f(x) = asinbx + ¢ and g(x) = dcos(x + e) are shown for
the interval —90° < x < 180°. M(48,05° 0,41) is the point of intersection between f(x) and g(x).
KL is a vertical line with K on f(x) and L on g(x).

y

M(48,05° 0,41)

/ \ e I
%

90° 180°

g(x)

é E Determine the values of a, b, c,d and e.

« a=-1
=3
=1
d=2
e =30

u_n

To calculate “a” you need to take two things into account: the amplitude and whether
the graph is positive or negative. To calculate the amplitude take the (MAX-MIN)/2,
therefore amplitude = (2-0)/2 = 1. To determine whether the graph is positive or
negative, look at the closest turning point to the y-axis. If the turning points are an
equal distance from the y-axis, look after the y-axis. Since it is a minimum TP. the graph
is negative, therefore a = -1.

To calculate “b". take the normal period of a sinx graph (360) and divide by the period of
the given graph. The graph of f takes 120 degrees for a full wave, therefore
b = 360/120=3.

To determine the “c” value. find the middle of the wave. (MAX+MIN)/2, therefore

x =(2+0)/2 =1.

To calculate “d” follow the same steps as “a” but now looking at the graph of g (the cos
graph). Here. the closest turning point is a maximum TP before the y-axis, therefore the
graph is positive. Amplitude = (MAX-MIN)/2=(2--2)/2=2, therefore d = +2.

“e" is the horizontal shift of g. Usually. a basic cosx graph would start at a maximum
TP. Here, the maximum TP has been shitted 30 degrees to the left. therefore e = +30.
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é E Write down the coordinates of the minimum turning point of g(x)in the given interval.

(150% —2) o The graph of g only has one maximum and one minimum TP in the given
’ interval.
o The x-axis is going up in 30s. therefore you can read off the minimum TP is
@ at x=150 and y=-2. You must write your answer as a coordinate.
Determine the length of KL, correct to one decimal place.

. o The coordinate of K can be read off from the grid at
K(120°1) x=120 and y=1. Since KL is a vertical line. L will have the
same x-value but we cannot read off the y-value.

gIR0Y) = Zeos(iZGr+307) o By substituting x=120 into the graph of g. we can

9(120°) = =3 calculate the y-coordinate of L.
» L(120% —V3) o The length is the difference between the y-values. Always
#KL=1-(-V3)=27 top (K) minus bottom (L) as length must be a positive

L2 value.
Write down the range of 3g(x) — 1.

To find the range. first multiply the current range
y € [-7;5] Interval notation yE[-2:2] by 3. so now the range is yE[-6:61.

Then, subtract 1 from both values. therefore
C

Set-builder notation ~ YEL-7:51.
For which values of x is f(x) = g(x)? The question is asking for the values of x where

the graph of f has higher y-values (or equal)
compared to the graph of g. You need to look for
’ where the sin graph is on top of the cos graph.
7 N This is from the point of intersection (x=48,05)
| s\ | /... 1o the end of the given domain (x=270). including
both since the question has equal to. and also

@ | where they are strictly equal. at x=-30.

‘o x=-30° or 48,05° < x < 270°

C Determine the equation of j(x) if j(x)is a reflection of f(x)in the y-axis.

Simplify your answer.
To reflect any graph over the y-axis, we make x-

£00) = —sin3x + 1 negative. If the question hadn’t specified that that

y = —sin(—3x) + 1 the answer needed to be simplified. you could have
. left it as y=-sin(-3x)+1. Since we need to simplify.

h(x) = sin3x + 1 we need to reduce the negative angle. An angle of

-3x is in quadrant 4. where sin is negative.
therefore the graph becomes y=-(-sin3x)+1, which
simplifies to y=sin3x+1 and we are told to call the

You can give your answers in new graph h(x).

either interval notation, or set-
builder notation, but you must be
able to understand both since the
question can also use either. You
are also likely to get only one
option in a memo to check
your work.
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Worked example

The graphs of f(x) = acosbx and g(x) = ctanx for —180° < x < 180° are drawn below.
y

5
c4

] [e)
o (e
/ GD 4 / @
! Il
Il 8
8

N
/ L/
fx) } / /

i /

é E Determine the values of g, b, and c.

o Firstly, the amplitude of the cos graph is (2--2)/2 = 2, then

u_n

because it starts on a minimum TP, the “a” value is negative,
therefore a = -2

o From x = -180 to x = 180 is one full wave so the period is 360.
therefore the b=1 (the same as the basic graph).

o For tan. we can’t look at the maximum and minimum values to find
the amplitude so we look at the anchor point. Here, when x = 45,

y = 3, and the tan graph is increasing (positive)., therefore ¢ = +3.

é C For which values of x is f(x) = g(x) in the given interval?

—2cosx = 3tanx

3sinx

cosx
—2cos?x = 3sinx
—2(1 —sin?x) = 3sinx
—2 4+ 2sin?x = 3sinx
2sin?x —3sinx—2=0
(2sinx+ 1)(sinx—-2) =0

—2c08Xx =

sinx=—§ or sinx # 2
ref £ = 30°
Q3:

x = 180° 4+ 30° + n.360°
x=210°4+n.360°n€Z
Q4:

x = 360° — 30° + n.360°
x=330°+n.360°nEZ
% x = —=150% -30°

Here. we cannot read off the points of intersection so we
need to solve algebraically.

First. use the tan identity to convert tan to sinx/cosx. Now,
multiply both sides by cosx. We can now use the square
identity to convert cos® = so we only have terms with sinx.
Since we have a square, move everything to the same side of
the equation so we can factorise the trinomial.

We now have two factors, solve for sinx from each bracket.
The first bracket has a negative value. therefore we find the
reference angle (using a positive ratio) and find the value of
the angles in the negative quadrants (Q3 and Q4).

The second bracket does not give a solution since sinx has a
maximum value of 1 (therefore it cannot = 2).

Using the period. we can subtract 360 from each quadrant’s
general solution to get the points of intersection we can see
in the sketch (210-360 = -150 and 330-360 = -30)
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Interpreting the graphs

Worked example

The graph of f(x) = sin(x — 30°) for x € [-90°270°] is drawn below.

05

(=90°; k)\/

~15
é E Write down the value of k, in surd form.

k = sin(—90° — 30°)

V3
k==7%

K is the y-value of the start point and has x=-90
Therefore sub in x=-90 into the equation for f(x)
to find the corresponding y-coordinate

é E For what values of x is f(x) strictly decreasing in the interval x € [-90°270°] ?

—90° < x < —60° or 120° < x < 270°

@% For what values of x is f(x) > 0

in the interval x € [-90°;270°).
o 30°<x < 210°

o Theg i above the x-axis.

+ Here. the x-intercepts can be read off. «|-
but if they couldn’t you would need to |

i } 1
/ 90° 180° 2m*

increments, the first x-intercept is 30 |
and the second is 210 and the graph is |

make y = O and solve for x first.
o Since the x-axis goes up in 30

positive between these values.

A graph is decreasing when the y-values are
getting smaller as the x-values are getting larger
(the graph is going down from left to right -
highlighted on the graph below).
Since the graph is decreasing at the start and
endpoints, we include those values but the graph
ism't decreasing at the TPs so those values are
excluded.

¥

L1

051
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@% Draw the graph of g(x) = cos 2x for x € [-90°;270°] on the same set of axes, labelling
all intercepts. y

g0 @)

45° | 135 215!

é E Write down the period of g(x)

180°
o The new period = 360/b. therefore 360/2=180
(2 .
C For what values of x is % > 0 in the interval x € [-90°;90°].
o For the quotient (fraction) to have a positive st

—90° < x < —45° value, either both graphs need to be positive, or
i or 30° < x < 45° they need to both be negative.

o Graphs change from positive to negative (or vice T

versa) when they cross the x-axis. Dotted lines '

have been drawn through the x-intercepts in the

Bl fL—

given interval. / / /
« Since g(x) is in the denominator. it cannot be B - | |

equal to zero, therefore exclude it's x-intercepts

@ (x=-45 and x=45) from your answer.
Cc

Calculate the values of x for which f(x) = g(x) if x € [-90°270°].

,f,vig sin(x — 30°) = cos 2x

sinCx — 30°) = sin(90° — 2x) o To solve for x, we use the co-ratio trick since we have
o1: sin(angle)=cos(difrerent angle).

x —30° = 90° — 2x o Once you have sin on both sides, the angles must be equal
3x = 120° + n.360° but DC NCT SOLVE until the angles are in their correct
x=40°+n.1205n€EZ quadrants_

Q2 « Since sin is positive in Q1. and Q2 we solve for x in each of

x — 30° = 180° — (90° — 2x)
x —30° = 180° — 90° + 2x
—x = 120° + n.360°
x=—120°+n.360%n € Z

@ - x = —80° 40°; 160°; 240°
Cc

For what values of x is f(x + 30°) = g(x + 30°)in the interval x € [0°180°]?

these quadrants. using 180-(RHS angle) for Q2.

« When you divide by the coefficient of x, don’t forget to
divide everything including the period.

o Use the period to find the values of x for the given domain.

o (x+30) will shift the graphs (including their points of intersection) 30 to
the left, therefore subtract 30 from all the x values in the previous question
and only write the values between O and 180. as asked in the question.

x = 10°130°
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Summary of ALL Euclidean Geometry knowledge from previous years

Note that all reasons are highlighted.
You may only use the reasons that are specified in the Grade 12 NSC Exam Guidelines.
All reasons in this chapter are allowed to be used and some have acceptable
alternatives listed in the guidelines.

AS SEEN IN THE GRADE 12
CHEAT SHEET

{ ) 1. FUZYX:

F U Z Y X

corresponding co-interior angles  alternate angles angles on a vertically opposite

angles are equal  add up to 1e0® are equal Straight line angles are equal

Ccorresp. Ls;11 lines) (co-int.Ls; Il lines) (alt.Ls; 1l lines)  add up to 180°  (vert opp Ls =)
(Ls on a str line)

L ) 2. When angles or lines are bisected:

I¢ 8D bisects ABC: Tf CD bisects AB:
A C
0 A
8 €
c o B
ABD = CBD AE = BE and E is the

midpoint of AB.

{ ) 3. Triangle information:

A E H
) W—t—D F /\ & 1/?\;
A+ B+ ACB =180° If EF=EG:F =0 Tf HI=HI=17:
(L sum in B) or (LS opp equal sides) H=1=17=¢0°
(sum of Ls in A) .
. It F-G:EF=Ea BHIT is an equilateral A.
ACD = A+ B (ext.Lof A) (sides opp equal L$)
AABC 15 a scalene A. AEFG is an isosceles A.
’MissAngIer
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(

4. To prove that lines are parallel:

a/b

/
e/f

3/h

a/b

/d
e/f

yn

a/b

/d
e/f

_g/h

iy

Prove that:

a=e or b=Ff or ¢c=g or d=h
Ccorresp. Ls equal)

becaute corresponding unslu are only
equal if they are formed by parallel lines.

Prove that:

c= £ or d=e

(Calt. Ls equal)

because alternate angles are only equal
it they are formed by parallel lines.

Prove that:

c+e =180° or d+f =180°
Cco-int.LS supp)

because co-interior angles only add up
to 180" if they are formed by parallel
lines.

Prove that AD=BD and AE =CE
(Midpt theorem)

becaute a line from the midpoint
of one gide of a triangle to the
midpoint of the gecond dide, is
parallel to the third side.
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5. Ways of proving that two triangles are congruent:

A 0
In AABC and ADEF:
A & I. AB = DE (given)
2. BC = EF  (given)
8 E 3. AC = DF  (given)
3 g - AABC =ADEF ($SS)
In AGHTI and OTJKL:

G J

. GH =Tk (given)
2. H=K (given)
3. HI =KL (given)

“QI K::::l,_ " BGHI = aTkL (SAS)

4 P
In AMNO and APGR:
I. MN = P8 (given)
2. M= P (siun')
o R 3.0 =R £3iuen3

S v
In ASTU and AVWX:
I §T =W (given)
i T 2.T =W =90° (aiven')
3. §u = Vx (given)
T8 u w x  ~OSTUZAVWX (RHS)
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L ) 6. Ways of proving that two triangles are similar:

In AABC and ADEF:
. A= § (given)
% E  (given)
8 3. F o (qgiven)
*. BABC Il ADEF (equiangular)

) @I
n n

>

In DABC and ADEF

15—-=-'- 2

DE &

AC
' o 2 oF =% =2

- jL _

AB ||BDEF (sides in pnuﬁ

e - c

{ ) 7. Ways of calculating the lengths of the sides of a triangle:

N /\A

AC? = AR? + BC? I¢# ADEF Il AGHT :
DE EF OF
(Pythagoras) e S hT = o (was)
0
If R is the midpoint of OP (OR =RP) and § is the midpoint
R of 08 (08 =8@),then Pa=2xRS (Midpt theorem)
P
2% 8
T
o s
sin T sin U sin v
v
u -,
or t =u?4+ vi-Quv.cos T
u u‘=t“+v‘1—ntv.cwt‘.\l
t Vv vt = t24 ul- 2tu.cos V
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( 8. Ways of proving that two sides are equal:

2 £

8 c A % B " )
) Cc

To prove AB = AC: To prove that AC=BC:

Prove that ABC = ACB Prove that C, =90° To prove that ﬁB cD:

then AB = AC or €, =90° Prove that E = F

(sides opp equal Ls) then AC = BC then AB = CD

(line from centre L to chord) (gq'ual Ls; equal chords)
8 To prove that AD=CD:

Prove that AABD = AACD
then AD=CD (= AS)

A ‘
E
‘ Tf BE and CE are tangents,

then BE =CE (tans from common pt)

L ) 9. When the centre of a circle is given:

(L at centre = 2xL at circumference)

B
tnngnt A

If OMLAB: AM = BM
Cline from centre L to chord) (radius L tangent) 0A = OBn(rndii)

OAB = 0BA (radii;
If AM=BM:0MLAB Ls opp equal sides)
(line from centre to midpt of chord)
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{ 10. When the diameter of a circle is given:

ACB = 90° (L in semicircle)
or (diameter subtends right L)

( 11. When angles formed at the circumference are given:

K © @

A = B and c o
(Ls in same sesment] If AB=BGC: ADB = CDB If ABC and DEF are equal circles

(equal chords; equal Ls) and BC = EF:
A=0 C(equal chords; equal Ls)

( 12. When a cyclic quadrilateral is given:

8 c F\/& I K L

A+C =180" and B+D=120" HET = € KTL= KML and LIM = LM
Copp Ls of cacll‘c guad) (ext.Ls of 080lf0 n_uud) and JEM = JLM and INK =JLK
(Ls in same Segment)
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{ ) 13. Ways of proving that a quadrilateral is cyclic:

A

X

9]

X

c

E

ABCD is a cyclic quadrilateral if any of
the following conditions can be proved:

1. A +8CD=180" or B+D=is0°
Cconverse opp LS of cyclic quad)

2. DCE = A (converse ext.L of cyclic quad)
" [ " ~ " " ~ "
3. A. = D’. or P«,, = B; or G, =D or G; =B,

(converse Ls in same Segment)

If it has been proven that ABCD is
a cyclic quadrilateral, you can draw
a circle passing through the vertices.

Al propertiu of a ogolic quadrilateral
can then be used.

( 14. When tangents to a circle are given:

(L

tangsnt

(tangent L radius)

> 00

(tangents from common pt) (tan chord theorem)

( 15. Ways of proving that a line is a tangent:

Q. 2

Prove that OBA =90° or 0BC =90° Prove DF@=E or EFH =D
(converse tangent L radius) Cconverse tan chord theorem)
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It may seem overwhelming to look for all these shapes in a question but all the circle
geometry reasons can be broken into three categories: Centre, Tangent and 4+ points on the
circumference. If you do not have that feature, you can eliminate the entire category, which
helps to reduce your options.

Centre
A 8 8
~ AC=BC _ OclaB ABC = 90° ADC = 2x ABC
Cline from centre Cline From centre (L in semicircle) (L at centre =2x L
L to chord) to midpt of chord) RS
Note: tanlrad is in both the Tangent
centre and the tangent categories A
0 : E
8
d c
: ' D
. ACE=8 and BCD = A
t.
(tungant 1 radiug) (tnnaen s from common pt) Sl B
4+ points
i B und B=C ﬁ+c=|lo' and ode = A
(equal l‘-hordl. equal L$)  (Ls in same segment) 8 +D < 1e0° (ext.L of cyclic quad)

Copp LS of cyclic quad)
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You can expect at Least one proof in your final exam.
Make sure that you are able to write these proofs out in full, without leaving out any
steps or reasons.
You also have to describe the construction, and draw it on the diagram.

AS SEEN IN THE GRADE 12
CHEAT SHEET

A line from the centre of a circle, perpendicular to a chord, bitects the chord.

Given: A circle with centre 0, line OM which is
perpendicular to chord AB.

Required to prove: AM = MB

construction : radii OA and OB

Proof:

In AAOM and ABOM

1. A0 = BO (radii)

2. OM is common.

3. OMA = oMB (OM.L AB)

S. AAOM = ABOM (RHS)

. AM = BM (congruent AS)

A line from the centre of a circle to the midpoint of a chord, is perpendicular to
that chord.

Given: A circle with centre 0 and line OM which bisects
chord AB.
Required to prove: OM 1 AB

Cconstruction : radii OA and 0B

Proof :
In AAOM and ABOM:
I. AO =80 (radii)
2. AM = BM  (given)
3. OM i$ common.
*. BAOM = ABOM (sss)
*. AMO = Bno (consruent As)
and Ano + BMO = 180" (Lton a Straight line)
AMO BHO q0°
L.OM Ll AB

l Miss Angler
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"~ Theorem 2: Angle at centre = 2 x angle at circumference
Ny

The angle subtended by an arc or chord at the centre of a circle is double the
size of an unsle Subtended by the same arc or cherd at the circumference of
the circle.

A
Given: A circle with centre 0 and points A,B and C
on the circumference.
Required to prove: BOC = 2BAC
. Construction : radius OA
B
© Proof : )
Let (lﬁB =xx and OAC =y
$0 BAC = ®+y
0BA=% and 0A=y  (Ls opp equal sides; radii)
BOA = 180°-2% and GOA = 1802y (L sum in &)
5. 800 = 360"~ (160°-2%) - (180°-2y) (L& around a point)
= 360°- 180" + 27 - 180°+ 2y
= 1%+ 23
= 2(x+y)
= 2BAC
A
Alternate proof:
Construction : Join AO and produce %o D.
' Proof: .
Let E‘}"AE = and OAC =y
8 C 50 BAC = %+y

OBA=% and 0CA=zy (L opp equal sides; radii)
BOD = 2% and cop =2y (ext.£ of a 8)
5800 = 2%+ 2y

=9 (?"'BI)

= 2BAC
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"~ Theorem 3: Tan chord theorem
Y

The angle between a tangent to a circle and a chord drawn from the point of

conbact i equal to the angle subtended by the same chord in the alternate
segment.

Given: Circle with centre 0. AP i¢ a tangent to the
circle at A and chord AB Subtends C at the
circumference.

Required to prove: BAP = ACB

Construction : radii OA and 0B

Proof :
Let ACB =%
AOB =2% (¢ at centre = 2xZ at circumference)
OAB =:|o‘—:c (L sum in A; L¢ opp equal sides; radii)
and OAP = 90° (tangent L radiug)
*. BAP = 90°- (90°-%)
= %
- BAP = ACB

"~ Theorem 4: Opp angles of cyclic quad
N

The opposite angles of a cyclic quadrilateral are supplementary (add up to |80").
A

Given: A circle with centre 0 and points A,8,C and D
on the circumference of the circle.

Required to prove: A +C =180° and B+ D =160

Gonstruction: Draw BO nn‘g Do. Lgbs! the angles around
point 0 as 0, and 0,

Proof :
Let A=
0, 2% (¢ at centre = 2x£ at circumference)
0, = 860°-2% (L around a point)
G =180°-% (L at centre = 2xL at circumference)
LA+C =%+ 180"-%
= 180’

-~ " L) F o
and A+C+ B+ D =360 (L gum in q,uqd'}

180°+ B + D = 360°

B84+D =180

>
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Now that we've summarised everything you need to know for this
section, we practice applying all of this knowledge.

When approaching_a circle geometry question we want to do the
following steps:

Read the information in the question and make sure everything has been transferred to
the diagram (lines that are equal, lines that are parallel, equal angles etc.)
If you don't know how to start answering the question, see what you CAN find. Can you
find equal angles? Or the values of any angles or sides?
Hopefully by filling in what you can, you have now found a way to answer the question but
you probably don't need all the values you've found. Only write down what you need
and give the relevant geometry reason for every statement, unless explicitly told not
to provide reasons.
You have to answer the questions in the order they were asked, you cannot go back
and use an answer from a later question to answer an earlier question.

If you were asked to prove something,
but were unable to complete the
question, you may use that it is now a
given fact in any questions that follow.
For example, if the question asks you to

prove that a a line is a tangent, but you
are unable to do so, you are allowed to
use the fact the line is a tangent in any
questions that come after, but not any
that were asked before.
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*

In the diagram, ABCDE are points around the circumference of a circle. AD is
produced to F and AD = AC. Given ZAED = 125; find the values of a, b, ¢, d,
and e, with reasons.

D a=125° (equal chords; equal angles)

« We are told chords AC and AC are equal in
length, this makes the angles opposite those
chords equal in size as well.

« Since the angle opposite AD is given as 125.
this will make the angle opposite AC. angle
“a", equal to 125!

D b = 125° (ext £ cyclic quad)

o Angle “b" is an exterior angle since it is
between chord CO and extended chord AC.

o The exterior angle of a cyclic quadrilateral is
equal in size to the interior angle opposite
that vertex. In this case. the angle opposite
vertex O is at B.

« Since we found B is 125’in the previous
question, this will mean b is also 125’

| Miss Angler
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b ¢ = 55° (opp 4s cyclic quad)

« Cpposite angles of a cyclic quadrila’ceral are
supplementary, therefore ¢=180-125%55’

D d=110° (¢ at centre = 2 X £ at circumference)

o The angle at the centre of the circle, ACL. is
subtended by chord AD.

o Chord AD also subtends an angle at the
circumference at ACD.

« This means AGD = 2 x ACD = 2 x 55° = 110°

o Look for the “arrowhead” shape to find this
relationship.

p OA=0D (radii)

~0DA=e (4sopp = sides)
~ e = 35° (sum £s A)

« ACAD is an isosceles triangle since sides AC
and OC are both radii.

o This means the base angles are also equal.

o Since all the angles in a triangle must add up
10 180" we have 110%e+e=180 therefore
2e=70’and finally divide the equation by 2.
e=35.

|Miss Angler
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b3 wemammmm

In the figure A, B, C and D lie on the circle. EF is a tangent at D and EA is a tangent
at A. Chords BD and BC are equal in length. CDF = 56°and BDA = 27°.

Determine the values of a, b, ¢, d, and e, showing all steps and reasons.

D a=>56° (tan chord theorem)

o The angle between a tangent and a chord. is
equal to the angle opposite the chord.

o Using the chord. find the triangle that subtends
at the circumgerence. Here, it is ACBC.

D BDC = BCD (Ls opp = sides)
b = 62° (sum £s A)

« ACBC is an isosceles triangle since BC=BD.

o This means the base angles are equal. therefore
BEC=b.

« Since the angles in a triangle add up to 180: we
can calculate b by using the equation a+b+b=180.
therefore 56+2b=180. so 2b=124. and finally
divide the equation by 2 to get b=62’

| Miss Angler
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R
o The opposite angles in a cyclic quad add up to
180’
« Since we now know the angle opposite ¢ = 62
we can use the equation ¢ = 180°- 62°= 118.

D d=3  sonastraightiing
« Since we know the values for all the other angles
on the straight line ECF. we can subtract these
values from 180’ to calculate d.
. d=180"-56"- 62°- 27= 35’

D AE = ED (tans from common point)
s e =35° (45 opp = sides)

o Tangents that meet at a common vertex are
equal in length, therefore AAED is isosceles.

o This means the base angles. e and d. are also
equal. therefore e = d = 35°

<
C

\)/v\\) )

> |Miss Angler
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In the figure, O is the centre of the circle. A, B, and D lie on the circle with OE_LAC
atD. AB=10, AD = 4, and BAC = 6.

B

6 I
A D C

E
Find the length of BC.
D DC=4cm (line from centre 1 to chord)
ACB =90° (45 in semi circle)
BC = V102 — 82 (pythag)

BC=6cm

A 4
o We are told CE_LAC, and since CE is a line from the centre that \

is perpendicular to the chord AC. this will bisect the chord.
« Since AD = 4cm and this is half the length, CC will also be 4 cm.
o AB s a diameter, which makes the angle opposite the diameter. ACB. a right angle.
o AABC is right-angled. so we can use Pythagoras to find the length of the unknown side, BC.

a Calculate the size of 8.

« Since AABC is right-angled. we can use trigonometric ratios to find

D 8 the value of 6.
cosf = 10 « We know the lengths of all the sides of the triangle. so we could use
0 = cos-1 (E) sinB., cosO or tanB but the safest option is to use the given sides, AD
10 (adjacent to B) and AC (the hypotenuse) so here we have use cosB.
0 = 36,87° o To find the value of 6 use the [SHIFT] and [cos] buttons on the

calculator and type in the ratio.

| Miss Angler
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a Find the length of DE.
D o

OD =3 cm
~DE=5-3=2cm

a Prove OE||BC.

>

OR

A0 = 0B (radii) and AD =DC (proven)
~ 0D = 3 cm (midpoint theorem)

ADO =90° (given)

ACB =90° (proven)

~ ADO = ACB

~ OE||BC (corresp £s =)

OR

=52 — 42 (pythag)

AAGCD is also right-angled. therefore we use Pythagoras again to
calculate the value of CO.

OA and CE are both radii and we know the length of a radius is 5 cm.
CE=CE-CC=5-3=2cm

Alternatively. we can use the midpoint theorem since D is the midpoint
of AC and C is the midpoint of AB.

The midpoint theorem states that the side connecting the midpoints
(CD) is half the length of the third side of the triangle. BC.

Therefore CC = %2 BC = %2 (6) = 3 cm.

A0 = 0B (radii) and AD = DC (proven)
~ OE||BC (midpoint theorem)

« We already know both ADG and ACB are right angles.

o These two angles are corresponding angles. and since they are equal,
the lines CC and BC must be parallel.

« COD and CE are the same straight line, therefore GE is parallel to BC.

o Alternatively, we can use midpoint theorem again.

o Midpoint theorem also says that the side connecting the midpoints
(GD) is parallel to the third side of the triangle. BC.

| Miss Angler
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Q, U, A, D and S are points on the circumference
of the circle.
A, = x+10° and U = 3x + 50°. QS || AD.

a Determine the size of QSA in terms of x.

b QSA=x+10° (alt 2s;QS||AD)
OR

QSA = 180° — (3x + 50°) ((opp 4s cyclic quad)
= 180° — 3x — 50°

=130°—2x

a Calculate the value of x.

D QSA = 180° — (3x + 50°) (opp 4s cyclic quad)

= 180° — 3x — 50°

o There are two ways to find QSA in terms of x.

=130° —2x o Either you can use the parallel lines to find QSA
OR using the alternate angles. which are equal.
o Or. you can use the cyclic quadrilateral QUAS and
QSA=x+10° (alt £s; QS||AD) QSA is opposite QUA. therefore the angles are
supplementary.
x+10° =130° — 2x o Whichever option you used to answer (a), you can

use the other option to answer (b).
3x =120°

can use these two expressions, which will be equal
x = 40°

in value, to create an equation and solve for x.

| Miss Angler
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In the figure, O is the centre of the circle. A, B, C and D lie on the circle with E on chord BC
such that AB||DE. AC and BD intersect at F. DG is a tangent at D and ABD = 30°.

a Determine the values of a, b, c,d, e, f, and g, showing all
steps and reasons.

> a = 30° (alt £s; AB||DE)

o Look for the Z shape using the parallel lines to
see the alternate angles.

« Alternate angles on parallel lines are equal.
therefore ABD=BCE.

o Don't forget to name the parallel lines used.

D b = 60° (tan L rad)

o The line CO is a radius that meets the tangent
GD at C.

« This means EBG = 90° since a tangent is
perpendicular to the radius of a circle.

« b=90"-30"= 60"

| Miss Angler
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b ¢ =60°

o The chord AD subtends an angle at the centre,
ACD. and the same chord subtends an angle at
the circumgerence, ABD.

« This means AGD = 2 x ABD = 2 x 30°= 60’

D a-or oo

« Since AC passes through the centre. it is a
diameter.

o The angle opposite a diameter is a right-angle.
therefore d = 90°- 30°= 60°

b e = 60° (4s in same seg)

o Look for the “bowtie” shape to find angles in
the same segment.

o If you were to draw a chord from O to C. this
chord would subtend an angle at CBC and also
at DAC. Since the chord must be equal in
length, since it is the same chord, the angles
must also be equal in size.

. e=DCBCc=60"

b Foo0  (EORESESIABIDE)

Using the parallel lines again. look for the F
shape to find the corresponding angles.
« ABC = DEC. therefore f = 90'

b EOC = 60° (vert opp £s)
g =30° (sum £s A)

o g is the last angle that needs to be found. so we already have a lot
of information available to use. This means it is likely there are
multiple alternatives to determine its value.

o All these options include finding another angle first. before the
value of g can be determined.

o Here, we have found a second angle in ACEC using vertically
opposite angles (FCD=E6C=60"). 50 we can now find g as the last
unknown angle in this triangle.

o Alternatively. we could have found BAC = 60’ using alternate
angles, to then find g using AABC.

| Miss Angler
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a Determine whether AD would be a tangent to the circle through ABF.

D DAF = 60° (proven) 6
ABF =30° (given)

~ AD is not a tangent

o There are two ways to prove whether a line that meets a circle is a
tangent, or not (refer to page 94).

o Either. you need to prove the line that meets the potential tangent line
is a radius (or a diameter) and the angle between these lines is 90.

o Or. you need to prove the angle between the tangent and a chord. is
equal to the angle opposite the chord.

o In this case. the angle between the potential tangent and the chord
(DAF) is not the same size as the angle opposite the chord. ABF.
therefore the line is not a tangent since tan chord theorem is not
happening.

Prove BEOF is a cyclic quadrilateral.

L

DOF = 60° (proven)
FBE = 60° (proven)
~ DOF = FBE

..BEOF is a cyclic quadrilateral/(converse exterior angle cyclic quad)

o There are three ways to prove whether or a quadrilateral is cyclic or not (refer to page 93).

o Here, there isn’t a bowtie shape so using “converse angles in same segment” is very unlikely.

« Since we know the size of quite a few angles. we can try to prove the opposite angles of the
quadrilateral are supplementary (add up to 180°) but without finding any more values. we can
use angle FOD. which would be the exterior angle of the quadrilateral since it is between an
extended side and another side, Since FCD is the same size as the opposite interior angle, FBE,

then BEGF must be a cyclic quadrilateral.
a Prove DFEC is a cyclic quadrilateral.
D FDO =30° (proven)

OCE =30° (proven)
~ FDO = 0CE

..DFEC is a cyclic quadrilateral (converse Z£s in same seg)

o As discussed in the previous question, there are three ways to prove whether or not a
quadrilateral is cyclic (refer to page 94).

o Here, we do have a bowtie shape so we will try to use “converse angles in same segment”.

o Either we can try to prove DFC=GEC (but we don’t know DFC yet) or we can use
FEO=0CE since have already calculated both these angles are 30°

o Since the angles are equal. angles in same seg is happening. therefore the quadrilateral
must be cyclic.

| Miss Angler
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In the diagram below, TVW is a tangent to the circle at V with points R, S, and V on the
circumference of the circle. RV||SW and RV =RS.

T Vv W
a If RIS\V = x, name with reasons, FOUR other angles equal to x.

R
D RVS = x (4s opp = sides)

o AVRS is isosceles, therefore the base angles of RS
the triangle are equal.

-
=K =
=

> VSW = x((alt 4s; RV||SW)

o Using the parallel lines, we look for the Z shape
1o find alternate angles.
« Since alternate angles on parallel lines are equal.

we now have a second angle equal to x.

=
<
=

D RVT = x (tan chord theorem)

o The angle between the tangent and the chord. RVT.
is equal to the angle opposite the chord, RSV.

o This relationship uses the original given x, therefore
it could have been found first.

D> swv - « s

o Using the parallel lines again. we can also find an
F shape now that we have RVT = x.

-
<
=

o The F shape gives us corresponding angles, which
are equal on parallel lines .". RVT = SWV = x

| Miss Angler
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a Prove VS = VW.

D RVT = SWV =x (proven)

~ VS =VW (sides opp = 4£5)
o To prove the sides are equal in length, we need the angles
opposite those sides to be equal in size.
« We have already proven RUT and SWV are both equal to
x. 50 they must be equal to each other.
o This means the sides opposite those angles. are equal in
length, and the triangle is isosceles.

If WS is extended to meet the circle at Y and Y is joined to R, prove RYWV is a
parallelogram.

o First we need to understand what the question
means. If WS is extended to meet the circle. it
means the line stretches out until it reaches
the circumgerence of the circle apter S. Where is
meets the circle. we label this as Y.

o Then Y and R are joined so we draw a line
connecting them.

« Now. we have a cyclic quadrilateral named RYSV.

D v sEEmD
~TVR=VRY =x
S RY||ITW  (alt £s =)
~ RYWV is a parallelogram (2 pairs opp sides ||)

o To prove RYWV is a parallelogram first we look at what we
already have: RV is parallel to WS (now WY).

o Either we want to prove RY is parallel to VW (then we
would have two pairs of opposite sides parallel) or we want
‘o prove RV is equal in length to YW (then we would have
one pair of opposite sides are equal and parallel).

« Since SY is an extension of WS, the angle V3W is an
exterior angle of the cyclic quadrilateral RYSV.

o The exterior angle is equal to the opposite interior angle.
therefore VSW = VRY = x,

« Now. we can use that RUT and VRY both equal x. and since
they make a Z shape. they are alternate angles.

o If alternate angles are equal. they must be on parallel lines
. RY is parallel to TW.

o This proves RYWV is a parallelogram since it has two pairs
of opposite sides parallel.

| Miss Angler
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In the circle below, BOC is a diameter of the circle. AP is a tangent to the circle at A
and AE = EC.

P

Prove that:

B cuioo
P

BAC =90° (s in semicircle)

E, =90° (line from centre to midpoint of chord)
~ BAC =E,

~ BA||OD (corresp £s =)

« Since BC is a diameter. the angle opposite the diameter, BAC. is a right-angle.

o EG is a line from the centre that meets chord AC at its midpoint. E. We know E is
the midpoint since we are told AE = EC.

o That makes all the angles at E. right-angles.

« You can choose E1 = 90° and use co-interior angles are supplementary to prove BA
is parallel to OO (BAE + AEC = 180",

« You could choose E4 = 90°and use alternate angles to prove BA is parallel to OD
(BAC = AED).

« We chose £2 = 90 and since BAC and £2 are corresponding angles that are equal,
we can prove BA is parallel to CC.

| Miss Angler
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e
p

AOCD is a cyclic quadrilateral

A, =B (tanchord theorem)
B =0, (correspss; BA||OD)
i Al = 01

+ AOCD is a cyclic quad (€onverse £5 in same seg)) -

There are three ways to prove a quadrilateral is cyclic (refer to page 93).

e
p

Prove prove any two pairs of angles in a “bowtie” shape are equal (A1= 01,03 =C1 A2 =02 or
G2=Ca.

Prove the opposite angles in the quadrilateral add up to 180’ (either OAD + DCC = 180°or AGC +
ABC = 180")

Prove the exterior angle of the quadrilateral is equal in value to the opposite. interior angle (either
PBC = ACC or OCP = CAD).

Here we use the tangent AP to show A1 =B since the angle between the tangent and the chord
(A1) is equal to the angle opposite the chord (ABC).

Using the parallel lines we prove in the previous question, ABC is corresponding to C1. so these
angles are also equal.

Since A1= B8 and B = G1. then A1 must be equal to .

A1 and 61 are a pair we can use to prove ACCD is cyclic as they are “tips” in the “bowtie” shape.

DC is a tangent to the circle at C.

AOD =90° (tan L rad)
DCO =90° (opp s cyclic quad)
~ DC is a tangent to the circle at C (converse tan L rad)

There are two ways to prove OC is a tangent. either we need
to prove CC_LCC, then we can say OC is a tangent since it is

perpendicular to the radius OC.

Cr. we need to prove the angle between the line CC and the chord AC (©CA) is equal to the
angle opposite the chord. ABC. then tan chord theorem would be hagpening. therefore BC must
be a tangent.

We are told AP is a tangent. which means we can determine GAD is a right angle since OA is a
radius that meets a tangent.

We just proved ACCD is a cyclic quadrilateral. and since the opposite angles of a cyclic quadrilateral
are sugplementary, therefore DEC = 180°- 90°= 90°

Now we know the angle between the radius OC and the line BC is 90°, therefore CC must be a
tangent since tan_Lrad is happening.

| Miss Angler
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Cs=0, (¢s in same seg)

0, = A, (alt 2s; BA||OD)

OA=0B (radii)

A; =B (s opp = sides)

#C,=B

=~ DC is atangent to the circle at C (converse tan chord theorem)

o In the previous question, we proved ADCC o Using the parallel lines we proved
was a cyclic quad. We can now use the oreviously. we can say O2=A3 since they
cyclic quad to find an angle equal to &2 are alternate angles.

using angles in same seg.

o Since CA and CB are radii. we have an « Now we have proven that angle C2 and B
isosceles triangle making angle B and A3 are equal. which means the angle between
equal as they are the base angles opposite the line CC and the chord AC is equal to
the equal sides. Some schools require you the angle opposite the chord (angle B) so
to specifically say CA=CB (radii) and some CC must be a tangent since tan chord
don’t. It's always safest to write it. just theorem works.
in case.

Question source: DBE Grade 11 November 2016 Paper 2

| Miss Angler
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In the diagram, PQ is a common chord of the two circles. The centre, M, of the larger
circle lies on the circumference of the smaller circle. PMNQ is a cyclic quadrilateral in

the smaller circle. QN is produced to R, a point on the larger circle. NM produced
meets the chord PR at S. P, = x.

Ext £ of cyclic quad

6% Give a reason why N, = x.

o The smaller circle has cyclic quad PMNQ
with an exterior angle at N. The exterior
angle is equal to the opposite interior angle.

D PM=MQ ((radii)
0,=x (s opp = sides)

o M is the centre of the larger circle. This means PM
and MQ are radii. creating an isosceles triangle. The
base angles of the isosceles triangle are equal.

| Miss Angler
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Determine the size of R in terms of x.

<

D PMQ = 180°—2x ((sum 2A)

~R=90°—x (< at centre = 2 X £ at circum)

« Since you already have two angles in triangle
PMQ. we can find M using angles in a
triangle add up to 180?

o Since M is the centre of the larger circle, the
angle at M is twice the size of the angle at
the circumserence (R). Look for the
“arrowhead” shape.

. R =30180%20) = 90%x.

a Prove that PS = SR.

o We can find the value of the last angle in triangle
SRN since we already know two of the angles.

. .§=180"-x- (90~ = 90’

« Since §=90 this makes the line MS perpendicular
to PR. When a line from the centre is
perpendicular to a chord. it bisects the chord
making PS=SR.

Question source: DBE Grade 11 November 2015 Paper 2
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A circle with centre P is drawn to intersect a larger circle at K and T with P on the circumference
of the larger circle. CP bisects KPT and is produced to A.

K
1

2

P
A AT c

y

2

T

Prove that:

PT = PK (radii)
K, =y (4s opp = sides) A Py
C=y (4s in same seg)

Q
« We are given P is the centre of the
smaller circle, which makes PT and PK K
radii. |
« Since AKPT is isosceles. the base
angles are equal. therefore T2 =K2.

2
C{
o Now looking at the larger circle. we 3¢ €
have the “bowtie” shape and the tips
of the bowties are the same size, :
therefore C = T2. -

| Miss Angler
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a E1 = 2'f'l

D AP =TP A
A=x
Rz = 2x
K. =2x (45 in same seg)

o Using P is the centre of the smaller circle
again. but this time we are using radii AP

and PT.

« Since AAPT is isosceles, the base angles A
are equal, therefore A = T1.

« P2 is the exterior angle of AKPT,
therefore62=£+?1=x+x=2x. AR F::'z,(

« Now moving to the larger circle. we use
the same “bowtie” to find K1 = P2 = 2x.

a PC is a diameter of the larger circle.

D P=12x
»2x+y+2x+y=180° (sum4sA)
s 2x+y =90°
~ PRC =2x+y=90°
& PC is a diameter (converse £s in semi — circle)

« We were told in the initial description that
CP bisects KPT. this means P1 = P2.

« Working in AKCP. we have all the angles
in the triangle. so we can make an
equation since all the angles must add to
180°

« We can then simplify this equation by
dividing everything by 2. resulting in the
equation 2x +y = 90!

o This simplified equation has the same
values as PKC (2x + y). therefore PKC ¢
also adds to 907

« Since the angle opposite the line PC is a
right-angle. the line PC must be a
diameter.

Question source: GDE Grade 11 June 2017 Paper 2

| Miss Angler
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MEASUREMENT

In order to achieve full marks for this section, you need to be
able to:
 ldentify the shapes in order to choose the correct formula.
» Calculate missing values needed to substitute into the formulae.
o Calculate the volume and total surface area of single shapes.
e Calculate the volume and total surface area of compound.

shapes.
e Increase/decrease the volume and total surface area by a scale
factor.
Prism Pyramid Sphere

This section is revision from Grade 10. There is no new content taught in Grade 11 and your

school might not cover this section in class but may still expect you to know these formulae

and how to perform the calculations for your examinations. You will also need to be familiar
with this section to help with Calculus (optimisation) next year.

’Miss Angler
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2D Formulae
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SHAPE AREA PERIMETER
a I c
ko) lh 1
g CB o —bXh a+b+c
= - , 2
|h
0

b

b
< J C
s| " h bxh 2b + 2h
2 | W

b

b
° ]
s < b b* 4b
Z 1 O

b

27mr
g T[T'Z or
Td
S 1
2 ~(a+b)xh atb+c+d
§ 2
’MissAngIer
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Area & Perimeter

In order to calculate the volume of a three-dimensional shape, you will need to know the
area of its base and in order to calculate the total surface area of a three-dimensional shape,
you will need to know how to calculate the perimeter of its base.

Worked example

Determine the area and perimeter of the following shapes:

K 10,2
6,5
“ A=bxh P =2b+2h
=10,2x%x 6,5 =2x102+2x%6,5
= 66,3 units? = 33,4 units
K C
17 m 15 m
A B

 AB* =172 —15% (pythag)

VAB? =64 PRO-TIP

AB =8m When calculating the area of
any shape, you can ONLY
A = %bh P =a+b+h multiply measurements that are

perpendicular to each other.

=1vg8x%x15 =8+15+17 If you are missing a perpendicular
2 measure, you need to
= ElimE =40m calculate it first.
’Miss Angler
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|
A =2gr? 3
4 P=Z(2mﬂ)+r+r /
_3 2
=275 :%(2n(5))+5+5 r=5
_ 2
= 58,90 units = 33,56 units
10
K [
4
7
/VC/"», il
% g =1 7 3
A 2(a+b)xh . ‘u

=1(7+10)x 4 4 41 /s

!
= 34 units? |

7
OR s2 =32+42 (pythag)
Vs?2 =+/25
1
A=7X4+E(3X4) s = 5units
=28+6
— 34 units? P=a+b+h+s
=74+10+4+5
= 26 units
|MissAngIer
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3D Formulae

SHAPE vOLUME TOTAL SURFACE
AREA

2(area of base) +

(area of base) x H (perimeter of base) X H

(area of base) +

1
base) X S 1
3 (area of base) . (perimeter of base) X S

ST 4mrr?

A pyramid is a three-dimensional shape
with sloping sides that meet in a point at
the top. Pyramids are named after their
bases e.g. rectangular pyramid and cone
(a pyramid with a circular base). Pyramids
can be identified by having a “hat” shape.

A prism is a three-dimensional shape which has identical
faces that are parallel to each other. Prisms are also named
by these identical faces (bases) e.g. rectangular prism,
triangular and cylinder (a prism with a circular base).
Prisms can be identified by having a "box” shape.

’Miss Angler
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Volume

Worked example

Determine the volume of the following shapes:

K

5,2

4 3,5
8,3

V = (area of base) x H
=(83x35)x52
= 151,06 units3

d =18 mm

NOTE
V = gnr
= 2m(9)3

= 3053,63 mm?

’Miss Angler
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Given the height is double the diameter and the radius is 3 cm.

V = (area of base) X H
=mr’)xH

=m(3)? x 12

= 339,29 cm?

10m
H? =132-5% (pythag) V =-(4)xH
VH? =+V144 =§(10x10)x12
H =12m s
=400 m
’MissAngIer
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Total Surface Area

The Total Surface Area is the sum of all the faces of the outside surfaces. If you needed to
wrap a present perfectly, without any wrapping overlapping, it's the amount of wrapping
paper you would need. Below are the nets of some prisms to help you visualise all the faces of
each shape.

wl

hw lh hw lh

wl

A = 2(area of base) + (perimeter of base) X h
=2wh+ Q2w+ 2))xh

= 2wl + 2wh + 2lh

T
B R < >
2mr
h
h A = 2nrh
~—_

A = 2(area of base) + (perimeter of base) X h

= 2mr? 4 2nrh

Image source: Perimeter, area, volume - KS3 Maths - BBC Bitesize BBC News.
Available at: https://www.bbc.co.uk/bitesize/topics/zrf3cdm (Accessed: 5 September 2025)
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Worked example

Determine the total surface area of the following shapes:

K

5,2

—

7
Pl

- 3,5
8,3

TSA = 2(4) + (P) x H
=2(bxh)+ (@2b+2h)xH
=2(83x%35)+(2x83+2x35)x52

= 180,82 units?
K
d =18 mm
' TSA = 4nr?
= 471(9)?
= 1017,88mm?

’Miss Angler
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Given the height is double the diameter and the radius is 3 cm.

TSA =2(A)+ (P) xH
=2nr? +2nar x H
= 2m(3)? 4+ 2n(3) x 12
= 282,74 cm?

10m

TSA = (A)+5(P) xS
= b2+ (4b) X S
= 102 + 2 (4 X 10) X 13

= 360 m?

’Miss Angler

129

Study copy distributed by EduResource ZA | eduresourcza.com


https://eduresourcza.com

/\\
Compound Shapes

A compound (or composite) shape combines two or more three-dimensional shapes
together, for example: a house (rectangular prism with a triangular prism) or ice-cream
(cone with a hemisphere).

To calculate the volume of a compound shape, you can simply calculate each shape
separately, and then add (or sometimes subtract) the volumes together.

For total surface area, you need to pay close attention to how the shapes are joined as the
faces where the shapes are joined together are not included in the final total surface area. If
you consider the shapes are “glued” together, you need to subtract the “glue” areas from
your final total. If you were to dip the entire composite shape in a bucket of paint, the
“glued” area wouldn't get painted.

Worked example

Determine the volume and total surface area of the following shapes:

Sohere
C P .
=-nr3
3
8m
Cone
V =2(A)xH

v =1 G m’3) + % er2)x H
=2(%n(3)%) +1(m(3)*) x 8

= 131,95 cm3
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Sphere

TSA = 4nr?

Cone
TSA = (A)+5(P)x H

§2 =3%248? (pythag)

V52 =73
S =473

TSA = %(411'1‘2) 4 % (2mr) x S

=~(4n(3)%) +5(2n(3)) x V73

= 137,07 cm?

PRO-TIP

If you need to calculate a
missing side before you can
determine the V or TSA, do
NOT round off the decimal

places. Rather store answers
on your calculator to get an
accurate answer.

How to Store Answers: W
specifically on a CASIO fx-991ZA or fx-82ZA Plus Il ﬂ‘:saf
1.The value you want to store, must be the current value on ycBur
screen.
2.Press SHIFT then STO (shown above the RCL key)
3.Now, press one of the keys with the letter you want (shown in red
above some of the keys, e.g., D is above sin).
* The screen then briefly shows ANS->A, confirming the value is
now in memory A (or B, C, D, etc.).
* Repeat steps 1-2 for any other answers, choosing a new letter
each time. If you select a letter used previously, it will override
the memory and save the new value over the old value.

¢ To use the stored value, click ALPHA and the desired letter.

¥10"  Ans =

If you wish to CLEAR all memories SHIFT — :Memory — =Wipes every lettered memory

’Miss Angler
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H -~ Rectangular Prism

: TSA =2(A)+ (P) X H
N I V =(4)xH

2,3m Trigangular Prism
TSA =2(A) + (P) x H
V =(4)xH

6.5m H Be careful! Students frequently
’ b mistake the triangular prism
for a pyramid.

3
.

4m

V =(4x%273) x6,5+§(4x 1,2) X 6,5

= 75,4m3

s?2 =1,2%2+4+2% (pythag)

Vs2 =./544
2v/34
S = 5 cm

TSApase = 2(bh) + (2b + 2h) x H +2 (3 bh)
=2(4x23)+(2x4+2x23)X65
= 100,3 m?

TSAwp = (25+b)xH

=2(3x4x12)+2(2 szm+4-)><6,5

= 117,44 m?
=100,3..4+ 117,44 ...— 2(4 X 6,5)

= 165,74 m?
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A high end cocktail bar is creating a spherical ice-cube mould from copper. If the
mould uses 476,4 cm3 of copper, what is the radius of largest ice cube that can be

created?

476,4

476,4

476,4

124,999 ...

r

8r3 —-nr?
rs (8 - gn)
r

K

————— 2r

IMPORTANT: WORKED EXAMPLE KEY '

Knowledge: These are meant to be your guaranteed marks.

Routine: Familiar procedures and simple calculations.

Complex procedure: Multiple step calculations that
require higher-order thinking.

Problem solving: Problems that are unfamiliar (unseen).
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Familiarise yourself with the placement of the formulae that are given on the information/formula sheet
by using this labelled formula sheet.

AS SEEN IN THE GRADE 12
CHEAT SHEET

vs —DEVN - quadratic formula
2a
A=P(1+ni) A =P(1-nd) A=PO-) | A=pP(1+44)"
simple sruu‘u-. simple d:cnuf,m-gisht. line compound deca /reducing compound growth
depreciation balance depreciation
Tn = a+ (n-1)d Sy = 2+ 20+ (n-nd]
arithmetic: term formula arithmefic: sum formula
a(rn-1 a
Tn = ar™! 3,,=r_-|)".r#l S T 1=p. 5 =lSre]
geometric: term formula geometric: sum formula sum 18 infinity
x[1-C1ai)"]
F = x L(14i)"-1] P = 4
P present value annuities

future value annuitiey

f'lx) = I.h-n flne :)-'F[‘.I:- derivative by first principles

d = V(zy-%) + (y,-9)? m(Bp; k)

distance formula midpoint formula
Y= mx+c 3-§=m[m-x.) MEH m=tane
atrnisht line equations gradient formula angle of inclination

(x-a) + (3-':)‘ =r? equation of a circle

[ R c s

InDABC: TR = SnB - SinC a? = b* + ¢* - 2bc. cos A area AABC = T ab. gin C
Sine rule cosine rule area rule
sin (x4 B) = gin«.cos p + cos . 8in P sin («-B) = gin«.cos p - cos «. 8in P
cos (= +p) = cos o.cos B - gin = gin p cos (= -p) = cos «. cos B + sinx. sin B
trig compound angle identities

cosle - gintw
cos 2« =] |1-2ginta §in 2t = 2 Sinot COS o trig double angle identities

2 cost= = |

n
£ = Z%  meon of a get ot = & (%i-%Y  veriance of o et
n of data values --J-——-—-—-n of data valueg

n(A) ili
PCAY = Tisy oY PCA or B) = P(A) + P(®) - P(A and B)

probability identity

ﬁ =as+bx %uﬂx;:&:‘fiul:niriﬁ:q,unru b= 2 (x-%)y-7) gradient of least squares
3 (m-i% regression line
|MissAngIer
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